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FOREWORD 


Turbulent flow is the most common form of motion of fluids, gases and plasma. 
Nevertheless, the essence of this phenomenon became clear, if only in its most 
general aspects, only after the classical investigations of O. Reynolds, and turbu- 
lence was gradually perceived as a phenomenon inherent in nature and in various 
engineering processes. 


Turbulence theory still remains one of the most fundamental and least 
developed problems of physical mechanics. 


The ideas of L. Prandtl, K. Taylor and A. N. Kolmogorov regarding the 
existence of certain internal scales of turbulence led to the development of semi- 
empirical methods that are presently the only sound methods of extending the 
empirical knowledge in this area beyond the immediate context of the experimental 
data. 


Most difficulty is encountered in the treatment of wall turbulence, i.e., the 
turbulent flow around a rigid body. 


Two circumstances are paramount here: first, the significant structural 
inhomogeneity of the flow and its time-averaged parameter fields, and second, the 
existence of a flow region in the immediate vicinity of a rigid surface in which 
molecular friction is unconditionally dominant. 


The turbulent boundary layer, just as any other stable statistical system, has 
some quite conservative properties; the significance of these properties in the 
development of a theory and practical computing methods have been accorded too 
little attention until recently. 


The laws of wall turbulence in the immediate vicinity of a rigid body, but 
outside the viscous region, are the most stable. 


A change in conditions at the rigid surface exerts a significant influence on the 
viscous portion of the flow, and a change in conditions in the undisturbed flow reacts 
on the flow in the outer region of the turbulent boundary layer. 


The circumstance that the dimensions of the viscous region diminish with 
decreasing viscosity more rapidly than does the size of the total turbulent boundary 
layer is also of muchimportance. In this connection it is necessary to consider 
some idealized turbulent flow with a degenerate viscous sublayer. It is noteworthy 
that in this boundary layer the integral characteristics of the transfer of momen- 
tum, heat and mass are determined by the properties of the conservative portion of 
the turbulent core and their relative changes when acted upon by disturbing factors 
(pressure gradient, compressibility, temperature non-uniformity, permeability of 
the rigid surface, physico-chemical transformations, etc.) do not depend on the 


*Numbers in the margin indicate pagination in the foreign text. 
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empirical constants and are not linked to any special form of semi-empirical 
theory. 


This text treats the fundamental theory of the turbulent boundary layer with 
vanishing viscosity and methods for its application in computing real flows. Also 
considered are the limiting properties of the thermal boundary layer at an adiabatic 
surface, the interaction of a submerged jet and a rigid body and certain other prob- 
lems of thermal screens. Thus this monograph does not cover by any means all 
questions of turbulent boundary layer theory, but primarily only the results obtained 
in the main directions developed by the authors. 


It is assumed that the reader is adequately equipped with the fundamentals of the 
modern theory of the boundary layer and the theory of convective heat-mass transfer. 


We are most indebted to our colleagues of the Institute of Thermophysics and to 
the Air Transport Institute, Academy of Sciences, USSR, particularly to E. P. 
Volchkov and B. P. Mironov, who took direct part in the development of these new 
ideas and contributed directly to their development. 


B. S. Petukhov and V. D. Vilenskiy are due thanks for their many valuable 
comments and discussions. 


The Authors 
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PRINCIPAL NOTATION 


x, y—coordinates directed downstream along the surface and along the surface 
normal, respectively. 


wy? W eprelectcns of average velocity on the x- and y-axes. 


6—thickness of dynamic boundary layer. 
6,,—thickness of thermal boundary layer. 


5,)— thickness of diffusion boundary layer. 


P—pressure. 
p—density. 
+—Shearing stress in the xz-plane. 


Vary? v,,— components of the fluctuating component of the velocity. 


6-fluctuating component of temperature. 


B x Magnetic field induction in the z-direction. 


5*—displacement thickness. 
5**—momentum loss thickness. 


y,—thickness of viscous sublayer. 
¢y= —% —coefficient of friction 
$ tere e 


p—coefficient of dynamic viscosity. 
v =u /p—coefficient of kinematic viscosity. 


Ton = A —relative mass velocity through surface of body. 


la ettram in direction of y-axis. 


= y= —friction velocity. 


@, ° . : 
= o —dimensionless velocity. 


ix 


a—velocity of sound. 


os 
= an dimensionless coordinate. 


t= + t= a & = - ED “i, —dimensionless distances from wall. 


In 2, lw 2 
b= ; 6, = 5. =, —permeability parameters. /6 


Iw 1, Iw 1 


r= a, St? 90 ™ yas Sty’ 


Ce —coefficient of friction on a plane impermeable plate in a non-isothermal flow 
(standard conditions"). 


w-S —dimensionless shearing stress under conditions considered. 


Seas —dimensionless shearing stress under "standard conditions." 


Re** = nee Reynolds number formed in accordance with the momentum loss thickness. 
h=s- : —S: fo -o%; = = Ss —shape parameters. 


q—energy flux due to molecular and turbulent heat transfer. 


q,—volume density of all energy sources. 


i—specific enthalpy. 
T—temperature. 
~A—coefficient of heat conductivity. 


C— specific heat at constant pressure. 


i*—stagnation enthalpy. 


ha —total enthalpy. 


c,—concentration by weight of i-th component. 


i 


i) —heat production of i-th component. 


Pr = = —Prandtl number. 


Pre=C, turbulent Prandtl number. 


Mea =e. —Mach number. 


em =a —dimensionless velocity. 

i" —equilibrium enthalpy at wall. 

T. equilibrium temperature at wall. 
r—recovery coefficient. 


Sc =» 5 —Schmidt number. 
Scy a= Be —turbulent Schmidt number. 


o= ‘a. (3. )—enthalpy (temperature) factor. /7 


. _. wo (Two 
= ie T, ) —adiabatic kinetic enthalpy (temperature) factor. 


4¢ =» 4 — $° —heat-transfer factor. 


?o= 


ww (Tt 
me: (= —kinetic enthalpy (temperature) factor. 


€—non-similarity factor of velocity and enthalpy profiles. 


me 
5 5 energy-loss thickness. 


neds 
Pee 


Re°**, = ~—Reynolds number formed from energy-loss thickness. 


Gert 
St, = pee Uw —7%) ~Seneralized Stanton number. 


** 
8» —mass-loss thickness. 


er eee 
Sty = Terlew a) stanton diffusion number. 


gu; i= —_ _dimensionless energy and mass flows. 
Ww Iwr 


@*, Ac* —heat- and diffusion-analogs of frictional velocity. 
i 
B—coefficient accounting for the effects of density fluctuations on Tyr 


we (ft ) ce -(#) Ae Stp _ relative laws of friction, heat-transfer and 
Cpe / tere” S$ \ Ste gees’ 9 \Sta, jremp  mass-transfer. 


@e, %. 4co—dimensionless velocity, enthalpy and concentration in "standard" conditions. 
F.- ¥s5: Yp.—limiting relative laws of friction, heat- and mass-transfer. 


a—degree of dissociation of gas. 
i —heat of dissociation. 


Dorit Critical injection parameter. 


U= w/w ~ratio of velocity at outer edge of boundary layer to maximum velocity 


. Ww max = V ine. 


F—nozzle throat area. 


F, rit 3te of critical nozzle section. 


Le eh 
Pen Re, 


Pr—Peclet number according to energy-loss thickness. 
q(U)—flow-rate function. 


6, displacement thickness in Dorodnitsin variables. 
Vv, —relative law of friction for laminar boundary layer. 


G—gas flow rate. 

a—non-uniformity factor of the velocity distribution over the tube cross section. 
@—effectiveness of the gas screen. 

A—roughness height. 


c;*—concentration of i-th component at a given point of the boundary layer at an 
ideal wall. 


xii 


(Cog) wy concentration of CO, at wall. 


Main Subscripts 
w—parameters at wall. 
0—parameters at outer edge of boundary layer or "standard" conditions. 
—parameters with Re -- co, 
crit—critical parameters. 


1—parameters of substance introduced into the boundary layer at intersection with 
the wall surface. 


00—parameters with adiabatic stagnation of gas. 


a) 1 xi‘ A-tatea1 £2. 


PART I: BOUNDARY LAYER WITH VANISHING VISCOSITY 


CHAPTER 1 
THE DYNAMIC BOUNDARY LAYER 


1.1. Equations of Motion of the Plane Boundary Layer 


When a fluid flows around a rigid surface a dynamic boundary layer is formed, 
i,e., a region in which the velocity of the fluid varies from the wall velocity to a 
velocity quite close to that of the undisturbed flow. If the dimensions of this region 
are significantly greater than the molecular free path, the relative velocity of the 
medium at the surface of the rigid body is, practically, zero. 


The usual flow region in which the gas may be considered to be a continuous 


medium "attached" to the surface in the flow, is described by the condition 
* 


M< 0,01 } Re. (1-1-1) 


When separating out the dynamic boundary layer for y~6, the exact boundary 
conditions are replaced by approximate conditions. Then 


ys, Ws —>(I1—e) Bo; 
g-—0, w.—0; 


where € is a small quantity. 
We refer to a boundary layer of finite thickness in this sense (Fig. 1.1). 
As first shown by Prandtl, the conditions 


oP ore. 


= 
pS > oy’ 


a a a (1-1-2) 


are satisfied in a plane boundary layer in the absence of significant transverse 
forces (e.g. centrifugal forces). 


In view of this the equation of motion is considerably simplified and takes the 
form 


~ AF = po 2s + pw, Ge —i,Be. (1-1-3) 

With jyB, = 0, 
a+F oy = pw, Ge Ox e+ py Ge. isi) 
¥Translator’s Note: In Russian Dra oe 


In Russian practice, the comma indicates a decimal point. 


The equation of continuity retains its usual form, i.e., for a plane, steady flow 
it is 


(1-1-5) 


These and all subsequent 
equations, unless specifically 
stated, refer to steady, mean 
motion, that is, all quantities 
appearing are averaged over 
a period of time considerably 
longer than the period of the 
turbulent fluctuations, where, 
FIG. 1.1. Diagram of boundary layer at the surface for a conducting liquid, the 
of a body; a) plane boundary layer; b) axi-symmetric fluctuations in the electric and 
boundary layer. magnetic quantities are neg- 
lected in a first approxima- 
tion. 


In the laminar boundary layer 


cmp 3e, (1-1-6) 
and in the turbulent boundary layer 
= p25 — 9.05 (I —f). (1-1-7) 


where 
Ga prettent 
OgPy 
is a coefficient accounting for density fluctuations ascribable to temperature fluctua- 
tions and f is the temperature coefficient of volume expansion. 


Outside the boundary layer (y>68) the frictional forces are almost absent, and for 
a steady flow with B. =0 


2 Fe = Pee a (1-1-8) 
1.2. Integral Momentum Relations 


Term-by-term integration of the equation of motion of the plane boundary layer 
(1-1-3) from 0 to 6, taking into account the equation of continuity and (1-1-7), reduces 
to the so-called integral momentum relations (the Karman equation). If we assume 
1B, = const. over the boundary layer cross section for conducting fluids, then 


nm, fn — PB (1-2-1) 


fll 


GB? 1 28°F 4 Ody 1 Boye tw tw =9- 
me w “ds ty de pee is aa 


Here 
a 
or, 
sia | at (1-2-3) 


is the displacement thickness; 


is the momentum loss thickness. 

In dimensionless form 

B= 8° and 8° = 8°*/8. (1-2-4) 

Integral characteristics such as 5* and 5** have the remarkable property that an 
increase in the upper limit of integration in the range y > 6 yields essentially no 
change in their magnitudes. In experimental determinations with sufficiently accurate 
measurements such "internal" linear characteristics of the boundary layer are prac- 
tically insensitive to a further improvement in instrumental accuracy, while the 
boundary layer thickness 6 is directly related to the choice of the quantity €. 


Stated differently, we can write for the boundary layer 


f(0-)e-4] (me sae 


The quantity a in (1-2-2) represents the mass velocity through the rigid surface 


considered. If this surface is impermeable (not porous, or if no physico-chemical 
transformations take place in it), I =0. 


We introduce the following notation: 


cy = aa ; (1-2-6) 
H = To; (1-2-7) 
[= — we; (1-2-8) 
Re** eee; (1-2-9) 


where p * is the characteristic viscosity, not dependent on x. 


/12 


Then the integral momentum relation can be written as 


ee 


+Re, (1 +4) f —Fw Re, =Re, }. (1-2-10) 


Here x = x/L is the relative longitudinal distance (L = characteristic length of 
body) iy =j ey, (2, 5) ) is the relative mass velocity through the surface of the body; 


Re er =u, L/y . i: the Reynolds number set up for the characteristic length of the 


body and the local flow velocity outside the boundary layer. 


For a flow without pressure or magnetic field gradients (f = 0, since dP/dx = 0, 
= 0) we have 


’ (1-2-11) 


where 
Rez= ,x'vo, Wo=const. 


Thus the integral momentum relation interrelates the local coefficient of friction 
Cer the local value of Reynolds number in the form Re** and the external flow param- 


eters (wall permeability, pressure distribution along the flow, magnetic field inten- 
sity, current density). 


The quantities H and f are related to body shape and are hence called shape 
factors. For a plane boundary layer of conducting fluid at an insulating wall 


jyx%* const =j,(z), E,=const, 


and hence, after the appropriate conversions, we have 


at [2% S++ 2+ 


(1-2-12) 
Bf n|- iw er 
j Pose 2° 
where 
a 
Hy=A,':™; ij= fy a4 ‘ 
iy is the stream at the outer edge of the boundary layer. 
Going over to the Reynolds number, we have 
d Bele iy 
<Re— +Re, (1 sini (1-2-13) 
3 


—j w Re, = = Re, = 


For an axi-symmetric boundary layer, a diagram of which is shown in Fig. 1.1, 
with 6 « R,» the integral momentum equation takes the form 


Te tet 4+ F4+E % 5, at (1-2-14) 
or 
d(R, 2 Re" *) + Re, RF +H) —Re, Riv =Re, R, 4+. (1-2-15) 
We assume 
Ff — pu) ¢ + cos 3) ae, (1-2-16) 
5 
a a —a(1 + # cos ’) dk, (1-2-17) 


where ff ® p/p, is the relative density of the medium at a given point; R, is the radius 
of curvature of the body in the diametral plane; 8 is an angle (see Fig. 1.1). 


In what follows, all considerations will relate basically to nonconducting fluids. 
1.3. Turbulent Friction Near the Wall 


On substituting the shearing stress from (1-1-7) into (1-1-4) we can write the 
equation of motion of a plane boundary layer as 


f+ [Re-- 7" es ea 
-3-1) 


= pw, oe os + pw, 2 re 


Here 
__¥! ow, . -3- 
Re CS aye (1-3-2) 
is the local Reynolds number in the sense of L. G. Loitsyanskiy [58]; 
3) (1-3-3) 


is the characteristic of the intensity of the turbulent fluctuations in the sense of 
L. Prandtl. 


At a rigid impermeable wall Me = 0, and hence we have the conditions /15 


0,0, eee cg (te) Rew kt -3- 
y—O, 0,0, 0, ~—"*Sw =p uy eee Reni y’, (1 3 4) 


where 7 is the shearing stress due to molecular viscosity. 


This region is called the viscous sublayer of the turbulent boundary layer. We 
denote its nominal thickness as y,, and the velocity at its edge as w,. With large 
enough Reynolds numbers, y, « 94. 


In the region y > y, the role of molecular friction reduces to the dissipation of the 
flow of mechanical energy from large-scale turbulence fluctuations into small-scale 
fluctuations, and turbulent friction is essentially independent of the molecular vis- 
cosity of the medium. From this it follows that the quantity x in the outer periphery 
of the viscous sublayer does not depend materially on Re or on the conditions at the 
outer edge of the turbulent boundary layer: 


ys<y<b, x=x=const. (1-3-5) 


Accordingly, the law of turbulent friction near a rigid wall, but outside the vis- 
cous sublayer, is defined by the Prandtl formula* 


w=P (xy ar) —f. (1-3-6) 


As will be shown later, formula (1-3-6) is of fundamental importance in the theory 
of the turbulent boundary layer with vanishing molecular viscosity. 


In the immediate vicinity of the wall, i.e., within the viscous sublayer, the tur- 
bulent fluctuations are strongly damped by molecular friction and their magnitude is 
directly related to Re. 
1.4. Logarithmic Velocity Profile /16 


Consider a plane, turbulent boundary layer of an incompressible fluid with f = 0. 
Then, in the region y,; < y « 5, with good accuracy 


= =tiy= i ow. : -4e- 
cdi ta a ) (1-4-1) 
and accordingly 

comet int, (1-4-2) 


*Strictly speaking this formula has the form 


ow 


*: 


4 = rou" |Fe| 


This velocity distribution law was first defined by Prandtl and Nikuradze. Its 
universal form is 


pm eet lay, (1-4-3) 


where ? =z is the dimensionless velocity; c, =», — + tay, is some constant; 


y=o0%y/e is the dimensionless distance from the wall; ¢ and n, are the values of 
these parameters at the boundary of the viscous sublayer. 


The quantities g, and 7, correspond to the common intersection of the logarithmic 
velocity profile in the turbulent core of the boundary layer and the linear velocity 
distribution in the viscous sublayer 


g=n. (1-4-4) 


This arrangement of the turbulent boundary layer is called the "double layer", 
and it suffices for solution of the friction problem. 


: Figure 1.2 shows experimental {17 
data on the effect of external turbu- 
lence on the velocity profile in the 
turbulent boundary layer, with f=0. 
It can be seen clearly that the velocity 
profile is significantly deformed in 
the outer portion of the boundary 
layer with high levels of turbulence in 
the main flow (y > 5). But near the 
wall the logarithmic velocity distri- 
bution is maintained. 


The same picture is also observed 
in the flow of an incompressible fluid 
+ 6em* withf #0 (Fig. 1.3). However, in 
this case r T,, near the wall and the 
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FIG. 1.2. Influence of free stream turbulence 


presence of the. logarithmic section of 
eee. velocity profile in the turbulent boundary the velocity profile requires special 


Test data (258): @: ©"@:@- low turbulence  ‘Teatment. 
(up to 1%); © @:- O-high turbulence (up to 10%). According to the test data = 0. 4* 
and (in the two-layer scheme) 7, = 11.6. 
With these coefficients the Prandtl-Nikuradze formula takes the form 


@=65+25 In n. (1-4-5) 


*The theoretical value of this quantity is 0.395, as computed by M. A. Gol'shtik 
and 8. S. Kutateladge [22]. 


fo Siew lA Oriainal from 7 


FIG. 1.3. Effect of longitudinal pressure 
gradient on the velocity profile in the 


turbulent boundary layer. Experimental 
points from data: o. @- Shubauer and 
Klebanov [211]; 9. @ - Fage [137]; 4. a- 
Badley and Brebner [108]; ©: @ —A. I. 
Leont'ev, P. N. Romanenko, A. N. Oblivin 
[66]. Curve 1—g =n; curve I—g = 5.5 
+2.5 lun. 


1.5. Quadratic Law of Friction in the 
Core of a Turbulent Boundary 
Layer 


Formulas (1-4-1) and (1-4-5) re- 
flect the basic regularity of the devel- 
oped turbulent flow—the quadratic law 
of friction. In this case the magnitude 
of the friction depends only oh a single 
physical property of the medium—the 
density. The unique relationship be- 
tween turbulent friction and the field 
of average flow velocities is the next 
fundamental factor. Here the mag- 
nitude of Tr is definitively fixed by 


the derivative dw / a in the region of 
significant velocity changes. 


~ 
ry 
@ 


This result is confirmed experi- 
mentally by the fact of the existence 
of a logarithmic section of the velocity 
profile near a body in a flow of in- 
compressible fluid. 


But the inequality |dw,/dx| >> |dw, 
/dy| may also exist in the outer portion 


of the boundary layer, for f #0, with y—»>d dw./dy—+0, dw./dx—>dz,/dx. Therefore, 
for a plane turbulent boundary layer of incompressible fluid, we must have in the 


general case 


0, = © (Fe: oe; y; s). (1-5-1) 
Keeping in mind (1-4-1), we can write 
= aeiie t). (1-5-2) 
Vr) 
where £=y/8 so that y—>x as :—+1. 
If we introduce the parameter 
f =|Ye ‘ (1-5-3) 
then 
4=P(I a) (1-5-4) 


where 


i=a ‘e :t). (1-5-5) 


Expression (1-5-4) is known as the Prandtl-Taylor formula, and, as can be seen 
from the above discussion, it is not related to any specific representation of the 
mechanism of turbulent transfer. * 


The quantity 1 can be considered to be some integral linear scale of turbulence /19 
that retains the imprecise but traditional name of mixing path length. 


In the vicinity of the viscous sublayer we have the law (1-3-6). 
1.6. Shearing Stress Profile Approximations 

We know that the distribution of shearing stress over the boundary layer cross 
section depends weakly on the fluid flow state. Thus, for example, with a steady, 
stable flow of an incompressible fluid of constant properties in a duct of constant 


cross section, the shearing stresses vary linearly over the duct width, independently 
of the fluid flow state, i.e. 


s 
eo 1 —, (1-6-1) 


w 


where & = y/h; h is the half-width, or radius, of the duct. 


In the general case the distribution of shearing stresses over the cross section of 
the boundary layer can be found from the equations of motion and continuity [18]. 


By integrating the equation of motion over the boundary layer section from 0 toy, 
we find 


tJ 
da 
stay J dy — 


8 
2 d 
— Prag remedy + pwty ws — Pale o> y. 1 -R-9) 


For standard conditions ( p= const, te =0, dw /dx = 0) we have from Eq. (1-6-2): 


v g 
d 
T=TWotP | way — poze [wad (1-6-3) 
@ 


* Prandtl derived this formula from the somewhat inexact analogy between the 
transfer of certain "turbulent blobs" of fluid and the motion of gas molecules. 
Taylor proceeded from the more tenable hypothesis of the transfer of vorticity. 


Going over to dimensionless form, we have /20 


fame —2 [et s (0 on); ra {-)}. (1-6-4) 


where — = y/6, 
For ig self-similar flow w = f(£), and then, taking into account the fact that 


fe =- [ou—na, we can write 


S=1— Ss = {oa—[ora) (1-6-5) 


Accordingly, in the general case, we have from (1-6-2): 


SZ +204 (- )2e (1-6-6) 
where 
rotni(efan finn 
Z,=0- os = [na [wa 
tyat—H(» [maf ieta)—of ma 
or 


=97,+ 5,9, + A?,, (1-6-7) 


ety 


where 
4 4 
de et et ot ee a 


Z,,=0% = 1 — gs = fea— fata): 


pe iss 2 
A= w a= — oe 
Thus, for the general case with self-similar flow, the functions y, ¢ and @ /21 
depend on the coordinate £, and on the velocity and density distributions in the boundary 
layer. 
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For more practical cases, a power-law approximation of the shearing stress 
distribution over the boundary layer cross section yields satisfactory results. 


From the definition of a dynamic boundary layer of finite thickness we have the 
condition 


t=0,7=1; t=1, 7=0. (1-6-8) 
Very close to the wall w,—-+0. and the equation of motion can be written as 
d or ow, 


Integrating (1-6-9) with the condition pw, = jy? we find 


at, + Ey + jo, (1-6-10) 


With y—ed w.—>-, Ow,/dy—>0, and taking (1-1-4) into account, we can write 
Ox/dy—»>0. From this the set of conditions follow 


t—-0, t~1 + At+ be; 


ms a oo 1-6-11 
t—1, 7-0, 5 —0. ( ) 
Here 
& dP 2f 
A=— x ave (1-6-12) 
b= Te (1-6-13) 


The first of these represents a certain modification of the shape parameter (aero- 
dynamic body curvature parameter). 


The second quantity describes the effect of supply or loss of matter through the 
surface of the body. We shall refer to this quantity as the wall permeability param- 
eter. 


In what follows we shall treat some additional modifications of the shape- and 
permeability parameters. 


Conditions (1-6-1) are satisfied by a cubic parabola 


‘saa | — Se $e + (AR + 5,0) (1 —8! (1-6-14) 
or 
7%, *(1 + Ste tr): (1-6-15) 


a) T Aeininal fram 11 


where 
<=] — 38+ 2. (1-6-16) 


The quantity T represents the distribution of shearing stress over the thickness 


of the boundary layer at a smooth impermeable plate in the absence of a pressure 
gradient. 


The quantity w=w xo represents the dimensionless longitudinal velocity com- 


ponent. 
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FIG. 1.4. Comparison of formulas 
(1-6-15) with test data. 


Curves calculated from (1-6-15) (for A 
=0): 1-7, =1+ 38 + 283; 2-7 = T. 


(1 +b; w). Points—tests by Mickley and 
others [180] and the treatment of Leadon 
[169]: o- i 


= 0.003; b=1.3; ¥ = 0.455, 


It follows from (1-6-14) that the 
maximum shearing stress is found at a 
distance from the wall of 


__ 2A+3 (2X43)? A 
= 2042 — (Gazz Sa +6" 


(1-6-17) 


in the boundary layer at an impermeable 
surface, with \>0. 


As A—0°, Em—>'/s, i.e. with dif- 
fusor flow (dP/dx>0), the maximum 
shearing stresses in the boundary layer 
at an impermeable surface lie in the 
range 0<=<'/s. 


Figure 1-4 gives a comparison of 
formula (1-6-15) with the test data. It 
can be seen clearly that this approxima- 
tion yields not only a qualitatively correct 
representation of the function 7, but also 
agrees with the quantitative results, par- 
ticularly in the most effective wall region 


ww 


of the boundary layer, where we can 


e Je = 0; values of w are experimental take 1/(1+23) =1. 


values. 


1.7. Separation and Displacement of the Boundary Layer 


In a convergent flow (dP/dx<0) the stream is accelerated, the direction of motion of 
the fluid coincides with the direction of action of the pressure forces and the boundary 
layer at an impermeable surface is always stable in the sense that it does not separate 
from the body. 


In diverging flow (dP/dx>0) the stream is slowed down, the pressure increases and 


{ts action is counter to the direction of motion of the fluid. Since the pressure gradient 
remains the same over the entire cross section of the boundary layer, but the flow 
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velocity is decreased toward the wall, the supply of kinetic energy of the flow inside the 
boundary layer is insufficient completely to overcome the counteraction of the pressure 
field. As a result the positive pressure gradient produces drag in the boundary layer, 
and then stagnation and a return flow of fluid around the body. This phenomenon is 
known as separation of the boundary layer. 


Formally, separation is associated with the fact that with dP/dx>0 the requirement 
tT > 0 near the rigid surface is also satisfied even when a 0. 


Since the flow reversal occurs in the region of greatest stagnation, i.e., in the 
immediate vicinity of the wall, the point at which separation begins is defined by the 


condition 
Ot, 7 
G ),=° roa ») 


Accordingly, Ce = 0 at the separation point and friction at the wall disappears. 


In reality, boundary layer separation of course does not take place at a point but 
in some region. 


With b, = 0 and c, = 0, we have from (1-6-10) with y—+0 


f 
~ - y (1-7-2) 
and in the viscous sublayer region 
° oes (1-7-3) 


Boundary layer displacement due to intense injection is possible with an imper- 
meable surface in the flow. An interference pattern of the boundary layer in the state 
of displacement from a permeable surface is shown in Fig. 1.5. 


In the Prandtl approximation 


PWNS) iN Mt suae sunlaver aia permeate 
il 


({ fe ff, (Cd ff ‘ei | 


FIG. 1.5. Interferogram of a turbulent boundary and 
layer at an impermeable surface in the state of 
displacement according to V. P. Motulevich [80]. 


—— 


ow, . 
Pay tw + j,Ws (1-7-4) 


Injection of CO, into air, v= 1.2 m/sec, (1-7-5) 
j. =0.17. 
w 
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With jy = 0 this formula yields a linear velocity distribution. At the displacement 
point Ce = 0, and with some finite critical injection a flow is produced in the viscous 


sublayer that is slowed down in the x-direction, i.e., an effect somewhat similar to 
“forced drought" in jet processes is created. 


1.8. Velocity Profile Near an Impermeable Wall with Pressure Gradient 


With 6=0 and y +0 
why $y. (1-8-1) 


A quadratic velocity distribution is equivalent to this distribution of shearing 
stresses in the viscous sublayer: 


e=4— +0, (1-8-2) 
where 
=(2\" L.. (1-8-3) 


With 3:<3<1 the joint solution of Eqs. (1-3-6) and (1-8-1) yields a velocity 
profile 


pan — at WIDR-VERI 
peat ta (Vint )(Vi int 1) (1-8-4) 
"(View —mt 1)\(Vi-tm —m— 1) 


With y—0 the profile (1-8-4) approaches the profile (1-4-3), i.e., the logarithmic 
section in Fig. 1-3, strictly speaking, exists both with small y and with large Re**. 


1.9. Velocity Profiles at a Plate and in a Tube with the Flow of an 
Incompressible Fluid 


From (1-5-4) we have for this case 
= dt 
aed ace (1-9-1) 


or 


= dt 
te] .> (1-9-2) 
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Hence, by virtue of the existence of the well-defined dependencies of T and 7 7, on f, 
the velocity defect is defined by a function in the form 


= mt) (1-9-3) 
or 
on1-)V £10. (1-9-4) 
The function 
1) = nk (1-9-5) 


corresponds to the law of turbulent friction (1-3-6). 


Actually, the well-defined relationship between the velocity defect (Wo - wd and 


distance along the norma! to the wall in the form (1-9-3) is a fundamental property 
of turbulent flow in ducts and at a plate. Figures 1.6 and 1.7 present the experimen- 
tal data and computed results. 


If we resolve the function 
3,/7 I-* into a power series in é in 
the region of small ¢£, we find 


ona f(-} ye) a 


ere 
which follows directly from the 
properties of the functions To(é ) 


and 1(é) considered above. From 
(1-3-6) and (1-6-5) we get 


og es 


ne 


FIG. 1.6. Velocity distribution in the 
turbulent boundary layer at a flat plate. oo Vx ; y , 
ol, Sad a= 


——_ 


t 


1—computed from (1-9-3); T—curve drawn 


through test poms of reference [213]. Values (1-9-7) 
of Re, - 10 O—0.7; @—1.3; @—1. 9; O— Noting that 
3.2; @—4.1; O—5. 0; ©-6.8. Lh ere pee 
we obtain from (1-9-6): 

(z,)" =— Sn the, (1-9 -9) 
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! 

4 
where h=9, -2f¥ at'-'di is the /28 
limiting value. 


With dP/dx =0, ¢ =, and 
for the two-layer boundary layer 
(see Section 1. 4) 


11,63°* pp / 2 
t= Re°* ¢. (1-9-10) 


Hence, with Re ~ £, --0, and, 
by virtue of the boundedness of f, 


1/2 

(= ‘ ~ (-qmt)~ = In Re°?. 
FIG. 1.7. Universal logarithmic law for the (1-9- 11) 
distribution of velocities in a smooth tube. 

1.10. "Logarithmic" Boundary 


I—¢ = 7 - laminar sublayer; I—buffer layer; IN— Layer 

Eq. (1-10-2); IV, V—eq. (1-11-1) for n = 1/7 and 

n=1/10. Experimental data (Nikuradze), O—Re It has been shown above that 

= 4,1 x 105; @—2.3 x 104; O—1.1 x 10°; @—4. 0 the actual velocity distribution for 
x 105; O—1.1 x 108; @—2.0 x 10°; @—3.2 x 108; the flow of an incompressible fluid | 
o—Experimental data (Reichardt). in a tube differs little from loga- 


rithmic. The deviation is more 

significant in the boundary layer 
at an impermeable plate. Nonetheless, in this case also the logarithmic velocity dis- 
tribution satisfactorily describes the actual distribution up tow=0.9. This circum- 
stance allows the introduction of the concept of a model turbulent boundary layer with a 
distribution law for the mixing path length: 


text Y x. (1-10-1) 


Such a boundary layer, with f = b = 0 and p = const. has a logarithmic velocity 
distribution over the entire range y:<y<é6 and relatively simple characteristics, which 
in many instances satisfactorily describe a real flow both qualitatively and quantita- 
tively. We shall call this model the "logarithmic boundary layer."' The logarithmic 
boundary layer of an incompressible fluid at a smooth impermeable plate is described 
by the following characteristic relationships: 


f=0, 6=0; p= const; 


1 
— Ing: 
weet y ny 
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aa(i-z V2) 3 (1-10-2) 


With c, = 5.5 and X, = 0.4 the last relationship of (1-10-2) is well approximated 
by the relatively simple Karman formula 


Y 2 = 2,5in Re** +3,8. (1-10-3) 


As can be seen the law of friction of the logarithmic boundary layer (1-10-3) is a 
particular case of (1-9-9), where as the Reynolds member increases the laws of 
friction for the model and actual flows tend to the same limit, expressed by formula 
(1-9 -11). 

1.11. Power-law Velocity Profiles 
The logarithmic velocity profile is the envelope of a family of power-law profiles 
@=An*, (1-11-1) 


where 0<n<1. 


In many cases the use of a power-law approximation for the velocity profile is 
quite useful. 


For the conditions f = b = 0, p = 1, we have the following relationships: 
o= ts; 


.—"-: 


i+a 


ie a e 
& (T+ a) (+ 2)’ 


H=z! 2n; 
P + (1-11-2) 


B=? (Adeony TH 
In this case the momentum Eq. (1-2-2) takes the form 


are ft. (1-11-3) 


/29 


On substituting the value of the coefficient of friction from (1-11-2) into (1-11-3) 


and assuming that the turbulence layer sets in at point x = Xorit? We find 


Re®*titm _ Reit™ = ! am B (Re, — Re, ene: (1-11-4) 


Here Res it is the Reynolds number set up from the thickness of the momentum 
loss at which boundary layer turbulence is generated; Re, = wx is the Reynolds /30 
number set up in accordance with distance from the leading edge of the plate. 


If the turbulent boundary layer develops on the entire plate (x, ae 0), then 


’ 
Re** = (= BRe,) ’ 
ey = 8, Rey™: 


a -l1- 
=o (1-11-5) 


. 
oB= ry} 
2,-(7— : 


The values of the coefficients in (1-11-2) and (1-11-5) for various values of n 
are given in Table 1.1. 


TABLE 1.1. Values of Coefficients in 
Formulas (1-11-2) and (1-11-5) 


Coefficient |—_ 
: TL ee 1/10 

A 8,74 9,71 10,6 11.5 
Fee 0,0975 | 0.0890 0,088 | 0,0757 
H 1,25 1,22 

m 0,250 0,222 0,200 0,182 
B 0,0252 0,0206 0,0190 0,0148 
x, 0,200 0,182 0,167 0,154 
8, 0,0576 0,0450 0,0362 0,0308 


In practice the formulas for n = 1/7 can be used in the range Re** < 10‘. Figure 
1.8 gives a comparison of the available test data with formulas (1-10-3) and (1-11-2). 


1,12. Wall Turbulence near a Rough Surface /31 
When the order of the thickness of the viscous sublayer becomes equal to that of 


the height of the roughness, the flow conditions near the wall change. However, this 
is not reflected in the laws of friction in the turbulent core flow. 
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FIG. 1.8. Law of friction for the turbulent boundary 


layer at a flat plate: 1—formula (1-10-3); 2—for- 
mula (1-11-2); B = 0.0256; m =0.25; points—exper- 
imental data [164]. 


As a consequence, the only 
change is the definition of the 
wall region which is the limit 
of developed turbulent flow. 


For flow over a smooth 


impermeable surface this 
limit is of the order 


v 
m~ ow 
while for a rough surface it is 


m~e 


where € is the roughness height for a uniform roughness or some "effective height" for 


nonuniform roughness. 


Obviously, the measure of the effect of roughness on the turbulent flow around an 


impermeable surface will be 


4 
pg 
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FIG. 1.9. Drag law for rough pipes. 1—laminar 


flow; 2—turbulent flow in a smooth pipe. Experi- 
mental data of Nikuradze (sandy surface): O—R/A 
= 507; O—252; @e—126; @—30.6; ..—15. Experi- 
mental data of Galavich (industrial roughness): 


a7 /a= 1300. 


(1-12-3) 


So long as the roughness 
protuberances are "submerged" 
in the viscous sublayer they do 
not influence the transfer 
process. 


Therefore with 7 ‘ less 
than some value, the surface 
roughness is "hydrodynami- 
cally smooth.'"' The laws of 
flow around a rough surface 
were first investigated in 
their pure form by Nikuradze, 
based on a uniform granular 
roughness. 


The generalized result of 
these investigations for flow 
in circular pipes is shown in 
Fig. 1.9. In the region 7 
<5, i.e., when the rough- 
ness does not protrude beyond 
the limits of the region in 
which molecular viscosity is 


completely dominant, the surface is hydrodynamically smooth. 


In the region n_ > 40 molecular friction essentially has no effect on the overall 
hydrodynamic drag and the quadratic drag law is clearly expressed. 
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(1-12-1) 


(1-12-2) 


CHAPTER 2 
THERMAL AND DIFFUSION BOUNDARY LAYERS 


2.1. The Differential Equations of Energy and Diffusion 


The equation of heat propagation in a steady, homogeneous, plane boundary layer 


has the form 


ow, \* oP di di 
—F+ ate (FF) + Weze = PWagg + Pv Gy 


(2-1-1) 


Here q is the heat flux in the direction of the y-axis attributable to the molecular 
and turbulent heat transfer; q, is the volumetric density of all energy sources and 
sinks at a given point with the exception of heat evolved due to work performed by the 


flow. 
In the laminar boundary layer 


or 
q=— A oy’ 
and in the turbulent boundary layer 


oT —_— ~ 


where ff, = es ee is the thermal analogue of the coefficient B in (1-1-6). 


(2-1-2) 


(2-1-3) 


For the actual quantities it is convenient to represent the equation of heat propa- 


gation in the form given by M. F. Shirokov [99]: 


afaraafl, wo aie ai¢ 
By Cp oy [E+ PED ZY + oy = ee Ge + pe 


or, with Cp = const. 


af of, "; 
Zh2lr +—%]} 40- 


or° ore 
— Cee iy + Conny oy 
Here 
we 
emit 


is the stagnation enthalpy, 


(2-1-4) 


(2-1-5) 


(2-1-6) 


(2-1-7) 


is the stagnation temperature. 


c 
Pra (2-1-8) 


is Prandtl's number, which describes the ratio of the intensity of molecular friction 
and molecular heat conductivity. In the case of gases this quantity depends primarily 
on the valency of the molecules. 


The energy equation for the turbulent boundary layer of a compressible gas, with 
chemical reactions taking place, is conveniently written in the form [77]: 


oi*, a, a 
Pn Oe + ey oy (42) + 
@ yp d p 
++ oy {[ap te— N+ ZF de) lDeae}+ (2-1-9) 


+3 {[o(1-pe)en(t—)] 


or, for the case Pr = Pry = Le = Le, =1, 


a, a, 8 
Pe Gg + eG, 5, (1) + (2-1-10) 


where 


a~ (f+) %: 


2 
imi, +z i= Cla 2-1-11 
: > ) 
r 
id CORE 


c, is the concentration by weight of the i-th component; iP is the heat of formation of /34 


i 
the i-th component. 


Taking account of Eq. (2-1-11) we have: 
92 = 91, + 922°, (2-1-12) 


where 


x o*, ; a Oy di*, I 
%1——@, dy: Yr = Pr, Oy (1 — §). 


n 
where Pre = Cp 3" is the turbulent Prandtl number, Cp -y eCp For a flow of 
(= 
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conducting fluid in an electric field, in the region of small magnetic Reynolds numbers 
and Hall parameters, we have 


qv=—isE,y, 
where Ey is the electric field intensity in the y-axis direction. 


The equation for the dispersion of matter in a stationary, plane boundary layer 
takes the form 


C) do] 
we GE + py Gem — Ge tee (2-1-13) 


where j i is the specific flow rate of the i-th component in the y-axis direction attribut- 
able to molecular and turbulent diffusion; ¢c 


nent due to chemical reactions; c 


i is the rate of formatim of the i-th compo- 


i is the concentration by weight of the i-th component. 


In the laminar boundary layer of a binary mixture 


‘ qs (t—e,) oF 
ha — 1, [Geeta FI. (2-1-14) 


In cases of interest in practice the terms defining thermal diffusion are small in 
comparison with the diffusion term (less than 10%). Therefore, we can assume, with 
adequate accuracy 


. de, 
1, =m — 9D, wy (2-1-15) 
In the turbulent boundary layer 
dc as 
hh = — Dr —G- — wea (! —T) (2-1-16) 


where 7, = 7 Ect fee is the diffusion analogue of the coefficient 8 in (1-1-7). 
Prandtl's formula: (le -3-6), applied to the diffusion problem, is written as 


‘Ow, Oc, 
be= oly GG — Fo). (2-1-17) 


where In is the diffusion mixing path length. The quantity Lp/pDp = Se, has the sense 
of the turbulent Schmidt number. Correspondingly, pD pC /Ap = Le, is called the 
turbulent Lewis-Semenov number. If we introduce the concentration of the i-th chemi- 
cal element Ci ignoring the chemical compound in which it is found, then, in the 


absence of intra-nuclear transformations, we have from (2-1-13): 


Pe og + yy Oy (2-1-18) 
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where j, is the specific flow rate of the i-th element in the y-axis direc- 


tion. 
2.2. Similarity of the Enthalpy-, Concentration- and Velocity- Fields 


As follows from Eqs. (1-1-3), (2-1-4) and (2-1-18), if the condition Pr = Sc 


= = ec = i* = = = 
Prep Sc, 1 is satisfied, and also with f = 0, is9 const, Ci const, 1 const, 


Cow = const, q= 0, similarity must exist between the distributions of velocity, total 


enthalpy and concentration of the chemical elements 


wwe hw, (2-2-1) 


With q, = 0, Cp = const, C; =0, M. << 1, and without chemical reactions, we have 


from (2-2-1) 


0 


T —T tow, 


a Twos tee (2-2-2) 


Consequently, for the conditions stated, the three-fold Reynolds analogue is 
satisfied: 


tw Guw oe. lew . = 
BEE pelle) ie Fo — Few) 252-9) 


where 


tw nik Few =St: 
re on 2 pte (i ra— ts w) is 


lw 
PB (Cro — St w) a Sty. 


In the absence of chemical reactions in the boundary layer 


St, = —_ fw __ ss, =__/w_ (2-2-4) 


fe® (1°. — 1) = a s (Cto— Caw)’ 


and with constant specific heat 


= q 
Sh = Caw Tol (2-2-5) 


If Pr #1, as a first approximation we should replace 1x0 by low (equilibrium 
enthalpy) in Eqs. (2-2-3) and (2-2-4), and T by T, (equilibrium wall temperature) in 
(2-2-5). In this way i, and T are the enthalpy and temperature at the thermally 
isolated wall surface. 


It ts known that 


w 
hy =htras (2-2-6) 
for the case Cc, = const 
w 
TP y=Te+r ae (2-2-7) 


where r is the stagnation enthalpy (or temperature) recovery coefficient. In the gen- 
eral case the recovery coefficient r depends on many factors (43). For an imperme- 
able plate, for the laminar boundary layer 


me Pr? (2-2-8) 
and for the turbulent boundary layer 
pms Pr'! (2-2-9) 
Also, the correction factor K 
Si, = Stp=} K. (2-2-10) 


must be inserted in the three-fold analogue (2-2-3) with Pr ¢ Sc #1. 


For gases, with Pry & Sc, =1, this factor is adequately approximated by the 
formula 


K we Pro? ms Sc7™?, (2-2-11) 
The Prandtl and Schmidt numbers are a qualitative measure of the ratio between 


the thicknesses of the dynamic-, diffusion- and thermal boundary layers, as given in 
Table 2. 


TABLE 2.1. Relationship between 
the Thickness of the Thermal-, 
Diffusion- and Dynamic-Boundary 
Layers 


Differing from the molecular Prandtl and Schmidt numbers, which should be 
viewed as physical parameters of fluids, the corresponding turbulence analogues 
depend not only on the physical properties of the fluid, but also on the hydrodynamic 
state in the flow. This presents a major difficulty in the solution of problems in 
turbulent heat- and mass transfer. 
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The experimental values of the turbulent Prandtl and Schmidt numbers for the wall 
turbulence region lie in the range 0.85-0.90. Values of the order of 0.5 are found for 
plane turbulent jets. In more complex situations—for example in the boundary layer 
separation region—the turbulent Prandtl] numbers, as shown by the measurements 
made by Z. Zaric (255], may be considerably less than unity. 


In addition, in the general case the turbulent Pr. 


constant over the boundary layer cross section. Experiment has shown that the tur- 
bulent Prandtl number may depend significantly on the magnitude of the molecular 
Prandtl] number, the level of the free-stream turbulence and on the Re number. 


However, for fluids with Pr = Sc =1, the condition Pr,, = Sc,, = 1, first formulated by 


O. Reynolds in 1874, remains a good approximation for calculations of the turbulent 
thermal- and diffusion boundary layers. 


- and Se,,- numbers are not 


2.3. Enthalpy Factor in a Gas Boundary Layer 


In the boundary layer of a gas obeying the Clapyron-Mendeleev equation of state, by 
virtue of the condition dP/dy = 0, the gas density is unambiguously related to the 
thermodynamic enthalpy by the relationship 


tm pat: (2-3-1) 


For a homogeneous gas (Pr = 1), without chemical reactions, and with C5 = C0? /38 
using Eqs. (1-1-4) and (2-1-4), we find 


we; (2-3-2) 


oe 
vem 'w 


pat =t— Ae He (2-8-3) 


where # =1 w 16 =T wit6 is the enthalpy (temperature) pee tor * =i “Ay =T ‘/T, is 
the adiabatic sinetic Teathaley (temperature) factor; Ad = ® - ». the heat ‘ranetes facie 


The case Ay = 0 relates to flow around a thermally-insulated body; with Ay >0 the 
body gives up heat to the gas flow, and with Ay < 0 the body takes up heat from the gas 
flow. 


With Pr #1, and also with dP/dx # 0, Eqs. (2-3-2) and (2-3-3) are inaccurate. 
Taking Eqs. (2-3-2) as a basis, we write 


i =o, (2-3-4) 
e=i+re@ a, G32) 
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The forms of the functions r(&) and €(&) in the general case depend on the Pr num- 
ber, the pressure gradient, the mass transfer and other "perturbing" factors appearing 
in the boundary conditions for the dynamic- and thermal boundary layers. 


Taking Eq. (2-3-2) into account, we can write 


fate [140—ntsg!|e—0—atyete. 0-06 


= 
With € =r=1, Eq. (2-3-6) goes over into the known Crocco integral (2-3-2). 
At the limits of the thermal boundary layer, we shall require that the quantity 


e— aw 


iw — bw 
satisfy the same conditions as does w at the limits of the dynamic layer. Then, with 
y= 5s D = 1 and with i* = i”. r(5,7) =r. As pointed out above, in the turbulent 


boundary layer the recovery coefficient is about ¥Pr, i.e. for gases, close to unity. 
Therefore, without significant error, we can take r(f) =r, and 


Palit pee. (2-3-7) 
Then, from Eq. (2-3-4), we have 
ifig~ G—Ayew— (°—1) a’, (2-3-8) 


where 7 *e PA, is the kinetic enthalpy factor. With a power-law approximation for 
the velocity- and enthalpy fields 


o=F, dat" (2-3-9) 
we find that 
O=ce"”, (2-3-10) 
where 
«= @',). 


Far from the boundary layer separation point n ~ Dp» and the relative similarity 


O=mew. (2-3-11) 
exists. 
Figure 2.1 gives a comparison between formulas (2-3-2), (2-3-6) and the tests of 


Danberg [125] and Hill [155]. The tests covered a rather broad range of Mach numbers 
(up to 9.1). As can be seen from the diagram, the tests on the plate [125] agree with 
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the adopted relationship with € =1.0. The tests in 
conical nozzles [155] agree satisfactorily with Eq. 
(2-3-6), with € = 0.5, in the wall region. 


2.4. Integral Energy and Diffusion Relations 


On integrating Eq. (2-1-10) with respect to the 
y-coordinate over the boundary layer thickness, and 
taking account of the equation of continuity (1-1-5), we 
obtain an integral energy relationship for the two- 
dimensional boundary layer 


dacs, , ac - ae, d 
Fig. 2.1. Comparison be- ae Waa ae (4i*) + Er 
tween formulas (2-3-2), ea (2-4-1) 
(2-3-6) and experiment. 5 oy es, 
1—Computed with (2-3-2); + petit, wpe di 
2—computed from (2-3-6), ~ ‘ 
€ = 1.0; 3—computed from where Ai, = iy - ing is the difference in total 


(2-3-6), & = 0.5; o—Dan- 


berg's tests [125], flat enthalpies and 


plate, M, = 6.4; @—Hill's ty 
tests [155], conical nozzle, ace, { Fe ¢ = t—™ )dy (2-4-2) 
M_= 9.1. Mw be 

o 


is the total energy loss thickness, similar in its prop- 
erties to the momentum loss thickness 5** (see 
(1-2-4)). 


With cS = const and in the absence of chemical reactions, we have from (2-4-1): 


a°°, ace, d 8°° dp, 
(2-4-3) 
over > Ger . 
teat —!* = Tye it 
phe®: phe 
where 
: or a 
seiaahanid tal 
We introduce the following notation: 
Reg Oe; (2-4-4) 
1 dal, , 
h=7- (2-4-5) 
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= oy, A __ Powel 
Wea Re, =" (2-4-6) 


Then, in analogy with (1-2-10), we find 


— 


= 4Re** f+ (9, — Iw) Re, =St,Re,. (2-4-7) 


Similarly, for the axi-symmetric case, we have 


d (ai 
la= Bey ae te a ae HO (0 RD (2-4-8) 


For flows of conducting fluids in electric and magnetic fields, in the region of 
small magnetic Reynolds numbers and Hall parameters, and taking the expression for 
qa (see Section 2.1) into account, we obtain the integral energy relationship in the 


form [18]: 
a) for the electrode wall 


A, | nee d (peweAi) 
a ia (Gear as (2-4-9) 
tar (Me +)| iw Sh 
or 
roa a + Re™* 1s fz — Sw Re, = Re, St, (2-4-10) 
where 
a 
i— dy 
-Ha= j (-e)a =) (2-4-11) 
ln=a pate > at (H —H,); (2-4-12) 
b) For the insulator wall 
St + | Soar ae One) + 
(2-4-13) 
+7 Hy] —Ie = St, 
or 
an 
=i 4 Re®*, fos —Tw Re, = Re, St,s (2-4-14) 
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where [42 


f(i-L)e | 


Hy= ; 


For the axi-symmetric boundary layer, in analogy with (2-4-8), an additional term 


1 dR : 
Rae appears in (2-4-12). 


Integrating the diffusion Eq. (2-1-18) over the boundary layer cross section, taking 
into account the continuity equation, we obtain 


@ee gee 
WB tebe ee whe) —2_=Sty (2-4-15) 


where AC, = Cc - Cy is the difference in weight concentrations of the diffusing element 


sd 
at the wall and in the flow; it | po ( —_ it) dy is the mass loss thickness; 


h 
Stp= ase ae) is the Stanton diffusion number; j;,, is the flow of diffusing element at 


the wall. In the general case jiy, # jy- 


Introducing the nomenclature 


pomed°*y . 1 4 (4a). 
Re** r) a ———— 
aed ae = a 3 (2-4~16) 
Re, =". 
we find 
AR ee 
ro + Re**, fy — Jw Re, = Re, Sty. (2-4-17) 
For an axi-symmetric boundary layer 
d = 
l= rr [la (AER). (2-4-18) 


For a given thermal load and diffusing substance at the wall, from Eq. (2-4-7) and 
(2-4-17) we have (with a, = 0) 


Re**_.= 


amy {Re APs eng + 


+f (Gey + Ai iw] dx} ; (2-4-19) /43 
& 
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Re**,= { (Re**, Az), + 
tes J law + Sef] x}. G-4-20) 
rs 


2.5. Approximations of the Distribution of Thermal- and Diffusion- Flows over the 
Boundary Layer Cross Section 


We shall approximate the distribution of thermal and diffusion flows over the 


boundary layer cross section by a third-order polynomial, whose coefficients are 
found from the differential energy and diffusion equations, with boundary conditions 


with y=%& 9, =0; (2-5-1) 
with y= 8, i, =0. 


Integrating Eqs. (2-1-4) and (2-1-13) over y, with y — 0, we find 


(x= f Gy dy + iw (i? — iw): (Bed) 


h~hw— fet dy + he (C,—Cw)- (2-5-3) 


Conditions (2-5-1), (2-5-2) and (2-5-3) are satisfied by the following approxima- 
tions: 


t 
Ss, Has ( Stz! Svat +o ) (2-5-4) 
qI=% 1+ T+ 2 , 


1 
om ( Ss “toto | (2 5-5) 
1 Ie 1+—"175 ® 


where his as / As yi Nt J; = J,/ijw are the relative thermal and diffusion flows; b 7 dy/Sty3 ; 
b iD* da /St, are the thermal and diffusion permeability parameters, q sid T are the 
eee ines of thermal- and diffusion flows under "standard" conditions in the iiwanee 
of perturbing factors; ¢ = (c-c, )/ e, -c w) is the dimensionless weight concentration of 
the diffusing element. 


In conformity with the adopted approximations 


Ge == Ihe = 1 — 38 + 2". (2-5-6) 
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2.6. 'Logarithmic" Thermal- and Diffussion-Boundary Layers 


We introduce the thermal and diffusion analogues of the "logarithmic" boundary 
layer considered in Section 1.4. 


It follows from Eqs. (2-1-17) and (2-1-12) that the ratio 1/q = 1/j, is constant over 


the boundary layer cross section for the case of flow of a fluid having constant physi- 
cal parameters around an impermeable plate. With boundary conditions Ty = const 


and c.* const. Then, with Pr =Sc = Pr. = Se, =1, taking into account (2-1-11) and 
(2-1-17), we find 


eo Jj e 
ge? =c* + — log’, (2-6-1) 
where, for the thermal layer 


6 
== ar Y= =e (2-6-2) 
and 0° = V¢.,47/(p..Cp) is the thermal analogue of the friction velocity; and, for the 
diffusion boundary layer 


€1— Cw, hwy. 
mye ees aie th: (2-6-3) 


be° a= VJ,,,Ac/(p,5¢,) 18 the diffusion analogue of the friction velocity. 


The computational formulas for all parameters of the thermal- and diffusion 
"logarithmic" boundary layers are established in analogy with the dynamic boundary 
layer and have the same form as Eqs. (1-10-2), (1-11-1), (1-11-2) and (1-4-3), only 
in the case of the thermal boundary layer Pr should replace ¢ and, for the diffusion 


boundary layer, Pp should replace y, in conformity with (2-6-2) and (2-6-3). 


With Pr # 1 and Sc # 1 a correction (see Sect. 2.2) should be inserted into the laws 
of heat- and mass transfer. For gases (Pr =~ Sc ~ 1), with a power-law approximation 
of Eq. (1-10-3), these laws can be written in the form 


St, = 4 Pr - 9.78 Rew-™ (2-6-4) 


and /45 


Sty = -5 Sc-** RES”, (2-6-5) 


where the values of B and m are selected from Table 1-2. For the region Re”, 
= Re") < 104, B/2 = 0.0128, m = 0.25. With simultaneous development of the 
dynamic, thermal and diffusion boundary layers at a plate, using the integral 
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energy and diffusion relationships (2-4-7) and (2-4-5), for j = 0, q, = 0 and boundary 
conditions Ty = const, c. = const, we obtain 


23545678 0° 2 3 


Fig. 2.2. Local values of 
Nu, with a subsonic flow 


of air around a plate. 
Straight line—computed 
from formula (2-6-6); 
points—data from B. S. 
Petukhov [86]. 


Na, = 0,0288-Re° pros; (2-6-6) 


Nap, = 0,0288- Re" Sce.s, (2-6-7) 


Be ee 


Fig. 2.3. Mass transfer at a flat plate. 
Straight line—calculated from formula 
StSe 6 = 0.036 Reo’. 2, derived from 


(2-6-7); Points: O—Wade, X—Pascual, 
O—Powell, @—Powell and Griffiths, 
A—Lur'e and Mikhailov. 


Fig. 2.4. Law of heat transfer at a 
flat plate. 

Straight line—calculated from for- 
mula (2-6-4); Points—test data [182]. 


Figures 2.2 and 2.3 show comparisons of the data of B. S. Petukchov, A. A. /46 
Detlaf, V. V. Kirilov [86] with formula (2-6-6) and the test data of various authors 


with formula (2-6-7). 


Figure 2.4 presents the test data of Whitten, Moffat and Kays [182] on the heat 
transfer at a flat impermeable plate, for the condition Ty = const compared with the 
calculated values from formula (2-6-4). 
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CHAPTER 3 
THE BOUNDARY LAYER WITH VANISHING VISCOSITY 


3.1. Degeneration of the Viscous Sublayer 


As the viscosity decreases, with other conditions remaining unchanged, the dynamic 
layer becomes thinner, and the flow increasingly takes on the characteristics of the 
flow of an ideal fluid. However, in such a situation the rates of change of the thick- 
nesses of the turbulent core and viscous sublayer turn out to be unequal. 


As has been shown in Section 1.9, as Re - 0, £, — 0; i.e., the thickness of the 
viscous sublayer falls off more rapidly than does the thickness of the entire boundary 
layer as the Reynolds number increases. 


For a more general consideration of this problem it becomes necessary to intro- 
duce the concept of a fluid with vanishing viscosity. 


A characteristic feature of this model fluid is that its viscosity p — 0, but never 
actually goes to zero. Hence any fluid flow with vanishing viscosity has Re — oo and 
forms a turbulent boundary layer around a rigid surface. 


For the laminar sublayer it follows from (1-6-10) that as § ~ 0 


Tor Re®* cy — 28°°-1 rs peoo-a f 3-1-1 
NE gee ee ieeiel) 
where 

Z=Je Re®*ge*-!, 


With j,, = 0, we have from (3-1-1) 


ane entgee-1 (Ft ) (3-1-2) 
and with f = 0 
ow te" — 1). (3-1-3) 
hw 


Further, by definition, we know 
0<a<!; 0<d** <a. (3-1-4) 


Hence, if we attach the subscript 1 to the quantities w and ¢ to describe the nomi- 
nal limit of the viscous sublayer and of the turbulent core, we see that for any condi- 
tion, as Re — oo, £; — 0. 


Thus, in a fluid with vanishing viscosity the viscous sublayer degenerates, and 
the role of viscosity reduces only to the creation of the effect of "attachment" of fluid 
to the wall, i.e., assuring the conditions w = 0 with é = 0 and the dissipation of the 
energy of turbulent motion. 
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These properties distinguish a fluid with vanishing viscosity from an ideal fluid and 
allow the formation in it of an ideal turbulent boundary layer—i.e., a layer with 77 0. 


3.2. Degeneration of Density Fluctuations 


The effect of density fluctuations attributable to the inhomogeneity of the tempera- 


ture field on the Reynolds stresses is expressed by the quantity 


jap BaP. 
4 Cary 


Since the turbulent Prandtl number Prop 


Then 


bmw (24/4) mr. 


From the equation of continuity we find 


Sr att ate 
Be ~ dx Bes ax 


i.e., in view of the momentum equation we can assume that w ts ~ Ce 


= 1, we can take as an estimate [44] 


(3-2-1) 


(3-2-2) 


(3-2-3) 


Thus B decreases as the coefficient of friction decreases, and, since the latter 


tends to zero as Re — oo, then also 3 — 0. 
3.3. Relative Drag Law 


We introduce the quantity 


€ 
y= (—t ‘ 
Cte J mer 


(3 -3-1 


where Ce, is the coefficient of friction for some standard boundary layer, and compar- 


ison is made with Re” = idem. 


We shall choose the simplest possible boundary layer as the standard--namely, a 
turbulent, isothermal boundary layer, without pressure gradient, at a smooth and 


impermeable plate. 


We integrate Eq. (1-3-6) so that 


zw"? (=) de, 
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(3-3-2) 


where 


=(#)"\(3)"¢ 


With Re — 0, in accordance with (1-9-6) and (1-9-11) and with 3 — 0. /49 
; — Ing, _a_ 
Z——-TRe (3-3-3) 

, *—n 
or, if £; ~ Re . 

Z—n. (3-3-4) 

With f = 0, n=1; withf = frit? n = 2/3, i.e. as Re ~ oo 

2 
3 <Z<l. (3-3-5) 
Thus, in an ideal turbulent boundary layer—with a gradient-free flow rigorously, 
and otherwise approximately, 
1 
—~ \1/3 
( fda} de=1. (3-3-6) 
J & 

This integral expresses the remarkable circumstance that although the absolute 
magnitude of the coefficient of friction also tends to zero in fluids with vanishing vis- 
cosity, its relative changes when influenced by perturbing factors (nonisothermal state, 
compressibility, wall permeability, etc) remain finite. 

Equation (3-3-6) defines the limiting relative drag laws of the turbulent boundary 
layer. Here special attention should be given the circumstance that this equation 
(which describes a set of important properties of the turbulent boundary layer), in its 
general formulation, does not depend on any empirical constant. 

3.4. Relative Law of Heat Transfer 
From (2-1-12) it follows that 
1/2 . ta de 0 ate 
Z,¥; = (#22) ah, (3-4-1) 
&, 
where /50 
4 
= 2 d 
Pre} 1—f, lp 
tr 
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St 
‘= = = and ¢ are defined over Ai. 


The properties of the quantities En Br and Zr are the same as those of their 
hydrodynamical analogues. With Re — oo 


| 
|) (28 x wr] “al, (3-4-3) 


If the temperature and velocity fields are similar, then & = En dw/@t= 30/8 Ene 
Eq. (3-4-3) goes over into (3-3-6) and ‘= v. 


But in the general case, with substantial infringements of similarity of the tem- 
perature and velocity fields, the functions ¥ and ¥5 do not agree. Thus, for example, 


in the diffusor-flow region of the turbulent boundary layer (f < 0), Ycan be consider- 
ably less than unity, while with finite Reynolds numbers v5 in the diffusor-flow region 
may change very little. 

3.5. Relative Law of Mass Transfer 


From (2-1-17) it follows that 


ae —~- \1/2 
1/2 pl dw a 
Z5%> = {He %) Rt,» (3-5-1) 
toi 
where 
Zum (ee) i( he y's (3-5-2) 
I—fp ) 
Non 
St 
v Ld is the relative law of mass transfer. 
(Ra) 
It {s not difficult to show that the properties of the quantities Ep By and Zp are 
like those of their hydrodynamical analogues. Hence, with Re — oo, we have 
1 -8 
2 
_ 9] dw oO: 52 
¥, We H, ae) ey (3-5-3) 
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If condition (2-2-1) is satisfied, i.e., if similarity exists between the velocities, 
enthalpies and concentrations, then 


Vo=Vs=¥. (3-5-4) 


However, in the general case this similarity may be infringed. In particular, in 
the case of a gradient gas flow, the law of friction can differ considerably from the 
laws for heat- and mass transfer. The analogy between heat- and mass transfer, i.e., 
the equality ¥, = Yor is maintained over a wide range of change in the determining 


parameters. 


3.6. Distributions of Velocity, Temperature and Concentration over a Turbulent 
Boundary Layer Cross Section at High Reynolds Numbers 


Equation (1-5-4) can be reduced to the form 


°8 dea |/ ee (3-6-1) 
* 21—p ft 
or 
de ye < 
——= =o: (3-6-2) 
dey ep %(l—f) 


where w 0 is the dimensionless velocity under standard conditions. 


Integrating, we find 


1 as 1 = 
\V 2 de = ( / fm te (3-6-3) 
e - t : uf : 


With Re — oo, as a consequence of the increasing fill-in of the outer portions of 
the turbulent boundary layer, the velocity profile begins to be decisively determined by /52 
Prandtl's law—i.e., a situation is produced such that the quantity T becomes essentially 
independent of perturbation factors in the derivation of the laws of friction and heat 
transfer. If we also take into account the asymptotic properties of the boundary layer 
B — 0), we obtain 


Lge y 
ale | 
tl 


=l—e. (3-6-4) 


Re-ccn 


Consequently 


i 
[Se 1—«,. (3-6-5) 
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If we set — = é; in Eq. (3-6-4), then, as Re — oo, &, ~ 0, and formula (3-6-4) 
goes over into the limiting formula. Hence, for large Reynolds numbers we have, 
approximately 


t 
re ala aa (i—s,) 
or, in consideration of Eq. (1-4-3) 


Similarly, formulas for the distributions of enthalpy and concentration can be 
found: 


we 
0 
and 
8 
fe = VT 5 VSta Otay 
bel 


. tle 


Henceforth, Eqs. (3-6-7), (3-6-8) and (3-6-9) will be used to derive the limiting 


distributions of velocity, temperature and concentration under the action of various 
perturbing factors. 
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(3-6-6) 


(3-6-7) 


(3-6-8) 


(3-6-9) 


CHAPTER 4 
LIMITING RELATIVE LAWS CF FRICTION AND HEAT TRANSFER WITH 
A LONGITUDINAL GAS FLOW AROUND AN IMPERMEABLE PLATE 


4.1. Limiting Law of Friction for a Non-isothermal Boundary Layer on a Flat Plate 


For the conditions being considered, it follows from Eq. (1-6-15) that t/to=l, i.e. 
the non-isothermal state and gas compressibility should not affect the distribution of 
the turbulent shearing stress over the boundary layer cross section with the approxi- 
mations adopted. 


The results of an analysis of the effect of com- 
pressibility on the distribution of 7 given in [175] 
(Fig. 4.1) are a direct confirmation of this deduc- 
tion. 


Taking into account Eqs. (1-6-15), (2-3-1) and 
(2-3-8), for € = 1, we have from Eq. (3-3-2): 


u - 2 (¢° — 1) + dy 
= por [arcsin =e 


2(¥° — I) @, + sv |’ 
—S—ee 


(4-1-1) 


—- arcsin 


FIG. 4.1. Effect of com- 


pressibility on the distri- where 
bution of turbulent shearing 
stress over the boundary £=V 4" —1) +59) +47. 


layer cross section (ac- 
cording to (175]). 1—M 


= 0;2-M«=5. With R— ©, w,—~ 0 and Z— 1. Asa result, we 


have 


v= 4 [ aresin 


24° —1) 44 _ ob it 
2) + OF — arcsin SY ‘ (4-1-2) 


Formula (4-1-2) defines the relative limiting law of friction for a non-isothermal 
turbulent boundary layer at an impermeable plate. It does not contain empirical turbu- 
lence constants and is not related to any semiempirical theory of turbulence. The 
quantity Ce in the limit laws can be established both on theoretical grounds (for exam- 


ple, in terms of some semiempirical theory of turbulence for non-isothermal flow) and 
directly from the experimental data. For a supersonic gas flow around a thermally- 
insulated plate, (\p=0), we have from (4-1-2): 


ate (arcstn (4-1-3) 


e—! 


or since 
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k—t 
erctg M, ta 
v (=) (4-1-4) 
For subsonic gas flow (y°—+l), we find from (4-1-2) /55 


2 8 
ee (ela 4-1-5 
= (wer ] ( ) 
Figure 4. 2 illustrates the dependence of 4, on M, and Ay, 


as computed from (4-1-2), in which case alter =I = Mi. 


Spalding [164] has proposed a relatively simple approxima- 
tion of (4-1-2) which, to within a few percent, is valid up to 
M, = 6.0, and has the form: 


ra(t[y ey teteey wee 
Assuming r = 0.9 and k = 1.4, we obtain 
a {+ (42) "+ 1]'+-0.036) \". (4-1-7) 


FIG. 4.2. Depend- For the subsonic gas flow region we can assume 


ence of Yoo on M, =o" (4-1-8) 
and Ayaccording to = 
the limit formula in the range 0.5 < 4 < 3.0. 
(4-1-2). 1—Ayp=1; 
2—Az =0. 5; 3—Ay Under some conditions it is convenient to introduce the 
= 0; 4—Ay= -0.5; — [4 : 
5—Ax = -1; 6A relative coefficient of friction ¥ = Cg eee which involves 
= -2; 7—Ay =-3. only the effect of the non-isothermal state. Here c fi is the 
coefficient of friction with A? = 0, with the same values of 
Re** and Mo. 


From Eq. (4-1-2) and (4-1-3) we can write two limit expressions for Wa: 


with @°—1 F ere Wear) (4-1-9) 
with p*— 00 ren(bane ff (4-1-10) 28 


where ~=¥/v*=7,/T*w is a generalized temperature factor. 
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TABLE 4.1. Effect of the generalized temperature 
factor on the relative laws of friction and heat- 


transfer with Re —- © 


ry 0 | 0,25 | 0.5 
Fe 4 | 1.78 | 1,38 
geen | 4 | 2.02 | 1,49 


0,75 1 2 3 
1,15 l 0,68 0,44 
1,18 1 0,62 0.4 


Table 4.1 shows the comparative results of computing with formulas (4-1-9) and 


(4-1-10). 


As can be seen from the table, the relative influence of the temperature factor on 
the limiting law of friction is almost identical for both subsonic and supersonic flows. 
Therefore, in practical calculations with large Re numbers we can adopt a compara- 


—I1 , 
2arctg M, V a) 


tively simple interpolation formula. 


“eat 


yeeyr b vy 


FIG. 4.3. Comparison of calculations with 
formulas (4-1-2) and (4-1-12). Calculations 
with (4-1-2): % = y/ yy with % according to 


(4-1-2) and W,, according to (4-1-3); 1-y" 


=1; 2-y*= 2; 3—y *= 18; 4—calculated from 
(4-1-12), i.e. g-/—___2_\. 
= 


Tw 
Tw 


With Re — ©, w, — 0, Z — 1 we have 


(a) With Ee <1 


DP es. es 


(4-1-11) 


For the case r = 0.9 and k = 1.4, 
we have 


T= 4,7 arctg (0,424Af,) s 
~~ = e 
[VWE+)» | 
(4-1-12) 
A comparison of calculations 


with (4-1-12) and the exact formula 
(4-1-2) is shown in Fig. 4.3. 


With relative similarity of 
velocities and enthalpies we find 


a getigy [eesia 2D 


—srcsin 2 #— Nes +0847! 
(4-1-13) 


where € is the off-similarity factor. 


Oriainal from tH 
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t [aresin -— 20° teth___ 
Yoga [SOE Her Te (4-1-14) 
“ }'; 


es 1) + 2d) + Od)? 


(b) With e >1 


1 faresin 20° = estes 
Y= [arcsin Vawe— @ +4 + ene 


° . eA ae 
rain Te TH TON t (4-1-15) 
+arcsin / ve —arcsin y=] : 
For subsonic velocities 
(a) With e <1 
2 . an 
To [ V¥+Vi—@—le J’ (4-1-16) 
(b) With € >1 
=/—_ ety “8. 
Y. ress sa |: (4-1-17) 


From (4-1-14), (4-1-16) and (4-1-17) it follows that the magnitude of € most mark- /58 
edly affects the relative change in the coefficient of friction at subsonic velocities. The 
degree of this effect can be seen from Table 4. 2. 


TABLE 4.2. Value of (C)/C, pe** at subsonic 


velocities from the limit formulas (4-1-16) and 
(4-1-17) 


eeceo 
atead > | 
——=—=—S0900 
PeBse2eR 
=s9999999 
AA2BARSY 
~99999090 
AVSELS°%SS 
—299999090 
SLABSZARR 
-29900909 
SSESSARBR 


gcoan~ 
nw ome ome ome oe ome oe AD 


€ is found from (2-3-10), withn =1/7. It is interesting to note that the effect of 
the non-similarity in the velocity and temperature flelds on the magnitude of y, with 
gas heating and cooling, is not large and is opposite in sense. 
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4.2. Velocity Distribution in the Non-isothermal Boundary Layer at a Plate with 
High Re numbers 


For our conditions, Eq. (3-6-7) yields 


2(¢°—lNe+4s _ 
V 409° —1) +O 


=VF—1yr_(i-t ct tnt) (4-2-1) 
F 46 
+ arcsin Yweontay 


With Ay =0 


woin()- 


; = (4-2-2) 
=VF—IV e+ ine) 
or 
sn begae 
e= V3 joa Vere l V¥, (4-2-3) 
x(1- LV Fine); 
For the subsonic gas flow region 
e= V¥L, [- 1=Y? sy7¥]- (4-2-4) 
Assuming e=1+— “fe Ink, we find 
! Cre 1—Vd 
X+ ty Hint) +Ve]: 
For the limiting cases, we have 
(a) With y— 0 
o=e)= (1 +5 fe int) 3 (4-2-6) 
(b) With y — co 
o=0, (2—e«,) = [1 = (+ Y ine) |: (4-2-7) 
With y=1, naturally, w=w. 


fe) 
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OT7SA+5S6° RIN 


623456789 


FIG. 4.4. Effect of FIG. 4.5. Effect of gas FIG. 4.6. Effect of 
non-isothermicity on compressibility on the compressibility on 
the limiting velocity integral characteristics the shape param- 
profile (M <« 1). of the turbulent bound- eters H and H’. 1— 
J—e = a(2—=,) = U(2—t!/7) ary layer. 1-8: 2-3, A: H; 2—H'. 

(=e): ga egy = 1): J—399;8, 

Bowens = 07/7 (9 = OD 


Figure 4. 4 shows comparative results for calculations made with (4-2-6) and 
(4-2-7), with a= E 1/7 As can be seen from the diagram, the limiting velocity pro- 
file becomes less full with an increase in the intensity of cooling of the wall. 


In consideration of (4-2-1), (4-2-3) and (4-2-4), we find the limiting expressions /60 
for the displacement—and momentum-loss—thicknesses and the shape parameter H. 


Figures 4.5 and 4.6 illustrate the calculations of 6°/6, 6°°/8, 8°,/5, Hand H', 
using (4-2-3), for the case Ay=0. 


t Cd 
Here 8°,/8= J (1 —e)p) dt and H’ = 8°, '8*". 


As can be seen from the graphs, gas compressibility has a considerable influence 
on the integral characteristics of the boundary layer and shape parameter H. On the 
other hand, the influence of compressibility on the shape parameter H’= 6&*,/8** is 
inconsequential. 


To an adequate approximation, the computed results can be represented by the 
following formulas 


(a) For »y*=1 
H=yhy; (4-2-8) 
(b) For 10>9*>1, dy=0 
H =H (1,67~*—0,67); (4-2-9) 


44 — = mae te 


(c) For 10>y°>1, dp+#0 
H = @Ho(1,67*—0,67), (4-2-10) 
— * 
where » = T,/T.- 


4.3. Limiting Law of Heat Transfer for a Non-isothermal Boundary Layer ona 
Flat Plate 


For the similarity region of the distributions of enthalpy and concentration over 
the boundary layer cross section, and for the diffusion of gases of like valency, taking 
into account (2-2-1), (2-3-1), (2-3-4), (2-5-4), (2-5-5), (3-4-3) and (3-5-3), we have 


(a) With 8<ér(5p) (i.e. e<l) 


oe | 
: at" 40 
Yo. =F. os/—-——— | arcsin ———————____—___—_ 
Seo Deo ._ o_ 
ce V EH w+ ans ne 


(4-3-1) 


aaa arcsin i St 
yv: <a W° + 44) + (34)! 


+a Vi+4y—s—Yi Fail 


(bo) With 8>2,(%,) (i.e. e>D 

«| ne 

po =P ars =] 
4 


L sa (¥° + 44) + (39)* 
—arcsin Veerntor | (4-3-2) 


1 
V hw +40 + ne 
For the case «=! 


= Y= Vo 
2(4° —1) + So 
V4 — 1)? + 49) + OY) 
— arcsin FES ead (4-3-3) 
4(¥° — 1) (v9 + 44%) + (39)" 
As Spalding [164] has shown, Eqs. (4-3-1) and (4-3-2) can be approximated to 
within a few percent by the following simple formula: 


¥,=7,= oe +t eee] : (4-3-4) 


fl T Ariainal fram 45 


Assuming r = 0.9 and k = 1.4, we have 


1 o\"I- 
= ¥,= [ H'7 +1)' +0,03 (+ \J (4-3-5) 
The gas flow velocity for the subsonic region is 


¥,=¥,= [vor]: (4-3-6) 


The limiting temperature and concentration-distributions of the gas diffusing over 
the boundary layer cross section are found from Eqs. (3-6-9) and (3-6-10), with the 
condition 


Gqe~jljoml. 


In particular, for the subsonic region and diffusion of gases of like valency, with 
the main flow from Eqs. (3-6-8) and (3-6-9), we find 


ony Fea [14 dyS ae J=FE( 


(4-3-7) 
+ VSi int) +V% | 
and 
FV ¥en [1+ LYS int, |[ FF (1 
(4-3-8) 


+3 Vstolnt,)+V¥ |. 


The limiting laws of heat- and mass transfer for more complicated conditions of 
diffusion and injection of an inhomogeneous gas, with chemical reactions at the sur- 
face, will be derived in Chapter 5. 


4.4. Limiting Law of Friction for a Non-isothermal Boundary Layer of a 
Dissociating Gas on a Flat Plate 


Gas dissociation processes in the boundary layer are possible in the high- 
temperature region. 


We shall assume that the dissociating gas is a binary mixture of atoms and mole- 


cules. Using the familiar approximation of the ideal dissociating gas, we introduce 
the mass concentration of atoms as a given point, a = p/P» and then the mass con- 


centration of molecules will be Pr/P =1-a. In this case 


by = Logic > Cpt + (Coy —Cpy) 27 +210. (4-4-1) 
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Introducing the specific heat of the mixture oS = rec i we find 
i, =C,T+3i°, (4-4-2) 


where v is the heat of dissociation. 
From the equation of conservation of atomic components (2-1-13), we find 


reo ge + erg ay [Se +) ae | te (4-4-3) 


where Wy {s the mass rate of formation of an atomic component. 
For the "ideal dissociating gas" we can assume [73]: 


oe —e? 
o.= Mr K, (I +0) = (4-4-4) 


where M, is the atomic weight of the gas; a, is the equilibrium degree of dissoctation; 
K,. is the dissociation rate constant. 


Converting (4-4-3) to dimensionless form, we have 


—-. &@ — @ tt Off da 
05. 5g + 8Fe OF Re, oy [(s +4) 07 (4-4-5) 
d—e 
= Dep’ (1 +8) eer a. 


where Re,=p,e,L/%; Da= il 


time of existence of particles in the flow (diffusion time) to the chemical reaction 
time. 


is the Damkohler number characterizing the ratio of the 


When Da — 0 the effect of gas phase chemical reactions on the flow in the boundary 
layer is slight. In this case wy 0, the mixture of gases in the boundary layer can be 


considered to be chemically inert; such a boundary layer is called "frozen-in." 


If Da -- © the chemical reaction time turns out to be much less than the time 
particles remain in the boundary layer, and local thermo-chemical equilibrium will 
be established at each point. 


The distributions of the concentration of each component will depend only on the 
local thermodynamic parameters T and P. This boundary layer is termed "equilib- 
rium." In this case the diffusion equations are not needed to solve the problem. 


If the rate of the chemical process and the transfer processes are of the same 


order, the conservation equations of the components must be used in their general 
forms. 


47 


/64 


Let us consider the ''frozen-in" turbulent boundary layer with a catalytic wall. 
Then, for Sc = 1, we have from Eqs. (1-1-4) and (4-4-3) 
G=tw + (ae—dyw). (4-4-6) 


If we assume that only translatory degrees of freedom are perturbed in atoms, and 
both translatory and rotational degrees of freedom in molecules, we have 


k 
Crp = 2.5 —i Cry = 3.5: 
ms " (4-4-7) 


D 
‘-..° 2m, = My. 


Taking (4-4-1), (4-4-7) and the equation of state of an ideal gas into account, we 
obtain 


i, = (3.5 + 1,50) 5—— i T4+e5— = : (4-4-8) 
k 
P=P,= a (1 +9) F. (4-4-9) 
Hence 
eo f,1+4, =4= 
ae a ite” (4-4-10) 


In view of (4-4-6), (4-4-8) and the similarity of the total enthalpies and velocities 
in the boundary layer, we find 


7+, 7+hw 
yo SS meet (Gta -FFR +) 


3 
+ea(!—e) oe 


(4-4-11) 


Substituting (4-4-6), (4-4-10) and (4-4-11) into (3-3-6), we obtain the limiting 
relative law of friction for the ''frozen-in" turbulent boundary layer of a dissociated 
gas: 


Ps (ff T+ Sow +(42- 7+ Sey *)s 
(yea ++ (FER ~ T+ 3a_ 


4M2)~ +4 0,]'?  \" 
$097 ee “yee aa) . 


(4-4-12) 


For the hypothetical case of an isothermal flow of a dissociated gas at subsonic 
speeds, we have 


T= = ). (4-4-13) 
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> 
for) 
o 


where 


_i+ew . 
= THe” 


The results of the numerical integration of (4-4-12) are satisfactorily approxi- 
mated with the formula 


Fey = Fie VM, (4-4-14) 


where 


Figure 4.7 gives a comparison between (4-4-13) and calculations made using the 
method of U. Kh. Dorrance [131]. The calculations covered the ranges of change of 
Re, of 105-108, M,,-number from 0-4 and TL/ TY from 0.04-1.0. The relationship 


between (C,/ Ce Re and (c,/ CoR e** ts found from the momentum equation and, for 
x 


the conditions being considered, is 


1 \ fer yrt 4-4-15 
Co (z Rene 


As can be seen from the graph, the relative law of friction in the form 
Cr Ce R depends weakly on the temperature factor and M-number. 
a= 0, en* M yp 


The maximum effect of gas dissociation on the limiting laws lies within +25%. For 
the case Pri = Pr = 1 the known analogue y= Pg w Can be used. 


It should not be overlooked that in this case in the determination of the total heat /66 
flux to the surface of the plate the coefficient of heat-transfer should be multiplied 
by the drops in total enthalpy. 


On substituting Eqs. (4-4-6), (4-4-10) and (4-4-11) into Eqs. (3-6-8) and (3-6-9), 


we obtain the limiting distributions of velocity, enthalpy and concentration over the 
cross section of a turbulent boundary layer of dissociated gas. 
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FIG. 4.7. Influence of gas dissociation 
on the relative law of friction in the tur- 
bulent boundary layer. Curve—computed 
from (4-4-13); Points—computed using 
the Dorrance method [131]. 


In particular, for the subsonic region 
of gas flow, under isothermal conditions, 
we have 


1—Vq. 
o-V¥ a4 5 ssa], (4-4-16) 


For the limiting cases: /67 


(a) a. = 0, a, = 1.0 (complete 
dissociation in the stream and complete 
recombination at the wall): 


@ = (0,17 +0,83) we; (4-4-17) 


(b) a = 1.0, a= 0 (complete 
dissociation at the wall and complete re- 
combination in the flow): 


to = we (1,17—0, 170). (4-4-18) 


Comparison of (4-4-17) and (4-4-18) shows that the influence of gas dissociation on 
the limiting velocity profile is negligible (Fig. 4.8). 


FIG. 4.8. Effect of gas 
dissociation on the dis- 
tribution of velocities 
in the turbulent bound- 
ary layer. 1-w 3 2- 


Vy = 0.5; 3b, = 2. 
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CHAPTER 5 
THE TURBULENT BOUNDARY LAYER ON A PERMEABLE SURFACE 


5.1. Limiting Laws of Friction, Heat- and Mass Transfer on a Permeable Plate 


The problem of calculating the turbulent boundary layer on a permeable surface 
is extremely important. Processes of this type arise in connection with the protec- 
tion of machine elements from the action of high-temperature gas flows (the so-called 
"pore" cooling of gas-turbine blades, rocket engine combustion chambers, etc.) 
during evaporation and condensation, in the presence of chemical reactions at the 
surface of heat-exchangers (burn-out of heat-resistant coating), and in the freezing 
of liquids and the fusion of solid bodies. 


A diagram of the turbulent bound- 
ary layer on a permeable plate is 
shown in Fig. 5.1. We shall consider 
that the surface of the plate is penetra- 
ble at all points for one component of 

1 the flow. If gas is injected into the 

fr %e boundary layer, or sucked out from it, 
the openings are assumed to be small 
FIG. 5.1. Diagram of boundary layer on a in size but in adequate number. 
permeable plate. 


The distribution of shearing stress /68 
over the boundary layer cross section, 
for the conditions being considered, follows from Eq. (1-6-15) as 


7=1, (! as Tr) (5-1-1) 
For the condition Re — ©, the wall region, where § « 1, becomes most important 
for tr. Consequently 
7=% (1 +5,0). (5-1-2) 
A comparison between the test data [140, 168] and the values computed with for- 


mula (5-1-2) is shown in Fig. 5.2. As can be seen from the diagram, the test data and 
formula (5-1-2) agree both qualitatively and quantitatively. 


The relative limiting law of friction for a flow around a permeable plate is /69 
written as 
i] ~12 F] 
y = a ae -j]- 
‘~ ( one) (5-1-3) 
or 
fd 5-1-4 
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The relative density p is 
always finite, and the relative 
velocity w varies from 0 to 1, 
and hence there exists some 
value of the permeability 
parameter b with which the 
integral (5-1-4) has the value 
¥. =0. This value of the 
permeability parameter will 
be termed "critical" and 
symbolized as Dorit" This 


phenomenon can be identified 
with displacement of the 
boundary layer from the per- 
meable surface. 


FIG. 5.2. Effect of gas injection on the 


distribution of turbulent shearing stress The magnitude of the 
over the boundary layer cross section. critical permeability param- 
Curves computed from formula (5-1-2): eter is found from Eq. 


(5-1-4), setting y_ = 0: 


Spee [fey 


(5-1-5) 


From Eq. (3-6-6) we find the limiting velocity distribution over the turbulent 
boundary layer cross section 


L mis 
de /F_ =e 
\-se Vf (i—e)). (5-1-6) 
In case of critical injection 


- <1 <a 
[ti e= Ve, (1 — 2). (5-1-7) 


The properties of the gas injected through the wall are in general different from 
those of the gas in the main flow, and therefore we shall distinguish between injection 
of a homogeneous gas (M, = M,) and an inhomogeneous gas (M, # M,). 

5.2. Injection of a Homogeneous Gas under Isothermal Conditions 


For the simplest case of {njection of a homogeneous gas under isothermal condi- 
tions @ = 1) and from Eqs. (5-1-3), (5-1-5), (5-1-6) and (5-1-7), we have 


¥ = (! _ +) (5-2-1) 
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aJ 
° 


6. = 4,0; (5-2-2) 


ent 
6 
e= (: ss 7 )o+ + a, (5-2-3) 
2 
“in = (5-2-4) 
where W crit is the dimensionless velocity in the displacement section of the boundary 
layer. 


In view of Eqs. (1-9-4) and (1-9-5). 


— (1 +1 % ine): (5-2-5) 


Table 5.1 gives values of the shape parameter H = 6*/6** computed from (5-2-5) 
for various values of Re*”: 


(4 = fu = # cad | fo crit! — rid 


TABLE 5.1. Values of the shape parameter H at the 
point of displacement 


‘i Re 
3.000 | 10.000 | 100) | 1 ov) v0» oe 
Hwith dmb 2...) 1,53 | 1.44 | 1.4 1,33 1,0 
Mwithdbm0...... toa | 1,23 | 1.18 mE 1 
-AHmH,H, . 2.4. 1.19 117 7 1.08 1.15 1 
‘ » 


In the case of gas suction through the porous plate, we have 
v =(1+ 4)’ (5-2-6) 


and 


gs oan eee (5-2-7) 


For the limiting suction of gas ‘see Section 8.1), b = 4, and 
@ = wo(2—w»). 
Figure 5.3 shows the effect of gas injection and suction on the limiting profiles of 
velocity and temperature. For the conditions in question, w = ® As can be seen 


from the diagram, the velocity profile becomes less full with gas injection into the 
boundary layer, and, with suction of gas, it becomes fuller. 
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FIG. 5.3. Effect of injection and suction of gas on 
the limiting profiles of velocity and temperature. 

1, 2, 3, —calculated from formula (5-2-3) and (5-2-7), 
respectively, for b = -0.43; b = 0.53, b = 3.07. 

4, 5—calculated from formulas (5-2-3) and (5-2-7) 


for b = -0. 38 and b = 2. 91. 


Source (183) 


Laer ™=nt+l antl)” 


Taking Eq. /5-2-3) into 
account, the limiting formulas 
for the displacement thick- 
ness, momentum-loss thick- 
ness and shape parameter H 
can be derived. If we set 


w® = ae then 
o 


_  a(m+t+4) 

( en . 

= (a+ Iqantil) ° 
(5-2-8) 


<e 2n 
Berit Sept? (5-2-8) 


FIG. 5.4. Comparison 
between formula (5-2-3). 
and the experimental 
data. Curves—computed 
from (5-2-3). 
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a 
4 (1-7 etn4[7-(1-4) ry) (5-2-12) 
ae r) +1) (+1) +l tatl) , 
-2-4('-7) a+ Te «+1 
Ae tl +4n. (5-2-13) 


Figure 5.4 gives a comparison between formula (5-2-3) and the experimental data 
of various investigators. As can be seen from the curves, the limiting velocity dis- 
tributions are in good agreement with the test data. 

5.3. Injection of a Homogeneous Gas under Non-isothermal Conditions 
The limiting relative laws of friction for the case of injection of a homogeneous gas 


into a subsonic flow of gas under non-isothermal conditions are found after substituting 
the expression for the density 


S=¢+(l—pye (5-3-1) 


into (5-1-3). After integrating, we have 
(a) with y <1 


4 VU—90+5)+ V5, 7". 
¥2= =a | ~ Vi—e+Voe |° (5-3-2) 


(b) with y >1 


Y= = 07% J wre ey/ y=1 | sa 


As shown by Spalding [164], Eqs. (5-3-2) and (5-3-3) are satisfactorily approxi- 
mated by the following simple formula: 


Wo= (Te tatnr y+ FeG—n]™. (5-3-4) 


For the critical injection parameters, we obtain from Eq. (5-1-5), taking (5-3-1) 
into account: 


(a) with yy < 1 
14+VT—¢ \'. 
tava ris (WE FEE oss 
) with y > 1 
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~ 
~ 
w 


6. ites = — (areoos =) (5-3-6) 


In analogy with Eq. (5-3-4), Eqs. (5-3-5) and (5-3-6) are conveniently approxi- 
mated with the formula 


re ee (5-3-7) 


Figure 5.5 illustrates the relationship between the critical injection parameter and 
the temperature factor. 


The equation 


viof, (! = y. (5-3-8) 


is an adequate approximation of Eqs. (5-3-2) and 


8 
(5-3-3); where ¥ == (ver) » and Dorit Z is found 
from (5-3-5) and (5-3-6). 


FIG. 5.5. Influence of 


non-isothermicity on the Figure 5.6 shows the comparative results of calcu- 
critical injection param- lations using (5-3-2), (5-3-3) and (5-3-8). 

eter. Solid line—com- - 
puted from (5-3-5) and From an analysis of formula (5-3-8) we come to the 
(5-3-6); Broken line— interesting conclusion that gas injection is less effective 
computed from (5-3-7). than an increase in wall temperature, with other condi- 


tions being the same. 


The limiting velocity distribution over the cross section of a non-isothermal tur- 
bulent boundary layer is found by substituting expression (5-3-1) into Eqs. (5-1-6) and = /75 
(5-1-7). Fory <1 


= (5-3-9) 
where 
=(1—y)b; d=(1—) F, + 9; 
c= fF; ; 
K=[Va@td+o tat pa]errrd — 7 di 
For y > 1 


arctg VFA Fe) —arcte VGE— NUH) 


(5-3-10) 
— YK 2). 
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7 In case of critical in- 
jection: 


sad a," For » < 1: 


Vo+il Noe ee 
aneyToye Ve, 
sai. 


Ua a ae ay a a pe dee 


FIG. 5.6. Comparison of formulas arctg Ve i weothe = arcig Vp — I 

(5-3-2), (5-3-3) and (5-3-8). Curve— 
~ 3-8). —t1 — 

calculated from (5-3-8) zs! y baa (he). 


Calc. from a oe Taking (5-3-9) into ac- 
Symbol ela count, the integral charac- 
oe ars a teristics 5” and 6**, and the 
;.. 2 0.¢ | 0,6 -- 
shape parameter H, can be 
computed. 


Figure 5.7 shows the computed shape parameter H 
and a comparison with the test data of various investiga- 
tors. For the region 7 <1, the calculation is satisfac- 
torily approximated by the following formula 


H = Hoy (1 -+-0,050), (5-3-12) 
FIG. 5.7. Dependence of 

shape parameter H on where H_ = 1 + 2n. 

non-isothermicity and = 

pais ee aa 5.4. ia of a Homogeneous Gas into a Supersonic 
Points—@ plate (~ = 1) 
(81]; o, x—initial section 
of tube (} = 0.5, 0. 4) 
[69]. 


For the region of supersonic gas flow: 
R=} — Ajo — (Pp? — 1) 0". (5-4-1) 


The limiting law of friction for the supersonic boundary layer is found by substi- 
tuting this formula into Eqs. (5-1-4) and (5-1-5): 


! ® 
de 

v pe S|. eee ere eee oe 

=(f (1+-6,e) [¥ —d4o— (¥° — 1) @?] (5-4-2) 

and for the critical injection parameter 
1 ® 
de 

bam (fj wo [¥ — dva— (9° — 1) @'} | (5-4-3) 
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Elliptic integrals are the result, and the final expressions for Y= andb__., take [17 


crit 
the forms: 
ea ae = age 
and 
1 2 
Voos == Verrier © &™ a 


where F is an incomplete elliptic integral of the first kind: 


V lel+ 5 Vinee 


; ! 
lort+ 5- roecara 
' ae ° @,|+]/e, | ; 
pay ee eines aresin Vet + ial) 


V cl 

aes Je,l+!o, | 
p/p = 0. 

and w, and w, are the roots of Eq. (5-4-1) with p/P = 0. 


9, = arcsin 


The results of the numerical integration of (5-4-2), carried out by I. K. Ermolaev 
over a wide range of variation in y and y", are given in the Appendix. For the injection 
of helium into air the relationship between density and velocity is taken from (5-5-11). 


As shown by N. I. Yarygin, Eq. (5-4-2) is approximated to within +15% by the 
following formula 


¥.= 7:9, (1— -); (5-4-6) 


bcrit 


where 


=] 7 
arctg M y rz 


(i) | aye 


The critical injection parameter is defined by the expression /78 
6 


cr 


ites = Og m (5-4-7) 


is determined from formulas (5-3-5) and (5-3-6), with 


=H". 


where Dorit , 


“e} 
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4y— 
b crit. calc. 


FIG. 5.9. Compari- 
son of calculations of 


ag 7] the critical injec- 
tion parameter from 
FIG. 5.8. Influence of compressi- (5-4-5) (ordinate) and 
bility and non-isothermicity on the (5-4-7) (abscissa) in 
relative law of friction. Curve— the M-number range 
computed from (5-4-6); Points— 0-12 and with Ay 
computed from (5-4-4) and (5-4-5) from 0 to 30. 


in the M-number range from 0-12 
and with Ay from 0-30. 


Figures 5.8 and 5.9 compare the results as computed from Eqs. (5-4-4) and 
(5-4-5) and from the approximation formulas (5-4-6) and (5-4-7). 


Substituting (5-4-1) into Eq. (5-1-6), we obtain the limiting velocity profile for a 
supersonic gas flow over a permeable plate: 


1 
ee ee ~ 
War ¥(1—®), (5-4-8) 


and for the section with critical injection 


i] 
de _ oS = 
SS =Y Yxtoo(! —). (5-4-9) 


For an adiabatic plate (Aw = 0) we have 


Ve 4+VE—W—pe =[l+VF] ef? Werital!—o) (5-4-10) 
@e 


5.5. Injection of a Foreign Gas 


With the injection of a foreign gas through a permeable plate, under the conditions 
being considered (Le = Pr = 1; dP/dx = 0, i = const, ee = const), similarity must 
exist between the distributions of total enthalpy, velocity and weight concentration of 
injected gas over the cross section of the boundary layer, t.e. 
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i* iw _ #— ew (5-5-1) 


where f' is the weight concentration of injected gas. 


If the concentration of injected gas in the main flow is zero, then 


i° : — —— Ws. = 

= ‘i =!) ia @. (5-5-2) 
The gas constant for a binary mixture of gases is 

R — gf 3 

Rk? R—1)+1, (5-5-3) 


where R = R,/Ro; R, is the gas constant of the injected gas; Ry the gas constant of the 
main gas. For a binary mixture of ideal gases (since dP/dy = 0) we have: 


° “Ri ore 
Hence, taking into account (5-5-2) and (5-5-3), we find 

Pm tr RI E, (5-5-5) 
The mass balance of injected gas at the wall is written as 

hw = — Dey ($2 \ +P w@yw: (5-5-6) 
In view of (5-5-2), (5-5-5) and (5-5-6), with Pr = Le = 1, we have 
Ow =e (5-5-7) 
Hence 

fmt [i+ oo@-na —e)]. (5-5-8) 


Since tn the absence of chemical reactions 


Foe ee [2 - (ZH )e——e] (5-5-9) 


and 


Sent rte( SAI) coo 


then, for the conditions stipulated, we have 
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b, 
I+77 4 (—) (l—e@) 
aS ee 
Rott rt R—pa-e) 


fe letrtce—a] tee 
(1 +o€ = ) |= —(y* —1) ot", 


where c=c /c_. 
Pi Po 


For gas mixtures of like valency, R = c, we have 


Bab — (EH) ote! 


or 
£=$,—G—-1)— (Na 
where 3," = p,/Py)s 


Values of y, for some processes are compiled in Table 5. 2. 


TABLE 5.2. Value of % 


Boundary Layer Chance a 


Homogeneous non-isothermal ¢=1,,/T, 
Non-homogeneous isothermal 1+ ae (R—1) 


Non-homogeneous, mixture of 
gases of like valency, non- 


{sothermal tesla e-o] 


(5-5-11) 


(5-5-12) 


(5-5-13) 


Thus all limiting formulas derived for the injection of a homogeneous gas under 
non-isothermal conditions can also be extended to the injection of a foreign gas if we 


substitute 7, = P/Pw for y in the formulas. 


Specifically, for the injection of a foreign gas under isothermal conditions, we 
obtain from (5-3-5) and (5-3-6) a relationship between the critical injection parameter 
and the ratio of the molecular weights of the injected gas and the main gas flow. With 


critical injection y, =R. Therefore for R< 1 


b ae. (10 Ss) 
critas TR\ 1—Vi—-R/' 


(5-5-14) 
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™~ 
@ 
pay 


and for R> 1 


Dette = Hay (arecos 2"). (5-5-15) 


The approximation formula is of the form 
Oo rites = ‘ (5-5-16) 
ytyh 


From Eqs. (5-5-14) and (5-5-15) we see that the critical injection parameter in- 
creases with the molecular weight of the injected gas. 


_ As Spalding [164] has shown, Eqs. (5-4-2) and (5-4-3) may be approximated when 
R =c by the formulas: 


v e= (+ («w"? ( / erie Rep ot? 


(5-5-17) 
te DF Ee TE) ets 
Otte =~—z—- (5-5-18) 
Zeta Ay 


5.6. Limiting Law of Friction for the Non-isothermal Boundary Layer of a 
Dissociated Gas on a Flat Permeable Plate 


For the "frozen-in" boundary layer of a dissociated ideal gas, taking (4-4-10) and 
(4-4-11) into account, we have 


pi+%/7+30 7+ 3a, 7+ Sey 
fe I+e (7a ++ [7a Tex | 


(5-6-1) 
1,4M23 
+e(l—e) FT 


Substituting (5-6-1) into (5-1-3), and using (4-4-6), we obtain the limiting law of 
friction for the conditions being considered: 


/ +3 (1 +45) [¥e + (I—¥,) @] 
ae +T-We | te 
U7 + 3,) 0 + 17 + 3a, — (7 + Sey) Vo +e(l— (5-6-2) 


* a) 1AM (1 + de)? 


The critical injection parameter is found similarly from Eq. (5-1-5): 
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~— 
(7) 


: V 
boundary layer (y = 1), we have 


443i tafe, $0 —F 0] 
%+(l—y)e 


ae (5-6-3) 
Jee 5 -t 
Pe = [4 + (1 — 4,) o] Z 
Consequently, for vy <1: 


4 


v, = bi (l—%) E 


-? 
For the hypothetical case of the isothermal dissociation of a subsonic turbulent 


(1 4.9"? (1 + 8)? +0)? 
and for vy > 1: 


2 
(I —v, ya + (0,9, )! 2 ’ 
: 14 (1—4)"? 
Onites ~“T—., in ——" 
%‘,= 


5-6-5) 
r 
l— (— 4.) , 
4 [ 
6, .— 1 [rete 


(5-6-4) 


(5-6-6) 
6, 3 6,4, 2 a 
W—narey | — te [a= | ser eet 
1 / 2—4,\" -6- 
Pcites ar eT cs a age : (5-6-8) 
In the Spalding approximation 
-1 
7, = {+ Iell? + (140,)" J+ 8, )\ ; (5-6-9) 
o (5-6-10) 
criteso ™ 1/3 + 2/3), * 
It follows from Eq. (5-6-10) that gas dissociation may exert a marked effect on the 
limiting critical injection parameter. In particular, with vy = 0.5, Dori a 6, and 
with » =2.0, b = 2.4. 
Qa crit » 
Formula (5-6-10) is conveniently expressed in the form 
®crites mn 3 
Ocrites 
end 
where Dorit = 
a=0 


1+ 


(5-6-11) 
is the critical injection parameter in the absence of dissociation. 
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Calculations show that formula (5-6-11) is more 
universal and may be extended to the flow of a com- 
pressible gas under non-isothermal conditions tf the 


effect of these parameters on b, ritoo is accounted 


a=0 
for in accordance with (5-4-7). 


Figure 5.10 presents a comparison of calculations 
made with (5-6-11) and (5-6-3) itn the M-number range 
0-10, » from 0.1-10. The limiting law of friction may 
FIG. 5.10. Effect of gas be approximated by the following simple formula over 
dissociation on the critical rather broad ranges of M, 3, Vy? a, and a, 
injection parameter. 

Curve—calculated from e\ 

(5-6-11); Points—calculated v= 7,89, (1 » =) . (5-6-12) 
from /5-6-3) in the M-num- ote 
ber range of 0-10; ¥ from 


0.1-1.0, aw, from 0 to 1, where 
a. from 0-1. 7 2 . e 1 
WwW 7, ( V+ }i ¥, (Feri ) . 
Vr, t+! 
8 
atctg M ): _ 
v= 2 
ay 


Figure 5.11 shows a comparison of the 
calculations using (5-6-2) and (5-6-12). As 
can be seen from the diagrams, the results 
with the exact and approximate formulas 
are in good agreement in the subsonic re- 
gion. Formula (5-6-2) generalizes the 
computed results in the supersonic region 
somewhat less satisfactorily. 


Taking (5-1-6), (5-1-7) and (5-6-1) /85 
into account we can derive the limiting 
velocity distributions over the cross 
section of a dissociated turbulent boundary 
layer of gas on a permeable plate. 


0 2” ‘ to 
Ca a a ~ — 
FIG. 5.11. Effect of non-isothermicity, =0,2 4 A iv] 


compressibility and dissociation on the 
relative law of friction on a permeable 
plate: Curve—calculated from (5-6-12); 
Points—calculated from (5-6-2). 
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5.7. Limiting Laws of Heat- and Mass Transfer for the Turbulent Boundary 
Layer on a Permeable Plate 


The limiting relative laws of heat- and mass-transfer, in the general case as 
shown in Chapter 4, are in the form 


Vine 2 . 
69 dw of : 
v= [{(2 =| a] a 
I 23 1/2 ’ /86 
;, dw at \ — 
vi. = | J (2: a, | i). (5-7-2) 
where 
ir 
(¢ Re oo er J ott +647 (5-7-3) 
° to 
727 


If there are no chemical reactions or sources of heat or matter in the boundary 
layer, formula (5-5-11) remains valid for the gas density. Then the limiting laws of 
heat- and mass transfer, and the limiting distributions of total enthalpy and concentra- 
tion will be given by Eqs. (5-4-2), (5-4-3), (5-4-8) and (5-4-9) except that @ and c¢ 
will appear in place of w. 


In more complicated cases, with chemical reactions inside the boundary layer, it 
{s convenient to introduce the weight concentration oA of the individual chemical ele- 
ments. 


Then, with similarity of boundary conditions, and with Pr = Pr. = Le = Le, =, 


the similarity of the distributions of velocity, total enthalpy and generalized concen- 
tration {s maintained. 


so = a= (5-7-5) 
leo few. bad tw 


However, in this case difficulty arises in deriving the gas density formula. 
Strictly speaking, to estimate the concentrations of all gas components at a given point 
we must resort to the equations of chemical kinetics, which markedly complicates the 
calculations. In some cases, estimates for two limiting cases are useful: equilibrium 
and ''frozen-in'' boundary layers. The case of the "frozen in" boundary layer of a dis- 
sociated gas has already been considered in Section 5.6, and the formulas derived 
in this section can be extended to the boundary layer with chemical reactions ata cata- /87 
lytic wall. In practice, the conditions when the chemical reaction rate in the boundary 
layer is infinitely large compared with the rate of diffusion of the components is also 
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pertinent. The reaction zone can then be considered to be some surface (the flame 
front) at which chemical reactions also occur. 


We shall assume that the injected gas reacts with the oxygen that diffuses to the 
heat transfer surface, in which case a stoichiometric relationship is established at 
some section (flame front) that determines the weight concentration of injected gas: 


s 1 
= Tk’ (5-7-6) 
where K is the amount of oxidizer per unit mass of fuel. 


The boundary layer will be divided into two sections by the flame front—the fol- 
lowing conditions are satisfied for these regions: 


p= 0, 
e<e foo 1—(1+4 KE, (5-7-7) 
Cpr = (1 + K) &; 


é>¢, & = 0, (5-7-8) 


where c, is the stoichiometric concentration of injected gas; Coe is the weight concen- 


tration of combustion products; Cr is the weight concentration of injected gas; Ce the 


weight concentration of the main gas. 


The corresponding formulas for the molecular weights of the mixture have the 
following form: 


Forc < Cor.c 
a= 1—(1+K)é Ae oye ; (5-7-9) 
Fore >c ee 
1 1 ! 
1 (+4) (1+ )a-0 (5-7-10) 
i _3 
ig pr 


In determining the enthalpy of the gas mixture it is convenient to assume that the /88 
enthalpy of the main gas ‘and reaction products is zero at absolute zero; the enthalpy 
of the injected gas is assumed to be positive and equal to ir9° Then 


B= (EC py H Spe C pop FEC pp) T He bg (5-7-11) 
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Thus, for c < Core 
baa ([L—(1 4K) E]C,g + (1 + K) ZC} T (5-7-12) 


and for c > Cor. r 


bm (((U+ 70-9 ]Cet [+ e)é 
~ Kon fF ++ x)?— x] te 


Substituting (5-7-9), (5-7-10), (5-7-12) and (5-7-13) into Eq. (5-5-4) we have: 


(5-7-13) 


force<c 
pr.c 
Bal Ut Me+ Rr +e 
: (5-7-14) 
x(a +24 ZE eal cm 
and for c > Cone 
! M, 
a: a) 4 (1+-%)a a 
ele ((+ey—) 
Cor \~* (5-7-15) 


) 


x (0+ X09] e404 af 
flee h—4]) 


Making use of Eqs. (5-7-5) and (5-7-7), we get the w-dependence of p. On sub- 
stituting this relationship into Eqs. (5-1-3), (5-7-1) and (5-7-2), we find the limiting 
laws of friction, heat- and mass transfer for the turbulent boundary layer with chemi- 
cal reactions. Spalding [226] has evaluated these integrals numerically for the case of 
injection of hydrogen and air. 
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CHAPTER 6 
INFLUENCE OF A LONGITUDINAL PRESSURE GRADIENT ON THE 
LIMITING LAWS OF FRICTION, HEAT- AND MASS TRANSFER 


6.1. Limiting Separation Parameters of an Isothermal Boundary Layer on an 
Impermeable Surface 


In the case of flow over a curved surface, the flow velocity at the outer edge of 
the boundary layer varies along the contour, and consequently dP/dx # 0. 


A convergent flow, when dP/dx < 0 differs from a diffusor flow, when dP/dx > 0. 


In Section 1.7 the conditions for separation of a turbulent boundary layer from a 
surface with diffusor flow were considered and the effect of a longitudinal pressure 
gradient on the stability of the viscous sublayer was analyzed. Let us derive the 
limiting formulas for the separation parameters. We can write the following condi- 
tions for the separation section of a two-dimensional, isothermal, turbulent boundary 
layer of incompressible fluid at an impermeable wall: 


cy=0, p=po, B=0. (6-1-1) 


Substituting these values into the Prandtl formula (1-5-4) and integrating over the 
cross section, we obtain 


wasent $F) Va 


acrit 


The distribution of shearing stress over the boundary layer is defined by Eq. 
(1-6-14), which can be written as 


+= 90) + Ate, ©. (6-1-3) 


where 


eOH1— +R 7, (= (1 —H". 
Taking (6-1-1) into account, we find 


‘st= re O=(—I ga), ©. (6-1-4) 


where ja is the shape parameter, which is independent of c £ 


We substitute r 


crit into (6-1-2) and find 


iB 


‘£ 
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Te VG, Oat. (6-1-5) 


™~ 
le =) 
o 


Assuming w = 1 and ¢ = 1, we find the critical value of the shape parameter from 
(6-1-5): 


(— Fa) ra (ia ieee (6-1-6) 
“1 f(b yaw 
erit 


With Re — 00, £, — 0, w,— 0 


(—nh),.=[J(h) 74 | * eu 


(Hare 
e= (6-1-8) 


(Hee 


Assuming that the distribution of mixing path length over the boundary layer cross 
section does not depend on the longitudinal pressure gradient and is defined by (1-10-1), 
we have from Eq. (6-1-8) 


__ In (2 VaR" + 2+ 4B + 1), 


as 1n(2V6 +5) 


(6-1-9) 


This same equation is obtained from (3-6-1), taking (6-1-4) into account. Accord- 
ingly 


(-! i) = 2 [ In(2V¥6 + st (6-1-10) 


With the assumptions adopted, it follows from (6-1-9) and (6-1-10) that the limiting 
velocity profile in the separation section of the boundary layer does not depend on 
empirical turbulence constants. But the limiting critical value of the shape parameter 
f depends on the constant Xo" With x= 0.4, we have, for the conditions being con- 


sidered (T, = const, j, =0, Re — ~); 
, a rae 
el eee =0,062; ae = 0,3; 
\—ha ) \7 ae (6-1-11) 
(7) = 0.16; Hit = 1,87: fete = — 0,01. 
crit 


The velocity profile (6-1-9) is quite well approximated by the power-law rela- 
tionship 


© = 200, (6-1-12) 
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FIG. 6.1. Compari- 
son of the limiting 
velocity profile at the 
separation point with 
experimental data: 1— 
calculated from 
(5-1-9); 2—calculated 
from the formula 


wo = 2/7 o_Ntku- 
radze's tests [188]; 
@-—tests of A. I. 
Leont'ev, A. N. 
Oblivin and P. N. 
Romanenko [66]. 


From (6-1-11) it follows that the shape parameter f 
also maintains a finite critical value with Re-numbers 
approaching infinity, while the critical value of the Bury- 
Loitsyanskiy shape parameter (I° = 2f/c,) tends to infinity 
as Re -- oo, 


Figure 6.1 gives a comparison of the limiting sepa- 
rated velocity profile [Eq. (6-1-9)] with the tests of N. 
Nikuradze [188] and A. I. Leont'ev, A. N. Oblivin, P. N. 
Romanenko [66]. As can be seen from the diagram, the 
limiting velocity distribution and the test data are in 
satisfactory agreement for finite Re-numbers. A com- 
parison of the critical limiting values of the shape param- 
eter H with the test data is of interest. According to 
I. Nikuradze's tests, H = 1.8; according to E. Grusch- 


crit 
witz. Horit = 1.9; in the paper by D. Khurai, Horit =1.9. 


These data all correlate quite satisfactorily with the 
theoretical limiting values. However, tests exist (202, 
66] in which the measured values of the shape parameter 


Horit reach 2-2. 6. 


This deviation from the theoretical value may possibly 
relate to surface roughness or other factors not allowed 
for in the assumptions adopted for the functions l(y) and 
Ty). 


In analogy with Section 1.7, we estimate the parameters of the viscous sublayer in 
the separation section of the turbulent boundary layer. 


The velocity distribution in the viscous sublayer in the separation section of the 
boundary layer is defined by formula (1-7-3): 


o= — lest (Ges) Reve’ 


‘ (6-1-13) 


We shall assume that (6-1-9) also describes the velocity profile in the turbulent 


portion of the boundary layer with finite Re-numbers. 


Figure 6.1 serves to provide 


some basis for this assumption. It is clear that the assumption is more nearly 
correct as Re becomes larger. 


In case the velocity profiles computed from (6-1-9) and (6-1-13) intersect, é, 
and w; ey are, to a first approximation 


From this 
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crit 


2.64 
Rerit ™™ Rerreee? 


~ _ 1,57 (6-1-14) 
®.crit ~ Rerrear ° 
Revcrit == crit), exit (a) Re®* ms 28. (6-1-15) 
crit 


‘y'e0, 
As was demonstrated in Section 1.3, the number Re,= (SS), may be taken as 


a measure of the thickness of the viscous region near the wall. With dP/dx = 0, the 
magnitude of Re, is Re, = 7” = 134. 


For the separation section of the turbulent boundary layer we have 
7é\3 
Re, crit = —Ferit! =) Reet? (6-1-16) 


Taking (6-1-11) and (6-1-14) into account we find that Re, = 57, i.e. the Re,- 
number is more conservative than Re with respect to the action of a longitudinal pres- 
sure gradient. 


In the region of gradient flows we note that the condition Re, = const = 7° is equiv- 
10 


alent to the Szablewski condition [209] introduced earlier— (oy > yess = const = Nyq- 


We thus obtain the limiting values of all parameters of the turbulent boundary layer of 
incompressible fluid in the separation section. 


6.2. Law of Friction of an Isothermal Boundary Layer on an Impermeable Surface 
with dw, /dx # 0 


The velocity profile in the turbulent core of an isothermal boundary layer on an 
impermeable curved surface, with (1-5-4) and (1-6-14) taken into account, has the 
form 


e=>e, +{(+ \V ¥¢ Pe ® Se fte A E?, & a , (6-2-1) 
where ¢ (&) and ¢ (&) are functions in the approximation of the distribution of shearing 
stress over the boundary layer cross section. 


Specifically, for a third-order polynomial, we have: 


% (=== 1 — 3 + 2H; 9, © = (1-9): 
2 8 dw 2 8 (6-2-2) 


For the velocity distribution in the viscous sublayer we hz ve the equation 
o= Ret* (gr: s)(F or a (6-2-3) 


With the thickness of the viscous sublayer being defined by the stability criterion in 
t’-e form 


mo(FH)_, or 
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we have from (6-2-3) 
ie ah a ey a e2"9) 
' ee =) 
At the boundary layer separation point y = 0, and condition (6-1-16) follows from 
(6-2-5). 


Setting § = 1 and w = 1 in Eq. (6-2-1), and & = &,; and w =u, in (6-2-3), we have /94 
the following system of equations: 
a= [te VY FH 3+ A & (6-2-6) 
ao, = taRe** (F fy pt Se Ae ): (6-2-7) 
(8 + AR) (geeRet) =Re, (6-2-8) 


To determine the law of friction ¥, we add to this system the relationships used 
earlier 


=n, 0); (6-2-9) 

gee 
= J = (l— a) dt (6-2-10) 
Sf = (2,5 In Re** + 3,8)". (6-2-11) 


The stability criterion of the viscous sublayer Re, is defined by the formula 
>. A, 
Re 6—424_; 6-2-12 
V ae 2 Ao crit ) 


to a first approximation. 


The parameters in the boundary layer separation section are defined from the sys- 
tem of Eqs. (6-2-6) - (6-2-12), with the conditions ¥=0 and .\)= Aorit: 


The results of a numerical solution of the system (6-2-6) - (6-2-12) obtained by 
A. V. Fafurin on the ''Minsk-22"' computer, using an iteration method, are shown in 
Figs. 6.2, 6.3 and 6.4. 


It should be noted that negative values of Ae yield an unstable solution, and the /95 
iteration process diverges; therefore only the diffusor flow results are shown in the 
figures. 
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FIG. 6.2. Influence of the 


longitudinal pressure gra- FIG. 6.3. Influence of longitudinal pressure gradient 
dient on the relative law on the relative thickness of the viscous sublayer (a) 
of friction. 1—Re** = 2 and on the dimensionless velocity at the boundaries of 
x 103; 2—Re** = 104; 3— the viscous sublayer (b). 1—Re”” = 2 x 10°; 2—Re** 
Re** = 105; 4—Re** = 10°. = 10‘; 3—Re** = 5 x 104; 4—Re** = 10°; 5—Re** = 10°. 


As can be seen from the 
figures, a positive longitudinal 
pressure gradient (or a negative 
longitudinal velocity gradient) sig- 
nificantly affects all characteristics 
of the turbulent boundary layer. 


It is clear from Fig. 6. 4a that 
Re** exerts a weak influence on the 
dependence of the shape parameter 
H on Ao/.\cerit- 


The calculated results can be 
approximated in the range of Re** 
from 10‘-10° by the expression 


a eM 
FIG. 6.4. Influence of various factors on the H=H, ¢ +0,75 Ree) 
characteristics of the boundary layer. (a)— (6-2-13) 
influence of longitudinal pressure gradient on 
the integral characteristics of the boundary where H 4 is the shape parameter 
e — e — * ® — 


H/H, = 0 1—Re** = 10/; 2—Re** = 108; (b)— 


influence of Re**-number on the shape factor 
of the separation of the turbulent boundary 


layer (4 ). v=(i- #2)". 


For the law of friction we find 


o crit 
(6-2-14) 
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6.3. Law of Heat Transfer in the Diffusor Region of a Quasi-isothermal Turbulent 
Boundary Layer at an Impermeable Wall 


The presence of a longitudinal pressure gradient essentially disrupts the similarity 
between the frictional processes and heat transfer in the boundary layer. In this case 
the properties of the heat transfer are quite conservative with respect to the longitudi- 
nal pressure gradient, which has already been noted in comparing the distribution laws 
for shearing stress and density of heat flux over the boundary layer cross section. As 
seen from formulas (1-6-14) and (2-5-4), with the adopted assumptions the heat flux 
density in general does not depend on the longitudinal pressure gradient, while the dis- 
tribution of shearing stress depends significantly on the magnitude of f. 


The distribution of shearing stresses and heat flux over 
the boundary layer cross section is shown in Fig. 6.5 for the 
separation region. Let us estimate the intensity of heat 
transfer in the separation section of the boundary layer for 
the conditions Pr = Pr,, = 1 and 6,,< 6. In this case we can 


wet | 


T T 
take Ln =1, and we have from (2-1-12): 
~ Y 1 \*dw 0% 
7] t \ ‘ -3- 
gt ~ (+) RE (6-3-1) 
FIG. 6.5. Distribu- 
tions of shearing Assuming g = 7, and using (1-10-1), we find 
stress 21/p w? (1) . 
vee de 08 
and heat flux q/qw St w 0.16? 5 a" '6-3-2) 


(2) at the boundary 


layer separation Substituting the limiting velocity distribution (6-1-9) into 


point. (6-3-2) and integrating, we obtain 
oe 
[z- 
. t —%, 
St ~ 0,0688 | = 0,029587-“ ay a (6-3-3) 
& - i— ( &, 
ror 
e 
Here 
0, == stPrRe* 28. (6-3-4) 


Neglecting { (6/ 6,7)&]°: “3 in comparison with unity, we have 
‘0.029589 


Sterie ™ [70.0005 0" ca te ORE” (6-3-5) 


On substituting 5**/5 = 0.16 and &, from (6-1-14) into (6-3-5), we find 
0.046 
Stecrie™ (1 +0.7IRe™*)*" (6-3-6) 
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Taking St, = 0.0128 Re**-°-25, we obtain 


“st as RETR (6-3-7) 


From (6-3-7) it follows that the ratio St, rit/ Sto is close to unity in the Re** range 


from 3 x 10° - 104. 


With an increase in Re** the critical value of the Stanton number becomes less 
than St). 


FIG. 6.6. Influence of 
longitudinal pressure 
gradient on the law of 
heat transfer according 
to the data of reference 
{66}. 


Thus the theoretical estimate shows that the law of 
heat transfer does not depend essentially on the longitu- 
dinal pressure gradient up to the boundary layer separa- 
tion point for the practical range of Re**. This important 
deduction is in quite satisfactory agreement with the ex- 
perimental data in Figs. 6.6, 6.7 and 6.8. It is clear 
from the graphs that the St-number and the temperature 
profile are almost unchanged with a substantial decrease 
in coefficient of friction and a sharp deformation of the 
velocity profile with an increased positive pressure 
gradient. Nonetheless, it follows from this theory that 
as Re** — cothe St-number, although slowly, tends to 
zero. This tendency is also observed in tests. 


Similar conclusions regarding the effect of a longitudinal pressure gradient are 
also easily arrived at for the law of mass transfer. 


FIG. 6.7.- Influence of a longitudi- 
nal pressure gradient on the tem- 
perature distribution over the 
boundary layer cross section [66]. 
Curve—calculated from the for- 


mula e = rae 
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FIG. 6.8. Influence of a longitudi- 
nal pressure gradient on the veloc- 
ity distribution over the boundary 
layer cross section [66]. Curve— 
calculated from formula w = ¢1/7, 


7 (Rere)?-*8.10@ 
Symbol 


6.4. Influence of Non-isothermicity on the Separation Parameters of a Turbulent 
Boundary Layer from an Impermeable Surface 


The velocity distribution in the separation section of a non-isothermal layer at an 
impermeable wall, taking (1-5-4) and (6-1-4) into account, is defined by the equation {100 


e u 
ay ae de . 
Sy t (l.—§) do = 2,5 y (-i Ne) Vere (6-4-1) 
In the limiting case when Re — ™, £,; 0, w,; ~ 0, B — 0, we have 


1 ety 
: J Vt de 
( aly vat dk eee 
, 5 V+ E 


With p= Py we obtain (6-1-10). 


Thus, the ratio of the limiting critical values of the shape parameters for non- 
isothermal and isothermal flows is defined by the formula 
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The value of this integral, with a constant coefficient of non-similarity of the 
temperature- and velocity-fields, has been calculated in Section 4.1. With a gradient 
flow, in the general case, € = €(£). Thus with an isothermal flow the velocity profile 
in the separation section is defined by formula (6-1-9). At the same time, in the Re- 
number range to 10‘, the law of heat-transfer is almost independent of the longitudinal 
pressure gradient and Dy = Dp, = 1/7. 


For these conditions 
a=4,f°-*, (6-4-4) 
where Ey is the value of the non-similarity coefficient of the temperature- and velocity- 
fields with dP/dx = 0. 


As was shown in Section 4.1, the magnitude of € depends weakly on the value of the 


integral in (6-4-3). In addition, as Re** — © and Storit 0, the non-similarity 


between the frictional processes and heat transfer is reduced. If we take for these 
conditions € = t= 1, we have* 


(a) For a subsonic gas flow: 


é 
(wre 7 2 
a 1) (FF ) ee 
crite 
(b) For a supersonic gas flow: 
(ges 
OFT jxte > : [srcstn eee died eee 
WT. Fr thas det Wt) 
(a1) AY CS ae ee) (6-4-6) 
crite 
a ik 
arene Pe Fan) + OH! 


Equation (6-4-6), as shown earlier, is quite closely approximated by the formula 


(¥!) 
(!) 


ba Equations (6-4-5) and (6-4-6) were first derived by L. E. Kalikhman [36], but 
not as limiting equations. 


1 1 k—t 
=[ n't +t era Mi | (6-4-7) 
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~ 


—_ 


Taking n 
distribution: 


eit into account, as found earlier, we come to the limiting velocity 


t 
j yt = de = tee \V 7° te. (6-4-8) 


For subsonic velocities: 
Pree ll Uh Feel (A Ter) ad A Sel AT haa ie (6-4-9) 


43 0. 43 


With y= 0, w = 60°85, with y 0, w = £943. (a- ¢% 43), 


For supersonic velocities: 


eager ocage ag (6-4-10) 


— afcsio +| Reet y arcsinng | — Fo 
where E = V4 (¢*— 1) (6° + 49) + (9). 


Figure 6. 9 illustrates the effect of the temperature factor on the limiting velocity 
profile at the boundary layer separation point, with subsonic flow. But here we cite 
the curves for the case of an adiabatic supersonic gas flow with y*=6. As can be seen 
from the graph, the temperature factor rather weakly distorts the velocity profile in 
the boundary layer. 


Figures 6.10-6.12 present values of the critical parameters f 


(62 **) 

crit crit 
changes almost linearly as the temperature factor increases. As can be seen from 
the graphs, cooling of the surface (y < 1) improves the stability of the boundary layer 
to separation in the case of diffusor flow. With surface heating (¥> 1) the stability of 
the boundary layer to separation is lowered. As seen from the graphs, the region of 
existence of supersonic nonseparated flow, with dP/dx > 0, is strongly limited in 
supersonic gas flows. Figure 6.14 shows the dependence of the shape parameter on 
the non-isothermicity and compressibility. The results of computing the critical 
limiting values of the shape parameters (Figs. 6. 10-6.14) can be quite closely 
approximated by the following simple formulas: 


crit’ A orit’ and 


as functions of the temperature factor y for subsonic velocities. H 


(a) For the subsonic flow region: 


crite hor 
Herit _ frie 


=(y—1); At ot 


lcrite % 


(6-4-11) 


H. 
Tin =} teri ay 4.8 for <i; 
for y > 1; 


H. crite +H crite 
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FIG. 6.9. Influence of heat-transfer on the limit- 
ing velocity profile at the separation point. 1—y”* 
=1; = 0.25; 2—g* =1, J=1.0; 3—y* = 1; y 

= 2.0; 4—y* =6,  =6.0. 


FIG. 6.10. Effect of non-isothermal conditions 
on forit (M << 1). 


FIG. 6.11. Influence of non-isothermal conditions on the shape parameter H it 
(M << 1). a—cooled wall; b—heated wall. 


FIG. 6.12. Influence of non-isothermal conditions on the momentum-loss 
thickness in the separation section of the boundary layer (M << 1). 


FIG. 6.13. Effect of compressibility and 


at Eas ale Ls heat-transfer on the separation param- 
wt nv | | eters of the boundary layer: :—ae-10. :-4 
S-0, J— Wee OS. ¢— AQO—!10, J—-AG-FIS. 6— Age 
-20: 7—Ag--30, 8&-- S¢--40, 9— b0--€0, H-— 
NNW < am Ag=-—40. 
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/103 


FIG. 6.14. Effect of compressibility 
and heat-transfer on the shape 


parameter Horit’ f—dd-): 2- t0-& 3-k0 


onl, ¢—A9——-h $—A0~-+ 6—40——& F— £9--4 


P) se A 
6 DMORHE SB 


(bo) For the supersonic region: 


Merit = 2.419° + 1,384} — 0,52 for 1} <0; (6-4-12) 
crit ficrize = #°~'\" for 3} 0. 
6.5. Joint Influence of Longitudinal Pressure Gradient and Transverse Mass Flow [104 


As was demonstrated above, a longitudinal pressure gradient and a transverse 
mass flow at the surface of the body substantially affect the laws of friction and heat 
transfer and, under certain conditions, the boundary layer may be displaced from the 
wall. With the joint action of these two factors the problem is considerably more 
complex. 


D. N. Vasil'ev [18] proposed a derivation of the limiting laws for this case, using 
the Van Dyke perturbation method [19]. 


Equation (3-6-2), together with (1-6-6), can be written in the form (for 8 = 0 and 
p = const): 


(at) = (Fin. +o, + Ard (2) (6-6-1) 


or 


where D, = : ° 
Cte 
y = 


In this way, if we take into account the expressions for gy, ¢, and gy, the probl.:m 
reduces to solving the integers-differential Eq. (6-5-1). with boundary conditions 


(ae) = {FF + on +190 }(- F 


e=0, e=0, 


eh a (6-5-2) 
With Re — oo, C,/2 — 0, and Eq. (6-5-1) takes the form: 
(a) =Che.(-By- (6-5-3) 


This equation is not able to satisfy the boundary condition t = 0, w = 0. 


Following Van Dyke, we introduce inner and outer solution regions and expand this 
solution into a series in the parameter ¥,=)c;,/2. 
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The solution for the outer region is represented as 
ome’= Say". (6-5-4) 


Substituting this expression in (6-5-1) and equating terms with like exponents in y, /105 
we obtain (with an accuracy to within y)) the differential equation 


day —— dD, 
R=V he ae) (6-5-5) 
with boundary condition §& = 1 withw =1. 


Here w is the outer solution of zero order in yp. 


Integrating (6-5-5) over &, we have 
1 
om t— hive (—Z) & (6-5-6) 
t 


For the inner region we introduce a new inner variable w, = 1 - y)D), and repre- 
sent the solution in the form 


of = Yo a7). (6-5-7) 


We substitute this relationship in Eq. (6-5-1), equate terms with like powers of 
Yo. and obtain (with an accuracy to within y), the differential equation 


(JE) eve te, (6-5-8) 


with boundary condition w, = 0, w = 0. 
Here w! is the inner solution of zero order in yp. 
With — —~ 0, yo, ~1 andy, —-w, and hence 
= + bo’. (6-5-9) 
Taking the boundary conditions into account (wy, = 0, Wo = 0) we obtain 
: 6 
ols | of + = a. (6-5-10) 
The identical result was found earlier (Section 5.2) for the case of the injection of 
a gas with a smooth plate in the flow. In this case the relative law of friction (uJ) is as 


yet a free parameter, and it is defined by correlating the solutions for the inner and 
outer regions. 
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We use the principle of limit stitching of solutions formulated by Van Dyke as 
follows: "The tnner limit of the outer solution is equal to the outer limit of the inner 
solution, '' t.e. 


o (1) 0! (0) (6-5-11) 


Then, from (6-5-6) and (6-5-10), we have 


VE Viva (-B) a (6-5-12) 


In essence we have found the limiting relative law of friction with the joint action of 
a longitudinal pressure gradient and a transverse mass flow. In similar fashion, using 
the additive method [18], a composite solution of zero order in yp) can be set up in the 
entire region. 


Following Van Dyke, we can write 


f+ e —e? (0), 
= op ole! (ty, (6-5-13) 


Here wo is the composite solution of zero-order in 7. 


Consequently 


t 
o= VEN | VP, (- R)at V¥o, +e. (6-5-14) 


Eliminating y using Eq. (6-5-12), we have 


&=y Hh [vec -2) 
—=[V% (- iol ees 


(6-5-15) 


It can be seen from (6-5-15) that the solution consists of two parts: a singular part 
b 
[~. ( = +)t+e], entirely concentrated in an infinitely small region around é = 0, 
and a regular part, in the interval 0 < § <1. 


With Re — oo, w, ~ 1, and, for all § > 0 


f= (VP4+)4V AT \ve(—S)a (6-5-16) 
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If the function y, does not depend on perturbing factors, from Eq. (6-5-16), taking 
we = 1 with — = 1, we obtain the limiting relative law of friction in the form 


/F= (1 -+) (l— /7). (6-5-17) 


where 


Thus the relative law of friction does not depend on a specific form of the function 
¢. The form of ¢, determines the parameter Aorit with a given injection parameter b, 


or the critical injection Dorit with a given shape parameter A. 


It should be noted that the functions ¢,, ¢ and ¢, depend implicitly on the perturb- 
ing factors by way of the velocity profile, and any method of calculation based on the 
self-similarity property of these functions for perturbations is inaccurate. 


To determine the critical parameters we must solve the system of equations 


A=VCD V3 (—%): 7 (6-5-18) 
Ene. a= a; (6-5-19) 


t— Hije—/,)—/, 
?, = ® 
oa | De (6-5-20) 


ha fod = fra 


where 


with boundary conditions 


t—0, e=VF+4+—, J,=0, J,=0; 


ns (6-5-21) 
§-1l,e=1, ,=1 -> L=l->-7. 
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FIG. 6.15. Relative law of friction from the numeri- 
cal integration of the system of Eqs. (6-5-18)- 
(6-5-20). y= ¥/ ts where # = (1-0. 25 b)?; f5 = f/ 


f, rit’ Points: @—b = 0; O —b = 3; curve calculated 
from (6-5-22). 

FIG. 6.16. Relationship between the permeability 
parameter bit and the shape paramere’ f, rit 2°" 
cording to Eqs. (6- ig (6-5-21). b= bo rit/ 
beri? 5 crit = fori" crit’ forit is the critical shape 
parameter at an impermeable wall; be rit is the 


critical injection parameter on a flat plate. ———) 
results of numerical solution of the system of 
equations; - - -)=calculation with (6-5-23); test 
points of B. P. Mironov and P. P. Lugovskly. 


P| 
e C0 © Oly pt 


The relative law of friction y(f,b) and the integral characteristics of the boundary 
layer, 5*/6, 5**/6, H, are found from the second boundary condition. 


The system of Eqs. (6-5-18)-(6-5-21) was derived and numerically integrated by 


D. N. Kasil'ev [18]. 


cal integration 


where f = f/f rit 


¥=(1—+) (l—v7@—Fh. 


He proposed a formula to approximate the results of the numeri- 


(6-65-22) 


and the parameter f orit depends on the longitudinal pressure gradient 
and on the intensity of injection. 


Figure 6. 15 shows the results of the calculation of the relative limiting law of 
friction. As can be seen from the curves in the variables y, fo gas injection does not 


have an appreciable effect on the relative law of friction. This effect is taken into 
account by the dependence of fsorit on Dorit’ which is shown in Fig. 6.16. Also plotted 
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in this figure are the experimental data of B. P. Mironov and P. P. Lugovskiy [75] 
and a computation using the formula they proposed 


ce, = (1 —Prccie) (6-5-23) 


As can be seen from the curves, the agreement between the assumed asymptotic 
solution and the test data is satisfactory. 


As D. N. Vasil'ev {18] has shown, simple analytic expressions can be derived 
with the power-law approximation for the relative limiting laws of friction with joint 
action of a longitudinal pressure gradient and a transverse mass flow. In this case, 
from (6-5-20), it follows that 


f=. (6-5-24) 


Y= 


Then, instead of Eq. (6-5-18), we have 


s-yen ys 3 E ( _ mY. (6-5-25) 


From this, integrating with limits from Vy + b/4 to 1, and from 0 to £, we have 


yo =y(-h) Wf (-2)¥ yin (6-5-26) 
ves! 


The integral in the right-hand member of the equation depends only onthe velocity /110 
profile under standard conditions. For boundary layer separation (y: = 0) we have from 


(6-5-26) 
atcsin VY ['-G)l 
V (“Nate =———_ (Rare!) 
where 
7 dD VE 
1a f(-R) Ea 
From Prandtl's formula and Eq. (1-6-7) we have [= — oe) y/¥ Z,., and hence 


a Cd 
La {ER In case of an impermeable surface b = 0, and we have from Eq. (6-5-27): 
t 


V (ferit ho = 57: (6-5-28) 


Hence 
VO). =arecos hy, (6-5-29) 
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where (f), = fsorit/ fecrit o? Po = bo rit’ crit 0 fecrit 0 is the critical shape parameter 


at an impermeable wall, bo rit 0 is the critical injection parameter with f a 0. 


Formula (6-5-29) is in essential agreement with the numerical solution of the 
system of Eqs. (6-5-19)-(6-5-20). On substituting (6-5-27) into (6-5-26), after 
rearranging, we obtain 


arcsin [Vo- er 4y = arcsin 4 1— (*) (6-5-30) 


or 
fF mceal/Tarcees t]-+ (6-5-31) 


Taking Spalding's formula [229] for T, we have (with Re — ©): /111 


O<t<a, =x, 


a<t<l, l=xa, (6-5-32) 


where x and a are empirical constants (for an incompressible fluid x = 0.4, a = 0. 2). 
Hence L = 9.8. 


From Eq. (6-5-28) we have 


VE Ieceteod) =z 0,4x = 0,16 
(6-5-33) 
(—hrerito) = 0.0257. 


Integrating (6-5-26) over w from Vv + b/4 to w and over £ from 0 to £, we obtain 
the limiting velocity profile: 


arcsin e — arcsin (v¥ +)=V (—/,) L®, (6-5-34) 


where 


After rearranging, we have 


© = COs [vi (arccos—-) (1 —Z) | (6-5-35) 
where L = L(é)/L/), fs = fs/f5 crit’ 
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It should be recalled that Eq. (6-5-35) is valid in the region £ > 0 (outer solution). 


In the separation section of the boundary layer f 671 
o 
eri: = C08 (a — L) arecos =]: (6-5-36) 


For an impermeable plate (b = 0) 


© = ccs [a —L) +V%.|. (6-5-37) 
For the separation section, with b = 0 /112 
@crit = sin [+2 |: (6-5-38) 


With fs = 0, w =1, and, with Spalding's formula for 1, we have 


a VE 
z oT a with O<&<a; 


(6-5-39) 
L=L(a)+ are—evel with @<Utcl. 


Using Eqs. (6-5-34) and (6-5-39), D. N. Vasil'ev calculated the integral charac- 
teristics of the boundary layer for the conditions adopted. 


FIG. 6.17. Distribution of velocities in the 
separation section of the boundary layer 
b=0, f= frit)” Curve—results of numer- 


ical integration; o-Stratford's experimental 
points (234]; f* = fH. 


In particular, in the boundary layer separation section at an impermeable wall 
=0,157; 4-=0,37; 
Hece = 2,36; 
ae (6-5-40 
(—I'erts) = (—f, J) = 0.00946; 


(—fSxte) = (-h 7) == 0,00401. 
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We see, on comparing these values with the formulas (6-1-11), that the more {113 
accurate accounting for the effect of the longitudinal pressure gradient on the distri- 
bution of shearing stress over the boundary layer cross section is essentially reflected 


in the limiting values of the shape parameters H__,, and forit’ and has practically no 


effect on the parameter 5**/5, Figure 6.17 presents a comparison of the limiting 
velocity profile in the separation section at an impermeable wall with Stratford's data 
[234]. Note the satisfactory agreement between experiment and calculation. 
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PART Il: PRACTICAL APPLICATIONS OF THE ASYMPTOTIC 
TURBULENT BOUNDARY-LAYER THEORY 


CHAPTER 7 
BOUNDARY LAYER ON AN IMPERMEABLE SURFACE 


7.1. The Influence of Finite Reynolds Numbers on the Relative Laws of Friction, 
Heat and Mass Transfer on an Impermeable Plate 


The asymptotic theory of wall turbulence presented in the preceding chapters, as 
well as all the limit formulas ensuing from this theory, are applicable, strictly 
speaking, only in the realm of infinitely large Reynolds numbers. 


The question as to whether the relative limit laws are applicable for turbulent 
boundary-layer calculations at finite Reynolds numbers remains open, and the final 
answer to this question can be obtained only by a direct comparison of the limit for- 
mulas with the existing experimental data. 


The problem of the effect of compressibility and nonisothermicity on the laws of 
drag and mass transfer in a turbulent boundary layer of gas is of great practical sig- 
nificance in various branches of contemporary technology and has been attracting the 
attention of many researchers, both here and abroad. 


Shown in Fig. 7.1 are the ranges of temperature factor and Mach number that 
have been covered by experimental research. The initial experimental data and con- 
ditions of the most fundamental research in this area are given in Table 7.1. As can 
be seen from the graph and table, a rather broad range of governing parameters 
(py. Aw, Mo and Re**) has been covered experimentally up to the present time for flow 
of a supersonic gas stream past a plate. For instance, the enthalpy factor y. varies 
from 0.01 to 20, the Mach number up to 10 and the Re*” number up to 109. ' 


FIG. 7.1. Ranges of application of the 
parameters uv and My) covered by ex- 
periments devoted to measurement of 
turbulent drag and heat transfer on an 
impermeable surface. 


89 


/114 


/115 


Table 7.1. Comparision of the experimental data on turbulent friction on a flat plate 


Method of determining 
cf 


a ear 
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Table 7.1. Continued 


ba rimental Method of determining 
Authors | % E | ¢ | . | onditions | cf 


2,81 0,400 0,867 Hollow cylinder From the change in 
Sommer and 3,82 0,268 0,730 moving against mode] flight velocity 
Chorst [223] 5,63 0,176 0,562 
Re, = idem, 6,90 0,161 
Re, = (3—9)-10° 7,00 [0:37 
3,78 0,272 
3.67 0,285 
Monoghan (19) 
Re®” = idem 
Rubesin (113) 
Re, = idem, From velocity pro- 


Re, = 7-10 fille measurements 


Brinich [109] 
Re, = idem, 
Re, = (3—18)-10 


From veloci : 
Cylindrical surface files ee 


Abbot [154] 
Re, = idem, 
Re, = 5-10° 


Comparison of experimental data on turbulent heat transfer on a flat plate (ratios of the 
Stanton numbers St/St, for Rex = idem) 


Authors mM St/ St, Experimental Method of determining 
Conditions St 
Bradfield and 0,67—0,77 Flow past a cone Measurement of the heat 
De Coursin [ 106] 0,535—0,700 transfer by a non- 
0,547—0,610 method 
0,795—0, 900 Uniformly heated From the expenditure of 
Pappas [190} 0,675—0,790 | plate electric power and from 
the wall temperature 
% 0,763 Uniformly heated From the expenditure of 
Schoulbey [ 106] 0,675 plate electrical power and from 
0,600 the wall temperature 
0,744 Data not given 
Fallis (138) 0,745 


*Data reduced to thermal-insulation conditions by the method of Van Driest. 
y Sogo agen! pe Orininal fram 91 


The experimental data cited in Table 7.1 as compared in Fig. 7.2 with the limit 
formula (4-1-4). The experimental data obtained in the presence of heat transfer are 
reduced to thermal-insulation conditions by formula (4-1-2). The frictional-drag 
coefficient for standard condition (c,,) was calculated by formula (1-10-3), the » and p 


that occur in Re** being determined from the free-stream temperature T,. 


a 
(2: 


FIG. 7.2. Effect of gas com pressibility on 
the relative drag law. 1—Re™* = 10°; 2— 
Re** = 4°103; 3—Re** = 1.4 104; 4—Re** 
= 108; 5—Re** = 00, 


As can be seen from Fig. 7.2, the agreement observed between the experimental 
data of the various researchers concerning the influence of compressibility on the 
frictional-drag coefficient and the limit formula is not only qualitative, but, in some 
cases, quantitative as well. All the experimental points are found to be above the 
limit formula, and a tendency toward stratification of the experimental data according 
to Re** number is noted. Considering the relatively weak influence of Re** on the 
value of the relative friction coefficient, it is completely permissible to introduce the 
values of the parameters Z and w corresponding to isothermal flow as a first approxi- 
mation into Eqs. (4-1-1) and (4-1-13), that is, 


2.= 1 -_ re 
ee , 


O, we,, = f,, 5° 


(7-1-1) 
For a plate, 9,) = 11.6. After substituting these values for Zo and w9 into Eq. 
(4-1-13), we get 


¥= aa —8.aVeny 


2 (0° — 1) +080 
x [aresia po =i’ + On) + (edt) hse) 
16,4 (4° —41) Ven+ ed 


¢ A 
eels TG + an + eet" ] 


92 a) T Anvi-!--1 £-.— 
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For adiabatic flow, 
v 1 (== y —— —aresin 0a Fren) (7-1-3) 
ak a | 1—8.2V er : 


At subsonic velocities, 


as a a a 
Foecrenicr (7-1-4) 


The results of calculating the parameter ¥ by formula (7-1-3) for various values of 
Re** are shown in Fig. 7.2. As can be seen from the graph, the very first approxima- 
tion yields satisfactory agreement with the experiments. 


Spalding [164] has proposed simple approximating formulas for Eqs. (7-1-3) and 
(4-1-4); they have the form 


= (*= 0.040" |: (7-1-5) 


1—@ie 
where ¥. is the limit friction law; 


Fol lea + [etal tau — ode 


; “4 (7-1-6) 
xm Pte ame! | 


Taking Eqs. (1-11-2) and (1-4-4) into account, 


@- = 1,3 (Rem, (7-1-7) 


For the region of large but not infinite values of Re**, the value of w,, is signifi- 
cantly smaller than unity. From formula (7-1-6) it follows that in this case 


Fo= (9)-2. (7-1-8) 


Correspondingly, from Eq. (7-1-5) we get 


v2 ooj—1/8 g—1/9 Fe 
a pa ie Le ie |: (7-1-9) 
1 —1,3(Re®*)— "3 ! 
Expanding into a binomial series, we have 
F aw FL [1 + 2.6 (Rem ( — ge"). (7-1-10) 


Let us examine three limit cases: 
a) M< 1, 
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then, ¥ + 2/(I-+% a5 y— 1, 


and 


v —*,(1 + 0,65 (Ree*)-"!" (1 ~_ +)}- (7-1-11) 


Thus, when a wall is heated, ¥ >¥_, and when it is cooled, F< a [122 
b) the Mach number ts very large and the wall is thermally insulated; in this case 


Ty =T*, , 
W =F r#>M? “ae (7-1-12) 


and 
¥ = ¥,, [I + 0,927 (Re**)—"""}. (7-1-13) 


From Eq. (7-1-13) it is evident that ¥Y>W.; 


c) the case p*— oo, Ap+0. 


Taking into account Eqs. (7-1-3) and (7-1-11) we get 
: sia V+ 16.4 Vere ' 
r-[= 


1 ——= arcsin 8,2 Ven 


where 
F— -1- 
(— | ee : cia) 


¥= Tw . (7-1-15) 


The experimental data of Matting, Chapman and Nycolm [176] are compared in 
Fig. 7.3 with (7-1-3). The experiments were carried out over a broad range of Re, 


and Mach numbers. The frictional drag coefficient was measured by means of a float- 
ing element with a maximum error of 5%. The transition from ¥ to ¥, = (4 rs 
@ 


was realized by means of the integral momentum relation. 


For a plate the integral momentum relation can be written as 


Ree? + = 
Be we Re, VS =Re LV ree (7-1-16) 
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After integrating and transforming, we get /123 
wl 7 7 
Fd y"' i (7-1-1 ) 


As can be seen from Fig. 7.3, the first approximation yields friction coefficients 
which are somewhat too high, especially at high Mach numbers. The second approxi- 
mation yields almost complete agreement with the experimental data, when 


Zel—o, aA=16) FF: (7-1-18) 


FIG. 7.3. Comparison of the limiting 
formulas with the experiments of 
Matting, Chapman and Nycolm [176] . 
— — —) calculated by formula (4-1-4): 
- - -) calculated by formula (7-1-3); 

) calculated by formula (7-1-20). 


The final computational formula is 


Sa 
6° — 1) (1 — 8.2}, Woere)* 
20% —N+4y 
x [asi Va) + av) a tet?) 
—aresin 16:4 0° =) V Fatie + 3Y ] 
Va — 1) + de) + GH 
For the case Ay=0 /124 
rai v—Ty 
v = _ == VY Ho aresin 8,2 yea Woche (7-1-20) 
j 1—8,2V Fas, : 


and for subsonic velocities 


Oia a 
(7 $—8,.2(¥— 1) Pace +! (7-1-21) 
For the case y-«0 it follows from (7-1-21) that 


Yo [ae 4. Bien “4,05 (en) 41 —| (7-1-22) 


The results of relative drag-law calculations by formula (7-1-21) are presented in 
Fig. 7.4. As can be seen from the graph, with strong wall cooling (y< 1) and heating 
(~>>1) the Re** is observed to have an appreciable effect on the magnitude of the rel- 


ative friction coefficient. Given in Fig. 7.5 is a comparison of the existing experi- 


mental data with formula (7-1-21). 


the agreement of the proposed computational method with experiment can be consid- 
ered satisfactory. 


"PRN 


wk 


Despite the great scatter of the experimental data, 


FIG. 7.4. The effect of non-tsothermicity on 
the relative drag law: Curves calculated by 


formula (7-1-21): 1—Re** = 0; 2—Re** = 108; 


3—Re** = 105; 4—Re** = 104; 5—-Re** = 105, 


oo 6 W 2 ft i & 
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FIG. 7.5. Effect of non-isothermicity on the 
relative laws of drag and heat transfer on a 
flat plate: 1—calculated by formula (4-1-5); 
2—calculated by formule (7-1-21) for Re** 

= 1,000, ¥ = V/V ¥=T/T er 
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Equations (7-1-20) and (7-1-21) enable us to take into account the effect of the 
Reynolds number on the relative drag law, but this effect is not great in the practical 
range of Re**. For practical calculations, therefore, it is convenient to retain the 
relative laws of drag and heat transfer in the form of limiting relations (4-1-2), (4-1-3) 
and (4-1-5). In deriving the limiting laws the choice of the standard" conditions, i.e. 
the friction coefficient Ceo leaves unanswered the question as to the temperature at 


which the viscosity coefficient appearing in Re** should be defined, the friction 
coefficient Ceo being calculated in turn from Re**. 


This question arises when practical calculations are being made and when the 
relative limiting laws are compared with experimental data. 


In the, computational method proposed above, based on the introduction of the 
second approximation, all the physical gas parameters appearing in Re** are 
determined from the thermodynamic temperature at the outer edge of the boundary 
layer. 


As a result, it is possible to get good agreement between the computed and the 
experimental data, but the computational formulas have become complicated, com- 
pared to the limiting ones. The variable viscosity in the laminar sublayer can affect 
the relative laws of drag and heat transfer only with finite Re. Since @,—+0 as 
Re-—>oo, as was demonstrated earlier, the temperature T, at the outer edge of the 
viscous sublayer tends to Ty and in such a case the viscosity may show up in the 


wall layer having the temperature Ty: 


If, taking these arguments into account, the gas viscosity assuming is Re** is 
determined from the wall temperature, the limit drag laws change to: 


a) 
v—(tw\" (Wer \' (7-1-23) 


for the subsonic velocity region; 


b) 


v= ey (ee) ; (71-24) 


~ 
) mM, Vr 25> 
for the supersonic velocity region on a heat-insulated plate; 


c) 


a : 
-=( ey ele M, Gee pele ad Geet (71-25) 
) Ve: a 


for the supersonic velocity region and heat transfer, taking (4-1-11) into 
account. 


Given in Fig. 7.6 is a comparison of formula (7-1-25) with the existing experi- 


¥=¥, =)" (Vie+). 


is plotted on the ordinate axis. 


mental data. The complex 


Symbol ole 9 | © | vertical: > | Cros | Oblique 
© O hatching 0 hatching 6 
b 
Reference | [227] | (124) a |e ey |= ae 2 } 8 R | 8 
zie] sl|@/eleale|2ia | =|] e 
symbol Oo|9| 4] 0| © >| oOo] e| o| a] x! +! al vie 


FIG. 7.6. Influence of non-isothermicity (a) and compressibility (b) on the 
relative laws of drag and heat transfer. The curves were calculated by 
formular (7-1-25). 
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As can be seen from the graph, all the experimental points are located along the 
curve describing the limiting relative drag law. 


For the domain of existence of the triple Reynolds analogy, then recommenda- 
tions can be applied to the laws of heat and mass transfer. The question of whether the 
laws of heat and mass transfer are conserved when the boundary conditions change will 
be examined in Chapter 7. 


Thus, for engineering calculations of friction and heat transfer during the flow of 
a compressible gas under non-isothermal conditions, we can use the limit relative 
laws of drag and of heat and mass transfer if the standard values of the coefficients 
Ceo» St, and St,,, are calculated from Re**, in which the dynamic viscosity coefficient 


{s determined from the wall temperature. 


Oe Ww way ue een 


FIG. 7.7. Comparison of the limit velocity 
distribution in the turbulent boundary layer 


of a compressible gas with the experimental 
data of [175]. 


ereeen~ calculated by formula (4-2-2) 
t oT 
Pa Va Yea faa Vee _— arcata|/ 


oT | 
er 


2.87 2,98 4.8 
3.24.10 2,64. 10 2,98-10° 347-100 


ee | ee | 


=) © 


Ree? 
Symbol 


O 
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FIG. 7.8. Effect of compressibility of the gas 
on the value of the shape parameter H. Curve 
calculated by the formula H = 1. 28)%0. 95; 
experimental data: o—([134]; @—(156]. 


Also possible are other recommendations for determining the parameters appear- 
ing in Re**. Thus, for example, according to the calculations of Spalding and Chi 
[227], the limit formula gives a mean square error of 9. 9% when compared with all 
the available experimental data of the formula is written as 


' ; 2¢@°—1) + 
Y= ai [ aresin Vaw — D+ ae) + OH (7-1-26) 
» 8 


cienat ie 
mse Pw +3) +O J 


where FR = yo 0. 702 ye. 172, 


A comparison of the limit velocity distributions with the experiments of various 
authors is given in Mig. 7.7, and the effect of gas compressibility on the value of the 
shape parameter H is shown in Fig. 7.8. As can be seen from the graphs, the limit 
velocity distributions in the turbulent boundary layer of a compressible gas are in 
satisfactory agreement with the experimental data. 


Given in Table 7.2 are the results of comparing the experimental data on the 
friction coefficients on a flat plate with those calculated by I. K. Ermolaev using for- 
mulas (7-1-19) and (4-1-2). The table shows that the use of the limit formulas to 
determine viscosity from the wall temperature yields a mean square deviation of the /132 
calculated friction coefficients from the experimental ones, within the limits of the 
experimental accuracy of about 10%. 


7.2. Solution of the Integral Momentum and Energy Relations for a Turbulent 
Boundary Layer on an Impermeable Surface 


The integral momentum relation for a plane boundary layer is conveniently 
written in the following form: 


Sie 4 Ref (1 +H) = FRe, L, (7-2-1) 


where 
Remco = Peso" /thees Re, = PeWel/tree 
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ft exp - “£ theor 
Table 7.2. Table of mean square values A= acai ee eh 
f theor 


Spivak 1950)| 2.8 0 6.915 | 8,740 4,709 | 9.1105 trey 
Brinich et el. (1952)| 3.05 0 7,582 | 8.740 10.67. | 9.1105 124] 
Dahwan 1952) | 0,35—1, 45 0 13:69 | 8.740 12:76 | 9.1105 f at 
Monagsn et af. (1952) | 2.82—2,43 0 6.806 | 8.740 8.266 | 9.1105 [26 ] 

les (1954)| 2,6—4,5 0 11,09 | 8.740 8.117 | 9.1105 (118) 
Wilson (1950)| 1,9—2,19 0 10.53 8.740 9.076 | 9,1105 (245) 
Rubesin et al. (195!)| 2.5 0 8,881 | 8,740 5.715 | 9,1105 (203) 
Chapman et al., (1954) ]0,8!—3,6 0 5,652 | 8,740 6,406 | 9.1105 (113) 
O'Nounel (1954)] 2,41 0 11,58 8,740 6,36 y, 1105 (129) 
Hakkineo (1955) | 0, 18—1;76 0 9,007 10,04 8.269 10,05 [147] 
Matting et al. (1901)/2,95—9,9 0 6.507 10, 8.87 10,05 [176] 
Goddard (1954) | 0,7—4.54 0 12,71 10, 15.4 10,05 | [263] 
Abbot (1953)| 3,9—7,25] 1—1,8 | 17,06 | 14,81 23,44 | 11,99 [264] 
Monagan et al. (1953)|2,43—2.82/ 3—3,6 | 19,50 | 14,81 14,9) | 31,99 [262} 
Pappas 1954)11,69—2,27| 1,7—2,19] 12,60 | 14.81 11,26 | 11,99 [190] 
Sommer et a). (1955) |2,81—7,0 |1,06—1.75| 8.720 | 14.81 13.21 | 41,99 (223] 
Hill (1959)/8,99—10 | 6,1—9,0 | 18.20 | 14,81 14,82) | 11,99 [155] 
Winkler (1961)| 5,20 3,6—5,5 | 18,09 | 14,81 16,03 | 11,99 [246} 
Jeromin (1904) | 2.5—3.5 | 2,2-3,6 | 6.20 | 14,8) 4.90 | 11,99 (156) 


gre da, 


Pe is the dynamic viscosity coefficient at the stagnation temperature; and [= perder 
is the shape parameter. 


We represent Eq. (7-2-1) in the form 


Soe = ¥ T+ Ment (7-2-2) 


and linearize the right-hand side of the equation. The relative drag law is represented 
as 


¥—V,9,7,, (7-2-3) 


where 


w 
‘k=-t 7 
arctg M, } aro 
“4 , , 
k—J) 
MY 13 


and ¥; is determined from the graph of Fig. 6.2. 
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We represent the right-hand side of Eq. (7-2-2) in the form 


Fa ¥,¥, “3 — (1 +H cate) heatel (7-2-4) 
this approximation is exact if f= 0; a small error is introduced when f—- 1, but since 


Win (era!?) <(l+H - rit! crit’ this error is insignificant. Then the integral momentum 
relation, after appropriate transformations, reduces to 138 


one GRE ee aa + + ea) a Ke ee wee = = 8,9, “ ” Re,. (7-2-5) 


Taking Eqs. (1-11-2) and (7-1-25) into account, we have 


dRe** Re* "ce dae 
Hr +1 + Merit) ae ae OF 
~a +0+ ie % : eee 
x (FE)"Re se” 
Integrating, we get 
Re*, = exp (— ea _ [nto re Oa 
: (7-2-7) 


x (#)"va <0 engeee =, 


where Reo) = P00 nay L/H 003 Poo = Poo /RT 93 Poo is the total pressure; 


S= (+1) [ (+ Aente) de: U= 2, Onaxi 
Bax = V 2eices Hert = 2.413° + 1,389 — 0,52. 


Thus, for given laws of variation of wall temperature and velocity at the outer 
edge of the boundary layer with respect to the coordinate x, we determine the local 
values of Re**), from Eq. (7-2-7). The integration constant C = (Re,,"*'e’) when = ,, 
#, is the section at which integration begins. 


In the particular case of the turbulent boundary layer beginning to grow at zero, 
C =0. If the turbulent boundary layer is preceded by a laminar boundary layer, the 
laminar boundary layer is calculated upto the moment it changes into a turbulent one 
and the integration constant is determined from the value of Re**), for the laminar 
boundary layer in this section. 


The local values of the frictional drag coefficient are determined by the formula 134 
B \™ 9. 
c;= ¥Y, Re” Gms ) , (7-2-8) 
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where ¥ is calculated by formula (7-1-19) or by the approximating formula (7-1-25). 
The value of ve is taken from the graph in Fig. 6.2. The shape parameter f, which is 
t 


needed for determination of fi ..-f/f 


rit and subsequent determination of ¥ . is calcu- 
lated by the formula 


crit 


—_*_+____ = 
(7-2-9) 
Regel/* (1 _aer 


The quantity f, rit is determined by formulas (6-4-6), (6-4-7), (6-4-12) or by the 


graphs in Figs. 6. ‘10 and 6.13. In the cross section where the shape parameter f 
reaches the value f crit’ the turbulent boundary layer separates from the wall. 


For the subsonic gas flow region Eq. (7-2-7) is reduced to 
Re** = nen(—ahn) mus = maf. exp (J)dx+- ee (7-2-10) 
where Re,=p,e,,L ts: @e, is the velocity at the outer edge of the boundary layer in the 
initial section X = Xp; 


ve. =o,/a,,; J = 


The parameters Horit and forit are found from formulas (6-4-11). 


At constant wall temperature ¥ = const 


z 
=, itm B Rev Fonf pitt! +m) ¢ 
; co (7-2-11) 


+ (Remy eas 


where Re, = pyB°*/ty; Raw = Pe@aL/ ty 
v= (veer): f =Re®*y /(Reewit,) di, /d2; x=21 +-Herit 
The drag coefficient is calculated by the formula 
Cp = 99 ,B (Re**,)-™ (7-2-12) 
For the case f flow around a plate (dP/dx =0) the integral momentum relation has 


the form 


a « San ah 193 
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dRe** = Re, —_ (7-2-13) 
Integrating we get 
x a 
Re®*'= [a+ 1) Re, ¥dz + (Re,)=*! la (7-2-14) 


Taking Eq. (7-1-25) into account, 


8 
G+ Bpe arctg M, arctg My Vira 2 ® Tom 


=z 
fw \" eo itm 
ais et irda X(B) oe Beals 
MY se 15 
-2-15) 
In the case of constant wall temperature 
a— 
Bere (a+ Bp, arctg M, Vr —— 
wey? we ae 
ur a 
. (7-2-16) 
x (veer) (2 —£) + Re.) = 
If the turbulent boundary layer grows from the leading edge of the plate, 
pero. fmt 8 arctg MV =r 
at (ane a ar (Fer t ) Re Bias rash 
The local drag coefficient is determined from the equation 
ap. -— 
ur 
=f, a= Ben" Re w (7-2-18) 
Thus, 
—r <r : 
€ a ar m+ 
(9 EA 79 el oe cr10 


For more accurate calculations we can use the second approximation, i.e. formula 
(7-1-19). In this case Eq. (7-2-18) is ets as 


=F Reem wa(Ee)” (7-2-20) 
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v' being determined by formula (7-1-19) and Re** by formula (7-2-16). In the case of 


gas flow near the forward point of a blunt-nosed body, the velocity at the outer edge of 
the boundary layer varies according to the linear law 


We=CWot, (7-2-21) 
where Wo, is the free-stream velocity and X = x/D. 
The constant c depends on the shape of the body universed in the flow and is close 


to unity for blunt-nosed bodies. If it is assumed that Y,~1 for the accelerated flow 
region, then for the subsonic gas flow region at constant wall temperature 


Re®* = 0,0136%)" Re}*cr.*e-1.08 (7-2-22) 


and the local friction coefficient is 


“Ff =0,03759 9" Res? c-8- 82-08, (7-2-23) 


Thus, in contrast to longitudinal flow past a plate, where c,~z-°?, when the flow is 
crosswise to the plate, c,~z--'. The mean drag coefficient is 


a) L 
Shong. = t fa dx= 0,072'¥) "Rey? : (7=2-24) 


for longitudinal flow past a plate, and 


b) Ef pars On125T) "Ree *?; (7-2-25) /137 
for a transverse flow. 


Thus, 


Spee = 1,732, (7-2-26) 
1 long. 


A number of other practical problems can be solved by means of the integral 
momentum relation. Thus, for example, tt is not difficult to determine the law of 
change in area of a diffuser at whose walls the turbulent boundary layer is in the pre- 
separation state. In this case the frictional drag coefficient at the wall will equal zero 
and the integral momentum relation for the flow of an incompressible fluid in a plane 
diffuser is written as 


gees 8% as, 
Pr a we dx (2 T Merit) = 0 (7-2-27) 
or 
daee 
Gor = (2 + Mente) Fe. (7-2-28) 


ae Crnnalo Original from 5 


Assuming in the first approximation that the boundary layer growing at the diffuser 
walls does not affect the parameter of the fluid in the flow case, the continuity equation 
can be written in the form 

G=pe@el 1 = peaeF = const, (7-2-29) 
where F is the diffuser cross-sectional area, F, the area of the initial cross section 
beginning with which f = f, rit and cf = 0, and wy, is the velocity of the fluid in the initial 
cross section. 


After integrating, taking Eq. (7-2-29) into account, we have 
ao* an ae, (7) (7-2-30) 


where 6*”, is the momentum loss thickness in the initial section. 


On the other hand, for the shape parameter f we have the formula 


& dx eee d 
lerit ™ S- ae --F 2. (7-2-31) 


where F = F/F;. 


Taking Eq. (7-2-30) into account, 


lester — 8°, (Fy! Moris SE (7-2-32) 
After integrating we get 
i 
ra 
p=[1—e+ Ha ets — 20] ene (7-2-33) 


If it is assumed that H andf__., are their limit values (H = 1.87, f 
= -0.01), then crit crit crit 


0 ie 


. 0387 
pa [i+ ro (x — x,) 


(7-2-34) 


The problem is solved analogously for a cooled diffuser, as well as for the flow of 
a compressible fluid. In particular, Ho rit — 0 for intense diffuser wall cooling condi- 
tions, when y — 0, and it follows from (7-2-33) that 
i= [} + Fier (2-5) Ie (7-2-35) 


Of great practical value for supersonic aviation is calculation of a supersonic dif- 
fuser without separation. The configuration of the throughput section of such diffuser, 
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corresponding to the pre-separation state of the boundary layer on the surface of a 
duct, can be determined by resorting to the integral momentum relation and the limit 
formulas for the critical shape parameters. 


In the two-dimensional diffuser case the integral momentum relation for a bound- 
ary layer in the pre-separation state can be written as 


deee gee dU 
“get ae 2+ Mente) = 0. vas) 


where U = w,/w : 
ne oo max 


The parameters U and y* are interrelated by 


ge tc top. (7-2-37) 


The dependence of Horit on ¥* and Ay, as was shown earlier (see (6-4-12)), can be 


approximated by the formula 
H crit =24ly® + 1,389°(G—1) —0,52. (7-2-38) 
Integration of Eq. (7-2-36), with allowance for Eq. (7-2-28), yields 


(7-2-39) 


ace u} ja (=O) 7 p— ya \1.240,7 G1) 
~ (a (a=ar) 


The expression for the shape parameter f can be written in the form 


lente = pe ee. (7-2-40) 


Substituting Eq. (7-2-39) into Eq. (7-2-40) and using the dependence of the shape 
parameter forit on »~* and Ay obtained earlier (see Fig. 6.13), it is possible to deter- 


mine the dependence of the dimensionless velocity U at the outer edge of the boundary 

layer on the longitudinal coordinate x, corresponding to an attached gas flow ina 
supersonic, shockless diffuser. In particular, for the case of a heat-insulated wall 139 
we can use the formula 


ie ead ee (7-2-41) 
Then 
Cp —u— nue dy _ (IU? , Aerie 
OH TE ie XE, 8. (7-2-42) 
L) 


The corresponding change in area of the duct throughput section is found from the 
continuity equation, which, for the conditions being considered, can be written 
conveniently as 
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va—ua pao, —Ut) Fm const. (7-2-43) 


The integral momentum relation for an axisymmetric boundary layer can be 
written in the form 


_ Sete Be. Re « [Fa -.F, a —(I + Hezts) fexted]- (7-2-44) 


Linearizing the right-hand side of the equation, we get 
d: ore 
d Re°*n. + Re**,, [ (1 + Merit) aoe ++ 


ty 
(7-2-45) 
Taking Horit = const on the first approximation, we get 
= 
el +m pi 
ton Gig | HE maf 
i (7-2-46) 


J t 
«(2 = \"u yt encrit RI (| —uj "ds + e"™ 


For gas flow in a nozzle, the velocity at the outer edge of the boundary layer can {140 
be determined in the first approximation from a one-dimensional model. In this case 
the continuity equation (7-2-43) can be written as 


1 
vay = (Ft ny # “et (7-2-41) 


where F is the nozzle throat area. 


crit 


Moreover, for accelerated streams the shape parameter H can be determined by 
formula (4-2-8). Consequently, 


Rea = [Hs BRegD-t*™ [Pye 
i (7-2-48) 
x()rur D™-"de ve} 


where D = D/Dorit’ 
The local drag coefficients are found by formula (7-2-8). Using Eq. (7-2-48) it is 
not difficult also to determine the velocity coefficient, which takes into account the 
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effect of the boundary layer on the flow parameters in the outlet section of the nozzle, 
ee 
since 9=U,.y/U.= 1 —2(e- : 


The integral energy relation for a two-dimensional boundary layer at an imper- 
meable wall in the absence of internal heat sources can be written conveniently as 


BRE ro), Ree*ro9 4 (Air) 


a a ae =Re, St,. (7-2-49) 


Using (2-6-4) and the invariancy of the heat transfer law under change of 
boundary conditions, we have 


Ree ae | ht etal (=) vay 


(7-2-50) 
Oil! de + (Re**, Ai, 2 hi 
Accordingly, for an axisymmetric boundary layer /141 
sr 
Re = 5 [i+ ake Go u(r—e' 
1 (7-2-51) 


mei 


XK ail" Ditmde + (Re**,,, Ai. ora} 3 


For the case of gas flow in a supersonic nozzle with allowance for Eq. (7-2-47) we 
get 


wo __! l+m  oameiasitm 
Ren = ao le BRe,. ¥, (2) D™- "sit" de 


om 


‘ (7-2-52) 


met 


+ (Re**, Ai. s al ° 


The local values of the Stanton number and the magnitude of the specific heat 
fluxes are determined by the formulas 


y. 8s »w\™ -9- 
Shas 2 Rep Pre s oe ec 
Owe = Stradi; (7-2-54) 


¥ is determined by formula (7-1-19) or by the approximation formula (7-1-25). 
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FIG. 7.9. Distribution of pressure and Stanton number on a flat 

surface in the zone of shock interaction with a turbulent boundary layer. 
My = 2.51; vg = 572 m/sec; py = 0.11 kg - sec?/m! = 0. 41 kp/cm?; 1— 
incident shock; 2—boundary layer; 3—rarefaction wave; 4—shock system; 
5—separation zone. Experimental points: @—15° wedge; o—boundary 
layer without shock. 


FIG. 7.10. Heat flux distribution for interaction of a supersonic jet 
with a flat surface. M, = 2.27 in the Mach number at the nozzle exit; 
n=P al Po = 0.8 in the off-design factor; I =I/d, = 3; a = 90°; k =1.14. 


It must be kept in mind that when compression shocks occur in a supersonic 
stream, the shock has a substantial effect on the intensity of the heat transfer. 


Shown in Fig. 7.9 are the results of measuring the local heat-transfer coefficients 
in the zone of shock interaction with a turbulent boundary layer, done by Yu. V. 
Baryshev [7]. As can be seen from this figure, the shock can increase the heat trans- 
fer coefficient by a factor of 2.5. 


Analogous results are obtained for interaction of a supersonic jet with a flat sur- 
face. Presented in Fig. 7.10 are the experimental results of I. K. Ermolaev and 
V. A. Fadeev [27]. 


Wie 
—_ 
ny 
N 


For the subsonic gas flow region, 4i, =CpAT, U<| and Eqs. (7-2-50) and 
(7-2-51) change to 


I 
we 


Bey a (aR, | Re, ¥2( ia wedT'* mde 4. (Re®*, zal (7-2-55) 


eee 
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Accordingly, for an axisymmetric flow 


z 1 
Re, ( v. (Sz) eared (Re®* ATL) => i » (7-2-56) 
aR 


For flow around a plate with a constant wall temperature and turbulent boundary £143 __ 
layer generation at the leading edge of the plate, we get from Eq. (7-2-49) 


m+ 
Re, = lea BY, Rea | (7-2-57) 
t 
m+i e..! 
St, = BY .., Re, "*! ‘ (7-2-58) 


When m = 0. 25 and B =0. 0256 
0.2 - 
St, == 0,0288 (¥.)** Rew Pr-*.8, (7-2-59) 
where A is determined by formula (7-1-19) or (7-1-25). 


For flow around a blunt-nosed body with a constant surface temperature we have 


1 Cz 
Ren, = [ ste BReaw 553 = (7-2-60) 
. t 
B = 
‘Ss 
soi : -2-61 
St, = appa itm pon a (7 ) 
[aie 8-5 ZT 8 Reaw 
In particular, for the case of transverse flow around a plate with m = 0. 25, 
B = 0.256, n= 0.75, c=1.0, 
Stam 0,0375F 2." (Re, wy)" 02-8: *Pr-8*, (7-2-62) 


Whenever the specific heat flux distribution is prescribed the energy equation can 
be reduced to the form 


d (Re** i oy 4 
( Tort!z) 1 Gwe : (7-2-63) 
144 


For the boundary conditions Re*” = 0 at x = 0 we have 


Too 
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Gq 48 (7-2-64) 


Vat 


Re®* 5 = St. Re 00 


When the heat-transfer law is conservative to the heat load distribution we get 


; ( jos oa 
BV, tr (oe \r lp, a” (7-2-65) 
St, = (xp) (ae) Rese 
In the case q_ = const and Rey = 0 at x = 0 we have 
Re*, =SiRe. (1-2-6) 
and 
ee ee. 
Sr aA" Re, mel, (7-2-67) 


Taking B/2 = 0.0128 and m = 0.25, we get from Eq. (7-2-67) an equation which was 
derived earlier for the case of flow around a flat plate. Thus, from the condition of 
heat-transfer law conservative to a change in velocity around an immersed body it fol- 
lows that for any laws of velocity variation and for a constant thermal stress the equa- 
tion for a flat plate will hold if the local values of the free-stream parameters are 
introduced into the Re,. It is easy to demonstrate that this conclusion can also be 


applied to the more general case of an arbitrary heat-load distribution. 


7.3. Conservative Properties of the Heat-Transfer Law to Changes in Wall Boundary 
Conditions 


In Chapter 6 it was shown that the heat-transfer law is more conservative to 
changes in the longitudinal pressure gradient than the frictional drag law, and for 
practical thermal boundary-layer calculations the effect of the longitudinal pressure 
gradient on the heat-transfer law can be disregarded. 


An analogous result is also obtained when the heat-transfer law is affected by 145 
changes in the thermal conditions on the heat-transfer surface (i.e. in the laws of 
variation of wall temperature or thermal stress). Given in (72] are the results of an 
experimental investigation of the effect of changes in the boundary conditions on heat- 
transfer laws in the case of flow around a flat plate. 


A diagram of the experimental section is shown in Fig. 7.11 and the laws of 
distribution of Ty and q,, over the length of the plate in Fig. 7.12. The experimental 
data were processed by the method of local simulation [70} in the form of the relation 


a “* ee Pe : 
St) = f(Pe 7» where Pe T Re pPri 
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St= eee Tox tT : oe (Tw | T.) ° (7-3-1) 
Pe**, = ml 


The results of processing the experimental data are presented in Fig. 7.13 as can 
be seen from the graph. All the experimental points, except those of the last two 
modes, fit, in general, relation (2-6-4), regardless of the form of the boundary 
conditions. 


FIG. 7.11. Diagram of the 
experimental section for 
investigation of the conser- 
vatism of the heat-transfer 
law to variation of the 
boundary conditions: 1— 
Prandtl tube; 2—flexible 
band; 3—calorimeters; 4— 
ejector for boundary layer 
suction; 5—band adjustment 
values. 


FIG. 7.13 


FIG. 7.12 


FIG. 7.12. Variation in wall temperature, °C, over the length of a plate for various 
boundary conditions {72}: 1—AT = const; 2—q. = const; 3—AT =b + dox; 4—q, 


= Go Exp (kx); 5—AT = b - dox; 6—Q, = Go Sin (1x). 
FIG. 7.13. Heat-transfer law for various boundary conditions (72]. The quantity 
St, - A is plotted on the ordinate axis: 1—A = 1; 2—A = 2; O—AT =const; A-AT 
= b+dox; @-a., = qo exp (kX); + -qq = const; x - AT =b - dx; I—Q. = qo sin (1X). 
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The graph reveals that the experimental points are clearly stratified as a function 
of the boundary conditions and are in satisfactory agreement with the corresponding 
analytical relations obtained by integrating Eq. (7-2-49) for given boundary conditions. 


The integral in Eq. (7-2-49) for a given law of wall temperature variation has the /147 
form, taking (2-6-4) into account, 
ry 1 
Re®*, = Seat BRe, 5 AT'*™ ds | as (7-3-2) 
and, accordingly, for a given heat stress distribution 
rr g rae 
B 1 Tem 
Re**, |i Re, ee feet ; . (7-3-3) 
FIG. 7.14. Dependence of St, on Re, for 
various boundary conditions: 1—formula 
(7-3-4); 2—formula (7-3-5); 3—formula 
(7-3-7); 4—formula (7-3-6); o-AT 
= const, 4 - AT = btd)x; e-T, = 
exp (kx); + “a= const. 
From Eqs. (2-6-4), (7-3-2) and (7-3-3) we get: 
a) for the case AT = const 
0, 0288 
St.= Re®* pre’ (7-3-4) 
b) for the case AT = dox 
0,0338 
St=oippe (7-3-5) 
c) for the case Wy = const 
0.0306 
St, Re? pps ° (7-3-6) 
d) for the case q, = qq exp (kx) /148 
= 9, 0300(ks)%.? _ ew kh? \ 0,2 (p39 
Ste Red? Fr’? ( exp k2—1 / , 


e) for the case q, = qo sin (+ ) 


0,0006( Fr un (“-) a 


SRT Pee i —cor(F) 


St.= 


(7-3-8) 


SVU RISE 7 


FIG. 7.15. Heat-transfer law for the initial section of the pipe; 
curve calculated by (2-6-4): the points are from [150]; A- qw 


= qo sin (+); O - q,, = dp exp (aX); O - q. = const. 


FIG. 7.16. Distribution of the local values of the Stanton number 


over the pipelength is the expiments of Hall and Price [150]. Ste - 


Stanton number determined from the wall temperature gradient 
and the mean mass temperature; A - q,, = Io exp (ax); X - q, = qo 


sin (= 4); o- a, = const. 


The results of an analogous processing of the experimental data of Hall and Price 
[150] which were obtained for three different heat-supply laws, are given in Fig. 7.15. 
The initial data for the distribution of loca] heat-transfer coefficients over the pipe 
length are shown in Fig. 7.16. The experiments were carried out with a developed 
dynamic boundary layer at the pipe inlet and with relatively small temperature drops. 
In such a case the vartation of the gas parameter over the pipe length can be disre- 
garded and formulas (7-3-6), (7-3-7), (7-3-8) can be used. As is evident from Fig. 
7.15, the experiments of Hall and Price are in good agreement with heat-transfer 
law (2-6-4) for all the boundary conditions investigated. 


A comparison of the experimental data with (7-3-6)-(7-3-8) is given in Fig. 7.17. 
It is interesting to note that in the experiments of Hall and Price the thermal and 
dynamic boundary layers did not develop simultaneously, but the computational re- 
sults obtained assuming a consecutive heat-transfer law are in satisfactory agreement £149 _ 
with experiment. This conclusion receives further confirmation by comparing the 


115 


FIG. 7.17. Distribution of the local values of the 
Stanton number over the length of the initial sec- 
tion of the pipe. 1—calculated by (7-3-6); 2—by 
(7-3-8); 3—by (7-3-7); the experiments of Hall 
and Price [150]: o-q, = const; A4—q,, = q, sin 


= 7)s Sa, = Gy exp (aR). 


results of calculating the heat transfer by the proposed method with the experiments of 
Eichhorn, Eckert and Anderson [136], in which measurements were made of local heat 
fluxes for flow of an air stream past a flat plate. The plate had an initial heat-insu- 
lated section of length x) and a subsequent linear variation in wall temperature over 
the length: 


d(a7) , 
4T = am. (x—«x,). (7-3-9) 
The heat-transfer law for the laminar boundary layer can be written as 


0.2 
Se (7-3-10) 
Then the solution of Eq. (7-2-49), taking (7-3-10) and (2-6-4) into account, canbe /150 
represented as follows: 


a) for a laminar boundary layer 


—— VY 1-3! (7-3-11) 
prt oo VRee 


a, OS 


b) for a turbulent boundary layer 


4 =1,18 (1 aa. 7-3-12 
pr'/3 1 OD 0.0296 Reo? & ) ( ) 
Given in Fig. 7.18 is a comparison of the experiments of [136] with formulas 
(7-3-11) and (7-3-12). Also plotted in this graph are curves calculated for an isother- 
mal plate. It can be deduced that in this case also the assumption of heat-transfer laws 
stable to a change in the boundary conditions is fully applicable. 


The results are in agreement with an analysis of the conservative properties of a 
turbulent boundary layer made by V. M. Ievlev (30, 31}. According to Ievlev, the 
relative error in St) stemming from disregard of the boundary condition effect on the 


heat-transfer law is defined by the inequality 151 
ASt Re, (AT) ae 
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FIG. 7.18. Effect of wall temperature variation 
over the plate length on heat released. a—laminar 
boundary layer: 1—calculated by the dimensionless 
formula for an isothermal surface; 2—calculated 
by (7-3-11); b—turbulent boundary layer: calcu- 
lated by the dimensionless formula for an isother- 
mal surface; 2—calculated by (7-3-12). The points 
are the experiments of [136]. 


For the boundary conditions Gy = Io exP (kx) we get 


exp (&2) — 1 
= <0, I e\p (&z) 
or 


4St 
<0,1, 
a 
since k > 0, 0<x<1. 


An analogous result is obtained also for AT = b +d)x. In this case 


Re®**, dan 6 28 ae 
and 
4St 
43 <o.0ss, 


But the error in determining St, increases if the boundary conditions correspond 
to a decrease in wall temperature or heat flow over the plate length. In particular, 
for the case AT =b - dx, we get 


Re°°, a 6 2.3 ; ; 
“ShRe al ae =058 | sag Ta —l (7-3-15) 
and, since (Car 2. ): 1 we find ASt/St, > 0.055. 


This conclusion is supported by the experiments in Fig. 7.13. The methods of 
calculating a turbulent boundary layer for similar conditions are presented in Chapter 9, 
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In some cases the dynamic and thermal boundary 
layer do not develop simultaneously, even when Pr = 1, 
6 # or Let us examine flow over one plate with an 


initial heat-insulated section (Fig. 7.19) of length Xo, 

at the station x = x, heat begins to be exchanged between 
the plate and the gas. The thermal boundary layer 
forming in the initial section is submerged in the 
dynamic layer. Setting Pr=1, p=po, Bp = 0, Lp =I, 


FIG. 7.19. Plate with ini- 
tial heat-insulated section q = q and 6 > On we reduce Eq. (2-1-12) to the form 
(Pr = 0.72). 
Ow 00 
Ge St = /? wy ra (7-3-16) 


On the other hand, for these conditions it follows from (1-3-6) that 


f= Ste (7-3-17) 
From these equations, taking Tp = G and integrating, we get 
FF (op — 0) = 1M (7-3-18) 
Taking (2-3-10) into account, 
&,\" 
«-(Z)- (7-3-19) 


The dimensionless temperature difference at the boundary of the viscous sublayer, 
assuming that q, is constant in this region, is 


@,.=> St Pray, fe (7-3-20) 
or 
Oo Prone. (7-3-21) 
Substituting this value of @,) into (7-3-18), we find that when Pr = 1 
ooh, (7-3-22) 
Cle 


Let us assume in the first approximation that the conservative properties of the 
heat-transfer law can be used to determine Re**_.. Then, for n = 1/7 and Pr = 1, by 
integrating the equations 


dRe°*, - 0.0128 | 


—adRe, Ree (7-3-23) 
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/152 


dRe®* = 00,0128 
a (7-3-24) 


from x, to x in the first case and from x = 0 to x in the second and assuming in the first 
approximation that 6**/6 = 5°" / bn we get 


8 (x= %e\** ya 
: +-(-*) - (7-3-25) 
Accordingly, 
Bt x etre 
rig Fear) " ae: 


Given in Fig. 7.20 is a comparison of the experimental data of Reynolds, Kays and /153 
Kline [199] with (7-3-26). As can be seen from the graph, the first approximation 
yields completely satisfactory results. Taking into account Eq. (7-3-26) and the 
assumption Re**,. = (6,,/ 6) Re**, we get a correction to the heat-transfer law in the 


first approximation: 


0.0128 f/x —x,\°.°% 
Ste Bros =) (7-3-27) 


FIG. 7.20. Heat released to a plate with an initial 
heat-insulated section. The curve was calculated 
by (7-3-26); the points represent the experiments 


of [199]. 
or 
&- Sy". (7-3-28) 
where 
0,0128 
sSq= Re % 


The second approximation does not add much to the accuracy of this result. 
The results of calculating the ratio St/St, by (7-3-28) are presented in Table 7.3. 


Introducing the correction into the Prandtl number, it is convenient to write 
(7-3-26) as 


Ste nope iat (7-3-29) 
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Table 3. Data of calculation by (7-3-28) 


or 


Ne, = 0,0788RePre* Gay” (7-3-30) 


where 


pre RAD, ye a EE, 


. 
Thus, for x/x, > 1.7, tt can be assumed, with an error not exceeding 8%, that 
Ne, = 0,0288Reo Pree, (7-3-31) 


But if as the characteristic dimension in Eq. (7-3-31) we take the total plate length, 
the error with x/x,) =~ 1.7 will be about 30%. For the average value of the Nusselt 


number we get from (7-3-31) 
(7-3-32) 


FIG. 7.21. Comparison of the experimental 
data on heat transfer to a plate with (7-3-32). 
The dashed lines represent calculation of the 


initial laminar section. 
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Formula (7-3-32) was proposed by M. A. Mikheev [74] on the basis of a generali- 
zation of the experimental data on heat transfer with an advance heat-insulated section. 
The results of this analysis are presented in Fig. 7.21. 


7.4. Friction and Heat Transfer for Gas Flow in the Initial Section of a Cylindrical 
Pipe with Impermeable Walls 


~~ 
ray 
or 
on 


In the inlet section of a pipe the boundary layer develops as in external flow past 
a plate until the boundary layers, increasing on opposite walls, intersect. Therefore, 
in order to calculate the processes of heat and mass transfer and of friction in the 
inlet portion of a pipe we can use all the methods presented above for calculation of a 
turbulent boundary layer. The difference between this 'inner" problem and outer flow 
consists in the fact that the gas velocity at the outer edge of the boundary layer is not 
a given parameter, but one being sought. To determine this velocity in the inner 
problem, however, we have an additional relation, the equation of constant mass flow 
over the length of the pipe. 


Ca hcahertheathrhndhcthrdherhead hedhcapath, snutentinstnanathatyAtinty tmcatentnatienthctintinttnnctentnepettatiastathertartnepepratnth 


eS = 


Nine FIG. 7.22. Diagram of fluid 
a flow in the initial portion of 
ad a cylindrical pipe (Pr = 1). 


Consider a flow of gas in the initial section of a cylindrical pipe (Fig. 7.22). The 
distribution of velocities and temperatures at the pipe inlet is taken to be uniform in 
cross section. We shall assume that the dynamics and thermal turbulent boundary 
layers grow simultaneously from the initial section of the pipe downstream. 


The continuity equation is written as 
Pee, m2 rerun = const, (7-4-1) 
where py, and wo, are the density and velocity of the gas in the initial section of the 


pipe. 


For a cylindrical pipe 


a ~ ( (1-2) (1--%) dy. (7-4-2) 


Then the continuity equation is written as 


™ 
_ 
or 
for) 


121 


fortes — Pole (: = 25-). (7-4-3) 


where py and w, are the density and velocity of the gas in the flow core at section x. 


Taking into account the dependence of the gas density on the dimensionless velocity 


roma _o (7-4-4) 
we have 
98 (a3 a (7-4-5) 
R” 8 ©€6©«U\ 1—ou : 


Introducing the shape parameter H, we get 
u a 
Re°*,, = wr [ue —uy _y, (1 —U? ys (7-4-6) 


Where Rese = Poon ax/tH0e: Re**ee = pated °°/He0- 


The momentum equation is written in the form 


1 
Aon Ketndd a ee 
——_—* + uae (1 +H) =U (1-- U4) Xe =) Rm (7-4-7) 


For the supersonic gas velocity region at the pipe inlet the flow will always be 
divergent, but at small values of M the value of the shape parameter f will not be 
greatly different from zero. As can be seen from Fig. 4.6, the shape parameter 


‘Weagh f (1) tay (7-4-8) 


is much less dependent on the nonisothermicity parameters than the shape parameter H. 
The shape parameters H and H' are interrelated as follows: 


I , OF, Re®*ri0 ): 
Ho —F a Ce at I H r Ress 
where 
a 
Hm gz [ (1 —) dy. (7-4-9) 
Ts 
Then 
H= aor [Urs 13a a = } (7-4-10) 


122 


Re°®,, 


4 [u: +1.3(1- ——™)) 


and the momentum equation is rewritten as 


d Re**,, Re**,, Tw —T, dU 
a + pao [1 +13(1-)) 


i 
B .. | —T 
- 7%. () Ren Zl UN) Reg. 
) 


Substituting Re**,, from (7-4-11) into this equation, we get 


uyqa—u*' 


° — 
1.69 (1 — \ 
oe 


' ' 
—. 2k =r 
+u] [a —us" —ya7 uy WY, 


x (I —up" | —uy~ U—(1—U9U, (1 — UF) 


x }1—1.3 » — ow Tw dU = 2b 
Te 
-™ i] 
x(_*—} U (1 — UT. 


In solving (7-4-7) we can set 


ee 
Re**ry 
Re°*., 


A’, =H, =H, =1,3. 


_ Rew {hur U1 03" UU» 


—u,(—u7* {[1.3(1 Paar 


Cu —, 


(7-4-11) 


(7-4-12) 


(7-4-13) 


With a specified law of wall temperature variation and velocities and stagnation 
parameters at the duct inlet, it is possible to determine the law of variation of the 
dimensionless velocity U over the length of the pipe from Eq. (7-4-13). The local 
values of Re**,) are calculated by (7-4-6). The local values of the friction coeffi- 


cients are determined by the formula 
B m 
c= ¥ geo (22) ’ 
where WY is taken from (7-1-19) or (7~-1-25). 


y pees bee Oriainal from 


(7-4-14) 
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The static pressure distribution over the length of the pipe is found from the 
formula 


: ‘ 
zt =(—on, (7-4-15) 


where Py, is the stagnation pressure in the flow core, which remains constant in the 
initial portion of the pipe. 


It should be noted that the proposed calculation method is valid only for the con- 
ditions of shockless entry of gas into the pipe. The thermal boundary layer is calcu- 
lated analogously. 

The energy equation has the form 

U 


eRe ra, Re°*roo (ai) 3 
Sa eae Reet th) (7-4-16) 


Xe (Te) Mee 


The integral of Eq. (7-4-16) is 


S 8 
3 
+1 er 
Re** 799 = i [ess Rew f U (i — U4) 


(7-4-17) 


t 
x (=): <a . 


Substituting into (7-4-17) the dependence of U on % obtained above for a given law 
of variation of Ai over x, we determine the local values of Re**,, and the local values 
of the Stanton number by (7-2-53). 00 


It should be kept in view that all the formulas are valid only for the initial section 
of the pipe. At the end of this section the boundary layers intersect, i.e. the boundary- 
layer thickness becomes equal to the radius of the pipe. From Eq. (7-4-5) it follows 
that the following equality should be satisfied at the end of the initial reaction: 

1 
At — 2)" gee -t 
Pate ae (: — 2 a) , (7-4-18) /159 
uuu 


where Un is the dimensionless velocity in the core at the end of the initial section. 


Substituting 6**/R, and H as functions of y* and Ay into (7-4-18) and taking rela- 
tion (7-2-37) into account, we get an equation in Un’ Substituting this value of Un into 


the integral of (7-4-13), we find the length of the initial section x 
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in’ 


For the region of subsonic gas flow and constant wall temperature, a solution can 
be obtained in analytic form. In this case, U* << 1 and Eq. (7-4-13) reduces to the 
form 


ts (lt — — (+!) 
x 610 apy (a! 


(7-4-19) 


Foner "(+ 1.34) 2. 


Setting m = 0.25, B = 0.0258, taking Eq. (7-1-23) into account, we get (Wy =W,/Wo)) 


(() + 1,36) 1 25 4 3) F4 (ae, — 1808 


(8. =1 + VEG — M$ VF(o.—1)0"" e 
1 —VE (et VE ate (7-4~20) 
— (+139 Ment 8 fees 


% . We+ipras * 


Accordingly, Eq. (7-4-10) reduces to the form 


Huogl,=139 (7-4-21) 
and Eq. (7-4-11) to the form 
Re®* = ee oben (7-4~-22) 


The local frictional drag coefficients are defined by the formula 


cfm Bee (7-4-23) 


where W is calculated by (7-1-21) or (7-1-23). 


The length of the initial section is determined from (7-4-18), which, for the con- /160 
ditions under study here, is written as 


vin= (1-2-0) (7-4-24) 


or, taking (7-4-21) into account, 


eee -1 
win (1-26 i +) ; (7-4-25) 


From Eqs. (7-4-20) and (7-4-25) we get the dependence of the length of the initial 
section on the gas parameters at the pipe inlet and on the nonisothermicity parameter 


y: 


rc 1 Arininal fram *25 


So: Bey 0.28 5 72 
2.” wa [a +H) 7+! | f (@4q — 1)."" 
_t I — 4 VE (a — 1995+ 1 

v3 . (®1n — 1) — 2 (Vin — 1)%88 +1 


AV ag FE) +m Seo. 


(7-4-26) 


The results of solving this system of equations are approximated quite well by the 
following simple formula: 


0. 0.55 
zak aE, (7-4-27) 


where 


For the case y = 1 
81, = 1,35 Reo. (7-4-28) 


The question of experimental determination of the length of the initial section is as 
yet insufficiently clear. Thus, in experimental work [4, 151] the length of the initial 
section was determined from the change in local Nusselt number and local heat-trans- 
fer coefficient over the length of a pipe. The pipe cross section where these data ex- 
ceeded their asymptotic values by a certain value (5% or 1%) was taken as the origin 
of stabilized flow. Such a method cannot yield satisfactory results, since it does not 
take into account the particular features of boundary layer interaction with the flow 
core; as a result, the heat-transfer coefficient in the initial section may first decrease, 
and then increase again [151]. Compiled in Table 7.4 are the results of some investi- 
gations to determine the length of the initial section. From this table it can be seen 
that even for a quasi-isothermal gas flow (AT — 0) great discrepancies exist between 
the data of the various researchers. 


FIG. 7.23. FIG. 7.24. 


FIG. 7.23. Effect of cooling on the length of the initial section of the 
pipe. Curve calculated by (7-4-27); the points represent the experi- 
ments of [67]. 


FIG. 7.24. Effect of the Reynolds number on the length of the initial 


section. Curve calculated by (7-4-27); the points represent the 
experiments of [67]. 
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Table 7.4. 


Liquid 


Water 
Alr 
Alr, CO, 


Water 
Water 
Air 
Air 


Determination of the length of the initial 


section 
: { Experi- 
Range ofRe - +, bigs metal" Source 


1,7: 10-9. 1m | 10-15 A, syerconst (152) 


7-108 ;. 12). A Te =const 151 

5- aes 5-108 | ee A, dy=const, [171 

10*— 10" : 40—20° A, «Ty =const’ t th 
4.9-10°—6,5-108 © 14-20: A, | 3) 


| 
3-10°—4.2-10 | 1617 Ay | mh 
6.9-10°—2,4.10* ame A, ae nueee! 


* Methods of determination: A1 - from the change of the local 
heat-transfer coefficient; A2 - from the change of the local pres- 
sure gradient; A3 - from the results of comparing the stagnation 
enthalpy and the velocity, as calculated for the initial and main 
sections; Aq - from the change in enthalpy on the acs of the pipe. 

**The length of hydrodynamic stabilization was determined. 
The data were taken from an analysis of the graph in Fig. 7 from 


(189) . 


Determined were the lengths of thermal and hydrodynamic 


stabilization. 


Given in Figs. 7.23 and 7.24 is a comparison of formula (7-4-27) (for k = 0. 64) 


with the experiments of A. I. Leont'ev, B. P. Mironov and A. V. Fafurin [67]. 


Measured in these experiments was the length of the initial thermal section; for the 


case ¥ = const and Pr = 1 it is equal to the length of the dynamic initial section. 


The length of the thermal initial section was determined by the following method. 


The energy balance equation for a pipe segment of length x can be written as 


a ; 7 
Pe: Be: ik? = 2 j Gy Re dz + {sein dR. 
0 


(7-4-29) 


For the conditions being considered here we can take a" = 6**: then the follow- 


ing equality can be written for the main section of the pipe: 


Then, taking Eqs. (7-4-21) and (7-4-29) into account, we get 


where 


a ly ai 


ne ai 
i 1 " 
Nao—_ $= 27 Qyyt 
e —H G (ig, wy 


Original from 


(7-4-30) 


(7-4-31) 


27 


Here Qwi is the quantity of heat absorbed by the i — calorimeter; b is the mass 
gas flow through the pipe. 


In the initial section, i) = ig;, by definition, and the condition (ig, - i)/ (ig - i) =1 
must be fulfilled; accordingly 


N=S. (7-4-32) 


The experimental data were processed on acomputer. The pipe cross~section for 
which equality (7-4-32) was fulfilled with an accuracy of +1% was taken to be the end of 
the initial thermal section. As can be seen from Figs. 7.21 and 7.22, the proposed 
calculation method is in satisfactory agreement with the experimental data. From an 
analysis of the results obtained it can be deduced that the length of the initial section 
increases substantially with increasing Reynolds number at the pipe inlet. 


Pipe cooling has a relatively lesser effect on the length of the stabilization sec- 
tion. In the 1 to 0.08 range of y the length of the initial section decreases by a total 
of 30%. 


The dependence of the parameter x Rew 25 on wy and %, as calculated by (7-4-20), 


is shown in Fig. 7.25. The length of the initial section was determined by (7-4-27). 

Given in Fig. 7.26 is a comparison of the results of calculating the mass-flow function 

q(U) by (7-4-20) with the experimental data obtained from a measurement of the static 
pressure distribution over the pipe length in [67}. As can be seen from the graph, 
satisfactory agreement is observed between the proposed method of calculation and 163 
experiment. From (7-4-17), taking (7-4-20) into account, we get 


aI 1.25 + 1.626 
Re®*, = ape Sia4 1.39) — es ED 
VW? 2 — !)e.88 
x (re — 190.98 WZ sete Fs (7-4-33) 


— tig (Ho + VE (B= +1 YY 
¥2 (6 —1)%.*§—V2 (8, — 1)%.8* +1 


Thus, the following relationship exists between the energy loss thickness and the 
momentum loss thickness for a gas flow (Pr = 1) in the initial section of a pipe with 
a constant wall temperature: 


eee 1.254 1,6 
= {2+ 19) Sti 4(8,— 1%" 


1, (8, — 19°84 V2 (By— 1841 


VF 1) VE (oH I (7-4-34) 
VSerctg Vz a= Neer] 
oe =e 164 


Shown in Fig. 7.27 is the dependence of 5** ~/6"* on the parameters x Rew 25 
and y. 
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FIG. 7. 25. Effect of wall cooling on 
the velocity distribution in the flow 
case over the length of the initial sec- 
tion of the pipe. 1—y = 1.0; 2—0.6; 
3—0. 4; 4—0.2; 5—0.137; 6—0. 0875; 
7—0. 044; the dashed line indicates 

the length of the initial section 
according to (7-4-27). 


FIG. 7.27. 
FIG. 7.26. 


FIG. 7.26. Comparison of the results of calculating 
the mass-flow function q(U) with the experiments of 
[67): 1—yp =1; 2—0.6; 3-0. 2; 4—0. 044. 


FIG. 7.27. Effect of heat transfer on the ratio of 
6**_./6"" in the initial section of the pipe: 1—y= 1; 
2—0.6; 3—0. 044. 


As can be seen from the graph, we can take Re"”,. = Re** in the region ¥ <1. In 
view of this fact, a convenient method can be proposed for generalizing the experi- 
mental data on heat transfer in the initial section of a pipe [G1]. 


From (7-4-16) it follows that 


a 
* ) fw 9s (7-4-35) 
oe fh. 
Ree? ro = Peed! 


In addition, we have the relations 
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_ St=— Re Yi > (7-4-36) 

a 
Re, =U (1 —U Rew: (7-4-37) 
= (7-4-38) 


P aT 
?P. = (I —U%) : 
Thus, by measuring the static pressure distribution over the pipe length, the wall 
temperature, and the heat flux, the experimental dependence of St on Re* 7 can be 


constructed by (7-4-35)-(7-4-38). If the static pressures are not measured in the 
experiments, then, taking the equality Re**,, = Re** into account, the Stanton number 


can be determined by the formula (for the region M << 1) 


VwD 


a ae 
(Rep, + 5,24 Re**,,)) Meer! 7 (7 4 39) 


St = 


Presented in Fig. 7.28 are the results of an analysis, by this method, of the ex- 
perimental data of B. S. Petukhov [85], V. L. Lel'chuk and B. V. Dedyakin [36], I. A. 
Kozhinov, S. I. Kosterin, A. I. Leont'ev and V. K. Fedorov [54]. All the data have 
been reduced to thermal insulation conditions by the formula St, - St/’-. 


A mean line drawn through all the experimental points is described by the formula /165 


0,0t4 
“oe 7-4-40 
- Rep’® Pre. 
which coincides with the relation 
Su= Spee (7-4-41) 


for c fo! 2 calculated by (1-10-3). The result confirms that the laws of heat transfer 


and friction are common to the inner and outer problems of aerodynamics. 


Shown in Fig. 7.29 are the results of processing, by this method, the experimental 
data on heat transfer for pipes, nozzles, plates and missile nose cones. These experi- 
ments cover a broad range of M and Ay. Despite the considerable scatter of the ex- 
perimental points, they all fit around a line corresponding to (7-4-41). 


It should be noted that in generalizing the experimental data on heat transfer in the 
initial section of a pipe it is necessary to devote serious attention to the pipe inlet 
conditions. The results given in Fig. 7.28 of generalizing experimental data by the 
proposed method indicate that the inlet conditions have an appreciable affect on the law 
of heat transfer in the initial section of the pipe, but the method outlined below for 
calculating a thermal boundary layer remains valid for these conditions also, except 
that the coefficients B and m are changed [61]. 
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FIG. 7.28. Results of generalizing the experimental 
data on heat transfer in the initial section of a cylin- 


drical pipe: 1—turbulent layer Sten eee 2— 


laminar layer st.= = @—experiments of B. V. 


epr!. 5 ; 
Dedyakin and V. L. Lel'chuk [26]; a—experiments 
of B. S. Petukhov [85]; Q—experiments of I. A. 
Kozhinov, S. I. Kosterin, A. I. Leont'ev and V. K. 
Fedorov [51]; 4—experiments of A. I. Leont'ev, 
B. P. Mironov and A. V. Fafurin [65]. 


56 J8 yw &¥ 


FIG. 7.29. Results of generalizing experimental 
data on heat transfer in a turbulent boundary layer 
of compressed gas. 1—turbulent conditions 


~ 0.0163 2, 
Slo= 57570, 25 p03? 2—laminar conditions st, = pops * 


experimental data: A—V. K. Fedorov (pipe); @— 
Pappas (plate): Y—Fischer and Noris (V-2 nose 
cone); W—Eber (cone); O—B. S. Petukhov (plate); 
O—Bradfield (cone); @—A. I. Leont'ev and B. P. 
Mironov (pipe): A—B. S. Petukhov (pipe); +— 
Fallis (plate); @—V. L. Lel'chuk and B. V. 
Dedyakin (pipe); O—B. A. Sveshnikov (pipe). 


The equation of a thermal boundary layer for the initial section of a pipe (M << 1) 
can be written conveniently in the form 


d ae 


+ Peee 4 {in (1 — $)] ae St Pep, (7-4-42) 
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where 
Peo*an wb", /0,; Pep = w,D/éy. 
Taking into account Eqs. (7-4-3) and (7-4-5) we have 


éPe°° . rete: : } 
Ge + Pee? 75 [In (1 — 4] = St, #, (Pep, + 5.26Pe°%), (7-4-43) 


where 
Pep, = WuD/a,- 
For the case 7 = const 


d Pe** B (Pep, + 5.24 Pe®*) 
a Temp (7-4-44) 


Taking m = 0.25, with allowances for (7-4-44) we get 
pe BP fapersene __ Peat 
a a 
( eer) (8 
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x Pecee.t 4. VE 
se va) Pep. -\" 74-45 
nen (Sen) Te 44s 


; Pe Pee \en 
prea te oa) 
(cH) 


— Pe®*e.é 


‘The local values of Pe** are calculated by (7-4-45) for given gas parameters at the 
duct inlet and for given wall temperature. 


The local values of the Nusselt number are determined by the formula 


(7-4-46) 


N (Pep, + 5,29 Pe®®). 


ge" 


This method of calculation can also be applied to the case of flow of a dissociating 
gas in the initial section of a pipe. As shown in [65], the limit frictional drag law for 
a "frozen" boundary layer of a multi-component dissociating gas is obtained in the form 
Or Tay Pe 
a= 4 1-8 ri be 
; e (V+ )-* % 1 — Ene 9} Y, Pw 


a r (7-4-47) 
hot; fei tom [per ed. 
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Taking the effect of finite Re**, into account, 


T 
(1 — 8.2 | eyed, ¥) (7-4-48) 
x<8.2 yon, ¥ ¥. 


Equation (7-4-47) was obtained under the assumption that the density of the 
gas can be determined by the formula. 


r) I— Ta,.¢° 


RSet (lS — whe (7-4-49) 


It is interesting to analyze the effect of gas dissociation on the integral character- /168 
istics of the boundary layer. 


It is well known that the physical displacement thickness is related to the dis- 
placement thickness in Dorodnitsyn variables by 


is --{(E- ) (1 -%) dy. (7-4-50) 


Taking (7-4-49) into account we get 


8° wae. (6 — Yau? )— — Bagel? ) y 
D [oom ee 1— k) dy (7-4-51) 
and 
e e 1 
8° =m 8°, {' = Toren tl! ——%, (@,—a,): 7 i) (7-4-52) 
from which we find 
H=Ht,, (7-4-53) 


where H, = 6* /6** 5 and where 6** = 6**, 


D 


Shown in Fig. 7.30 are the results of calculating the parameters of an axi- 


symmetric turbulent boundary layer under the assumption that w = en = 1/7) and, 
using (7-4-49), for the density. As can be seen from the graph, the parameters 6* 
and 8D depend greatly on the nonisothermicity and degree of dissociation of the gas, 


but the shape parameter H, = 6*)/ een remains essentially constant, equaling 1.347. /169 


The results of calculating the shape parameter H under the same assumptions and a 
comparison with (7-4-53) are given in Fig. 7.31. Clearly evident in the graph is the 
influence of gas dissociation on the shape parameter H. 
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FIG. 7.31. 
FIG. 7.30. 


FIG. 7.30. Effect of nonisothermicity and dissociation 
on the integral characteristics of a turbulent boundary 
layer. j= 5**/5**,, 32 2—5**/65**,; 3—6** p/>""p,§ ; 4— 


H,/H, isos 5—5*/6 **. 


FIG. 7.31. Effect of air dissociation on the shape 
parameter H. 1—Calculation by (7-4-53); 2—by (7-4-53) 
without account of dissociation; the points represent 
calculation in terms of integral parameters; all calcu- 
lations made for Ty = 300°K. 


Thus, for the boundary conditions y ar const the shape parameter H can be 


assumed to be constant over the length of the pipe. As a result, Eqs. (7-4-20), 
(7-4-26), (7-4-27) and (7-4-33)-(7-4-35) can be applied to the case of flow of a 
dissociated gas, except that Yo must be substituted into all the formulas in the place 
of the parameter jy. 


For the case of a given constant thermal stress over the length of the pipe, we 
have from (7-4-42) 


Pee me es , (7-4-54) 
where Nu, = a, D/Ao To 


In the range of ¥ = 0.5 to 3.0 the function ¥ can be series expanded and can be 
limited to the first term; i.e. we can take 


2 
= +e (7-4- 55) 


Then, 


St Na, = B 
™ Pep (l—¥) Pe*** Pret (1 +4) 
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Moreover, taking into account Eqs. (7-4-3), (7-4-21) and the relation Re** 
= Re** we have 


Pep =Peps +5.24Pe°°. (7-4-56) 


As a result, we have a system of three equatiors, (7-4-54)-(7-4-56), with three 


unknowns, 7, Pe** and Pep: 


Solving this system for the independent variable x, we get 


@ == 3,36 Nu; '[Nu,Pe°**.!"Pr*.*—0,0236Pep,—0,149Pe** 


(7-4-57) 
-y@. €p +0. 149Pe** — Nu, Pe°*Pr®.*)? +1, 19Nu,Pe°*"."*Pre.}, 
Knowing the local values of Pe**, we define from (7-4-54) 
omit phe. (7-4-58) 


This method of calculating can also be applied to the case of an arbitrary law of 
thermal stress distribution. In this case it is necessary to use (7-4-42) instead of 
(7-4-54). 


There exists, in principle, no impediment to also applying this method of turbulent 
boundary-layer calculation in the initial section of a pipe to ducts with cross-sectional 
area varying with length. The only difference is that in this case we get from the 
continuity equation not (7-4-6) but 


Rey, = ae [uv (lI— uyT —U, u—uger () |: (7-4-59) 


where Ry, and R, are the radii of the inlet and current cross section of the duct. 


Hence, the momentum and energy equations must be written in the form of 
(7-2-45) and (7-2-51). The subsequent deductions remain the same as for a cylindri- 
cal duct. 


7.5. Friction and Heat Transfer with a Stabilized Gas Flow in a Cylindrical Pipe 
with Impermeable Walls 


Stabilized flow sets in after merging of the boundary layers that arise in the initial 
section of a pipe; typical of such a flow for isothermal conditions is self-similar dis- 
tribution of all the parameters over the pipe length. For a stabilized isothermal turbu- 
lent flow of incompressible fluid the velocity distribution over the radius of the pipe is 
described rather well by (1-10-2). The reason for this is that flow in the pipe is con- 
vergent with a comparatively small value of the shape parameter f. The pressure drop 
in the pipe is determined by the formula 


ee a (7-5-1) 
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where the mean gas velocity is 
1” 
o-" J eR AR. (7-5-2) 


Substituting velocity proftle (1-10-2), we find 
—- (1.5+25 In “2%), (7-5-3) 
where 
Ow =e y+- 
From this we get the drag law 
9 0, 88 (In Rep V &) — 0,8. (7-5-4) 


In the region 5-10’<Rep<10* satisfactory results are obtained by the Blasius formula 


os ns" (7-5-5) 
where Rep = wD/v. 
A power-law velocity distribution with n = 1/7 corresponds to (7-5-5). /171 


Let us determine the shape parameter f for a stabilized flow of incompressible 
fluid in a pipe: 


& dP ac 
l= ae I=B=8) 


In the stabilized flow region 6 = R, and -dP/dx = 27 w/ Ro: 


Hence, 
eee 
J et Bhd (7-5-7) 
When n = 1/7 
0.0308 
eae (7-5-8) 
cata 
that is, f < 0.003 when Rey > 10‘ and f < 0.002 when Ren > 105, 


Thus, the effect of a longitudinal pressure gradient on the laws of frictional drag 
and heat transfer for a stabilized flow of incompressible fluid in a pipe can be neglected. 
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Heat transfer in the region of stabilized gas flow in a pipe with Rey > 104, 
0.5 < Pr< 1.5, is determined by the formula 


Nup = 0.023Re9"Pre., (7-5-9) 


where 
ont 
Nup=2D.2; a=, '(T—T,). T= |G j poTRdF; Re, = 4G,Dp. 
Q 


In the presence of heat transfer, a stabilized or self-similar gas flow does not set 
in, strictly speaking, in the general case. The coefficients of friction and heat trans- 
fer can change over the length of the pipe even after the boundary layers have merged. 
Therefore, by a "stabilized" gas flow in a pipe we mean the gas flow downstream from 
the section where both the dynamic and the thermal boundary layers have merged. 


The limit laws of frictional drag and heat transfer can also be applied to stabilized 
gas flow in a pipe, except that then the gas parameters on the axis of the pipe will 
correspond to the gas parameters at the outer edge of the boundary layer. 


Consequently, 


; 
RT 


Tw mF. (7-5-10) 
(wt), Remy, 


where po, Wy are the gas density and velocity on the axis of the pipe; and Re*" 


= pwd */u, is the Reynolds number over the momentum loss thickness. 


From (7-5-10), taking into account {1-11-2), we have 


tw 


B 
awl T(Re**ew)™ Poo (7-5-11) 


In processing experimental data on friction and heat transfer for a stabilized gas 
flow in a pipe it is customary to introduce average parameters, which for the gas flow 
are defined by the following relations: 


f= [ern (7-5-12) 
Re 
_ G6 2 
c= Eg [ wear. (7-5-13) 


We introduce the dimensionless parameters 


ioe. 6 Be CAnalo Original from 37 
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fm | -=— Ran: (7-5-14) 


fee 
8 
h={ . (1—Z) nar: (7-5-i5) 
e 
’ 
nm fay Rae. (7-5-16) 
where 
R=z- 
Then 
CJ : 
we 2f,; (7-5-17) 
@ 
aL (7-5-18) 
gee 
Kool. (7-5~-19) 


Taking (7-5-17), (7-5-18) and (7-5-19) into account, Eq. (7-5-11) can be written in 
the form 


BY fi 


where Re, = p,,WD/ ui 


It can be assumed in the first approximation that non-isothermicity does not have /173 
much effect on the velocity profile. Thus, for an ideal gas, taking a power-law dis- 
tribution of velocities and temperatures over the boundary-layer cross section 
(n = 1/7), it is possible to obtain the following formulas for the functions f,, f, and f, 
from (7-5-14)-(7-5-16): 


fam0.405G-9', fr 0.074¢-9"*, {3 = 0,408, (7-5-21) 
where i = T,,/To- 


Taking these relations into account, we get from (7-5-20) (for m = 0.25, B/2 
= 0. 0128), 


0.00316 (5°.2#8)e.98 
(Re,,)°25. ers 


a geen. (7-5-22) 
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Consequently, 


(=) ore ‘Com mE (7-5-23) 


Cre J 
Re, 


T 
The following relationship exists between the temperature factors ¢ => and 
T 0 
= . 
y T° 


$=% 4s = 4. (7-5-24) 


Then, 


(a Ves -( — ): (7-5-25) 


From the Reynolds analogy it follows that 


(se). Be | er _ Y. (7-5-26) 


Going onto the Nusselt number and the gas parameters at wall temperature, taking 
(2-6-4) into account, we get 


2 8 
Ae 0.47" 
Na, = 0,023Re""Pr°: (sa) (7-5-27) 
or, if we take 47° S, 
Netw = 0.0230" Pro. Fo.28. (7-5-28) 


It is interesting to note that in this case the effect of the temperature factor on the 
magnitude of the Nusselt number is less noticeable than on the friction coefficient and 
is opposite in sign. 


If all the gas parameters occurring in the Reynolds and Nusselt numbers are de- 
fined with respect to average temperature, we get 


Nu = 0.023Re*."Pre.y-9."", (7-5-29) 
where 


Ne = eD/i, Re = pirDip; Aw/K= By /e =m F°.09, 
Bram pCy/X; (Tw —7.)/(Tw —T) =I. 


The experimental heat-transfer data given in Fig. 7.32 are from the work of 
Perkins and Worsoe-Schmidt [194], V. L. Let'chuk and B. V. Delyakin [26] and 
McEligot [177]; they give a stronger dependence of the Nusselt number on 
non-isothermicity: 

Nu == 0,025Re®.*Pre.t $-*.7. (7-5-30) 
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The discrepancy between the experimental and calculated data on heat transfer can 
be explained by the fact that the experiments were carried out with variable wall tem- 


FIG. 7.32. Effect of noniso- 
thermicity on the heat-trans- 
fer coefficient for a stabilized 
gas flow in a cylindrical pipe. 
The straight line was calcu- 
lated taking (7-5-30) into ac- 
count: 4—(177]; ¥—[26]; 
o—[194]. 


perature and thermal stress over the length of the pipe, leading to infraction of the 
Reynolds analogy between the friction and heat transfer. 


Using the hypothesis of heat-transfer law conservative to change in the boundary 
conditions, a method can be proposed for calculating the thermal boundary layer ina 


long cylindrical duct for an arbitrary law of thermal stress distribution over the 


length of the pipe. In the range of ¥ from 1 to 5 we can take with a sufficient level of 


(7-5-31) 


accuracy 
He a5, 
where y= Ty/T x 
It can be shown that when 

i = (Tea!/To,)™ 

oe Rents (be) 
Re r= as Taha... on 
4 Tz) f We) 


where 
) 


hid= | (1 - a7) (1 -£)«(£): 


h th FR (\-%)«(£). 
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Taking into account (7-5-32) and (2-6-1), we have 


t+am 


BA" Pr Rep” (4: ) 


ae a ae ee (7-5-33) 


From the heat balance equation we find 


4\ dw ds 
Too ih ( (7-5-34) 
To ts te Rep Preset os : 


where 


Taking Eq. (7-5-33) into account we have 


a 
eo 1 
88 Beamprl mR! Tt tm) af cues = (7-5-35) 
1 off 1s*™™Nu, 1+ RepPredeTe: 


In the general case the function f,, f, and f,; depend on the nonisothermicity of the /176 
stream; the nonisothermicity shows up directly in the temperature factor v and in- 


directly in the deformation of the velocity and temperature profiles. It was shown 
earlier that the velocity profile is slightly deformed by pynisotnermicitys and in the 
first approximation, therefore, we can take w = w ) = gl 7 Then, assuming like 
velocity and temperature distributions, we get 

fy = 0,40392%'; 7, =0.0747°9""; J, = 0.408. (7-5-36) 


When m = 0.25 and n, = 0.75 


nt® 1 Peer 
he) piram te 


that is, the combination of these parameters is essentially independent of the tempera- 
ture factor. 


Then, solving (7-5-35) for a we get 
= 14 al +Vi+ 4), (7-35-37) 


where 
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foes Gq Ix 
Cy ir (1+) \ + Rep Pre delo | Rp Prererler 
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Tu:ing (7-5-34) into account, we have 


4\ Gy dx ) 
ii a see (7-5-38) 
7 te [: + OF on (+ ViFe | Rep Preresle 


sording to the work of P. N. Romanenko and N. V. Krylova [99], B/2 = 0.0075 
and. = 0.2 for the stabilized gas flow region in a pipe. Taking n, =n, = 0.75, we get 


a 


| Gw dx 
Ty mata h lt Rep Prereale 


1 6409, 02 

xit+ Dee wey eT 

; ee 
Pro RED Ay T a1 (1 + . Pr,.RepAeTe: ) (7-5-39) 
pes a 2s /177 
‘ \25 
4 dx : | 
x Pri a Rey ; { = ; 
i+ ea Nu; Le Rep iPreAretor 


Given in Fig. 7.33 is a comparison of the results of a calculation by (7-5-39) with 
the experiments of V. L. Lel'chuk and B. V. Dedyakin [26]. The dashed line shows 
the calculation of the wall temperature in the initial section by the method outlined 
above, taking into account the effect of inlet conditions, according to the work of A. I. 
Leont'ev, and V. K. Fedorov [61]. 


FIG. 7.33. Comparison of the results of wall- 
temperature calculation with the experiments 
of V. L. Lel'chuk and B. V. Dedyakin [26}. 
The solid curves represent calculation by 
(7-5-39); the broken line curves by formulas 
for the initial section [61]: 1—experiment No. 
35; 2—No. 25; 3—No. 12 [26]. 


Given in Fig. 7.34 is a comparison of the results of wall temperature calculation 
by (7-5-39) with the experiments of B. S. Petukhov, V. V. Kirillov, Tsu Tzu-Hsiang 
and B. N. Maidanik [87]. The experiments were carried out with a considerable 
variation in thermal stress over the length of the duct (in experiment 13-I, for 
example, by a factor of 6). As is evident from the graphs, the proposed computational 
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FIG. 7.34. Comparison of the results of wall- 
temperature calculation with the experiments 
of B. S. Petukhov et al. {87]. The curves 
were calculated by (7-5-39): 1— experiment 
13-II; 2—6-VIII; 3—10-V. 


method yields satisfactory results and takes correct account of the influence of both 
the thermal stress distribution and the thermal factor on the intensity of heat transfer 
of the gas in a pipe in the "stabilized" flow region. The method proposed by Ya. M. 
Visel [8] is applied to the case of the diffusion problem (condensation of vapor from a 
vapor-gas mixture). 


7.6. Turbulent Boundary Layer of Gas in the Duct of an MHD Generator /178 


In view of the relatively short lengths of seal MHD generator ducts (L/D = 20) and 
of the high Reynolds numbers Re,/ L up to 10° m-!), the boundary layers, which in- 


crease at the duct walls, do not intersect, as a rule, and the methods of turbulent 
boundary-layer calculation outlined in Chapter 7 for the initial section of a duct can be 
applied to these conditions. 


A distinctive feature of an MHD boundary layer in the initial section of a duct is 
the fact that the unperturbed flow outside the boundary layer is also conductive, and 
therefore the flow core and the boundary layers are interconnected both electrically 
and gasdynamically. 


In the absence of electric and magnetic fields the static pressure and longitudinal 
velocity in the flow core are uniquely related by the Bernoulli equation. 


In an MHD generator it is necessary to distinguish between boundary layers at the 
electrode and insulator walls. The insulator wall is usually cooled, and only the outer 
portion of the boundary layer is electrically conductive and is subjected to the effect of 
volumetric forces. On the other hand, the temperature of the electrodes is close to 
that of the gas. The current induced by the flow core flows through the boundary layer, 
increasing at the electrode walls. The Lorenz force acting on the inner strata of the 
boundary layer will decelerate the gas and can bring about boundary layer separation 
from the wall of the electrode. 


In ducts with appreciable longitudinal currents, e.g. Hall generators, there are 
appreciable transverse pressure gradients; as a result, gas flows arise along the 
insulator walls from one electrode to the other greatly complicating the flow pattern. 
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It should be kept in mind that the theory developed for a plane flow of conducting 
gas in transverse magnetic and electric fields cannot be applied directly to an axisym- 
metric flow, since circular symmetry is not preserved in the presence of a magnetic 
field. 


The presence of additional terms in the energy equation, stemming from Joule 
heat generation, also complicates the problem appreciably. Therefore, the results 
presented below were obtained with certain assumptions and are estimative in nature. /179 


The following hypotheses were adopted: 


1. Considered is a plasma flow in the range of low magnetic Reynolds numbers 
and Hall parameters. These are the conditions that usually obtain during flow in the 
ducts of MHD generators. 


2. Fluctuations of the electric and magnetic quantities and also the direct effect 
of the magnetic field on the turbulent pulsations are neglected. Some justification for 
this approximation, called the gasdynamic approximation, can be found in the papers 
of V. P. Panchenko [17]. Obviously, this hypothesis will be justified if the Joule heat- 
ing and the ponderomotive force (in the layer at the insulator wall) are small compared 
to the heat flux and friction at the wall. At short distances from the electrode and low 
wall temperatures this hypothesis is not fulfilled, since then diffusion processes, 

Joule heating and other effects become significant. 


3. The longitudinal electric field equals zero. The influence of end and near- 
electrode effects, which lead to the appearance of a longitudinal magnetic field, is 
disregarded. 


The integral momentum and energy relations for these conditions are written as 
[see (1-2-1), (1-2-13), (2-4-9), (2-4-13)] 


a) for the insulator wall 


oo +Re, (1 + H) | + Re** 24 H;=Re, 73 (7-6-1) 
d ee 
ot = Re of. =Re, St,, (7-6-2) 
where 
1 (Ae) 1 di*, 
a=, a tay a A ADs 
ry i 
j (1 -3,)# 
y= ane ——) 
b) for the electrode wall /180 
SF FRe, (1 +f =Re, L: (7-6-3) 
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d 
” sil ge + Re fis = Re, St,. (7-6-4) 


where 


d (4i,) ime 
fa=T- va tap ai+ (H —H,); 


joe 


H,= 


Thus, the momentum equation for the turbulent boundary layer at the electrode 
wall retains the same form it had for nonconducting fluid, except that the velocity gra- 
dient in the flow core appearing in the shape parameter f must be defined by the for- 
mula 


da, 


dP : 
Pee a ds + j,8:. (7-6-5) 


Consequently, with the gasdynamic approximation we have adopted, the dynamic 
turbulent boundary layer at the electrode walls is calculated by the formulas of 
Chapter 6. a 


Important for supersonic MHD generators is the question of the stability of the 
turbulent boundary layers at the electrode walls. If the reserve of kinetic energy in 
the boundary layer when the flow core is decelerated proves to be inadequate to over- 
come the friction, pressure and ponderomotive forces, boundary-layer separation 
from the wall occurs and a system of compression shock arises. 


The section of boundary layer separation from the electrode wall is determined by 
the formulas of Chapter 6G with allowance for the effect of non-isothermicity and com- 
pressibility on the frictional drag law and the critical separation parameters. 


After linearizing the integral momentum relation (7-2-6) we get 


Re oo a, 


oRe +1 + Heri) ak 


B 
= a, ia Pre =) Re Tike 


(7-6-6) 


After integration we get /181 


= e(— i ae G +1) 5 4 Reve fore, 
te (7-6-7) 


mei 


i 1 
x(t) u(i—u) “Tewnaebe FT 
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For the shape parameter Ho rit ¥e have the expression 
Horie = 2, Aly® + 1,38A~—0,52. (7-6-8) 


The local values of the friction coefficients are determined by the formula 


B - 
c,= ¥,7_%, mea( 2) , (7-6-9) 


where ®;, ¥, and ¥, are determined by (7-1-19) and (6-2-14). 


The shape parameter f is defined by the relation 


Re**,, dU 
I eae = a (7-6-10) 
Resel/* (1 —UH*— 


The parameter frit is calculated by (6-4-6), (6-4-7) and (6-4-12) or by the graphs 


in Figs. 6.10 and 6.13. In the section where the shape parameter f reaches the value 


f. rit’ the turbulent boundary layer separates from the wall. 


To solve the integral energy relations it is necessary to know the value of the 
electromagnetic shape parameters Hp and a 


D. N. Vasil'ev [19] has made an estimate of these parameters, using as a basis a 
power-law approximation of the velocity distribution and stagnation temperatures over 
the boundary-layer cross section. 


Taking 
w= 6§=£", (7=6-11) 
with allowance for (2-3-8) we have 
‘ e 
Talet Ge’? —YP—@—)eE. (7-6-12) 
Ohm's law is written in the form 
E= Bu — +. (7-6-13) 
e 
and for the flow core it is written as 
E,=8w,—-*. (7-6-14) 


Estimates will be made only for the thermal conductivity, when o=o(P, T). 


We take 
oes (5 ): ea (7-6-15) 


146 


~ 
N 


In the boundary layer P = const and it can be assumed that 


@ T 16 
= (7 (7-6-16) 


Taking Eqs. (7-6-12), (7-6-13) and (7-6-16) into account, we have 


i] 
__ (a+ 1)(2n + 1) t » Offs RS 
sama aks | Uae Ta Pe +e aa 
—@— NEP ee | ak 
1 
H — @t+Nl(an+h) jee es 1—k BP” {(y 
. i | : ( . ) (7-6-18) 


+ (y° — Hy) & — (4% —- 1 EI}  — &) ] dt. 


FIG. 7.35. Dependence of the electromagnetic shape 
parameters H. and HE on the non-isothermicity and 


load factor k. Calculations were made for T 
= 3,000 °K and My = 2.5. a,c—n = 1/7; b,d—n 
= 1/10; 1—k=0. 1; 2—k=0. 3; 3—k=0. 5; 4—k=0.7; 


5—k = 0. 9. 
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From Eqs. (7-6-17) and (7-6-18) it follows that the shape parameters H, and Hy 


depend on the three variables i, d* and k, where k = E,/EwWo is the load factor. 


The results of numerical calculation of the parameters H, and Hy by (7-6-17) and 
(7-6-18) for My = 2.5 (!" = 1.6), Tyg = 3,000 °K and various values of n and k are 
given in Fig. 7.35. 
From the graphs it can be seen that the exponent n has a considerable influence on 
the shape parameters H, and He at wall temperatures below 1,500 °K (¥ < 0.5). Hp 
and Hi, decrease with increasing temperature and can become negative at certain /183__ 
values of J. Knowing the value of the shape parameters He and His it is easy to deter- 
mine the drop in potential and overflow current at the duct walls 


Agnc=t)**Hr; \J=d°°H,, (7-6-19) 


where ba and ee are the momentum loss thickness at the electrode and insulator 


walls, respectively. 


7.7. Examples of Calculation of a Turbulent Boundary Layer on an Impermeable /184 
Surface 


Example 1. Calculate the friction and heat transfer on the surface of a cone in an 
air stream with parameters corresponding to an altitude of 10,000 m (P = 198.2 mm 
Hg, t = 50 °C) for M=6. The cone apex angle is 2w = 20°. The surface temperature 
is 600 °C. 


The gas parameters behind the shock are determined from the diagram in the book 
of Yu. A. Kibardin, S. A. Kuznetsov and B. Ya. Shumyatskty [39]. The angle of 
shock inclination to the axis of the cone is #., = 14°, Wo/ Wop = 0. 9753 Po/Pay = 25 


To/Tg = 1.37; My = 4.97. The gas parameters along the surface of the cone are taken 


to be constant. Then we get wy = 1,750 m/sec; py = 0.084 kg « sec?/m‘; Ty = 306 °K; 
u, = 4.05 + 10-6 kg + sec/m?; uy = 1.93 - 10-8 kg - sec/m?, 


Very important for these conditions is the question of determining the laminar to 
turbulent boundary layer transition. The existing theoretical investigations of the loss 185 
of boundary layer stability, based on the method of small perturbations, can yield only 
qualitative results. 


The limits of laminar-to-turbulent transition on the basis of existing experimental 
data are given in Table 7.5. 


The results of calculating the complete stability of the boundary layer and a com- 
parison of experimental data on laminar-to-turbulent boundary layer transitions on the 
surface of a cone with the results of calculation by van Driest [132] are given in Fig. 
7. 36. 
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FIG. 7.36. Influence of cooling on the 
Reynolds transition number on a cone 
with a 10° angle. A,B, C—boundaries 
of complete stability; 1—M = 1.9, Rey 
= 2.13- 10’; 2—-M = 2.7, Rey = 2.64 

- 10’; 3—M = 3.65, Re, = 1.97 ° 10’; 
4—thermally insulated surface; 0, 4, 
o —van Driest's experiments [132]. 


From this figure it follows that under the conditions considered in the example 
cone cooling does not ensure complete stabilization of the laminar boundary layer. 
The boundary of complete stability for My = 4.97 corresponds to y = 2.7. In our case 


* = = 2 = = . 
y T/T) 2.85; yo T/T 5.15; 
cee eee 
1+ 
According to the data of van Driest and Boison(see Table 7.5) cooling of the cone 
surface to values of 
Ay —— 
=i 
+r" Ms 
increases Re by a factor of about 2. 
x crit 
According to the experiments of Laufer et al. [132], Re, crit = 3+ 10° for a heat- 
insulated cone. Then, for a cooled cone under the conditions being examined we find 
Res crit #6: 10° and rezi¢ 0,08 m. 
The friction and heat transfer in the laminar boundary layer were calculated using 
the integral momentum and energy relations. 
The frictional drag and heat-transfer laws for a laminar boundary layer can be 
represented as [43] 
,22 
SE od oa oe (7-7-1) 


that is, 


La = pretty?) 0,08. 
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Table 7.5. Critical values of the Reynolds 


Laufer, Marte 


Lange, Giseler, Lee 


Van Driest 


Ross, Sincolair, 
Czarnecki 


Scherrer 


Van Driest. Boison 


J. Aeronaut. Sci., 1953, 
vol. 20, Ne 12, p. 718 


J. Aeronaut. Sci., 1957, 
we 12 


NACA TN 3020, TN 3648 | 


NACA TR 1055, 195! 


Scl., 


J. Aeronaut. 1955, 


wol. 22, p. 455 


Gaszlay J. Aeronaut. Sci., 1953, 
vol. 20, Ne! 
Sack, Diaconis NACA TR 1055, 195! 
For the case eee = const 
cy i 
St = 1 =~ apis (7-7-2) 
The momentum equation for flow around a cone has the form 
dRe** Re** Co 
ds = Re, zZ (7-7-3) 
where Re, = wWyL [Se and c,/2 is the local friction coefficient. 
Taking into account Eq. (7-6-1) we have 
0,664 
oo = = : 7-7- 
Re ¥I-V5 VRe, ( 4) 
i 0,574 ._-—. _9_ 
2 "Vite, V¥r; (7-7-5) 
0.574 Viv, 
St = VRe, pra (7-7-6) 
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number for supersonic flow around a core 


The influence of 
flow turbulance not 
discussed 


(4,3—3.3)- 10° 
3-10" 
2,7.10° 
(3.4—1)-10° 


(12—5)- 108 
(12—4)-108 
(8—3,5)-10° 
(6—3,5)-10° 


(7—8) - 108 


The influence of 
the Mach number 
not evident 

Change in Recrit 
due to variation of 
Rez 


4,1 108 
3-10 


(2,7—5,4)- 10° 


(2—0,85)- 10° 20, 2— (+0.5) 


In the laminar-to-turbulent boundary layer transition region we have 


Re**crtt = = Vi) V Res crig= 0.383. 2,85-*.-0,515-9.08 
X V6-10" = 788 


and 


ia) 
oe = Re°?...——_= 700; 
Re crit w R crit Aw 


= Ree® : 
Rercrie = pT = 93. Rez cote wy = 5M: (7-7-7) 


1.1SV Hy 1.15 (1,19)-8 


rcrit= "Whelan Vel == 3,93-10-¢ (7-7-8) 


The local frictional drag coefficient is 


1, 1S) - 0.1840 - 0.08 a 105.10-¢ 


(ey 5 ae y 2a 


y “ts Vx 
Be 


(7-7-9) 
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The local heat-transfer coefficient is 


¢ % 7 
Opa ene TS (7-7-10) 


For a turbulent boundary layer it is convenient to define the Reynolds number in 
terms of the viscosity with respect to wall temperature Rev" = (Pow8"")/u, 


Considering the equality of the momentum loss thickness at the point of transition /190 
from a laminar to a turbulent layer, the integral of the momentum equation for a tur- 
bulent boundary layer is written as 


1 
mel 1 
Re°*,, = cot [Rew _ Rens (eter 
ae 


. ’ (7-77-11) 
Re,Rerelt™ mel 
_ ses” yr 


Hence, for the local friction drag coefficient we have 
-— 1 
¢= Fac *" fe — Renal [resr 
: - (7-7-12) 
Rel?™ (Re**cattm caer 
i nlc aoe 


where 


For the heat transfer we get 


__* 
lem 
B 2+m 


St— Fen prey [Fe. = el Re;j 


(7-7-13) 
Rel }™ Rerel+Mpye.rs yP mei 
= ay eras 


The results of turbulent boundary-layer calculations by formulas (7-6-12) and 
(7-6-13) are compiled in Table 7.6. 


Given in Fig. 7.37 are the results of calculating the frictional-drag and heat- 
transfer coefficients for the conditions being examined. /191 


Example 2. For the conditions of the Viking-10 [35] rocket, calculate the heat 
transfer on the surface of the rocket cone of angle 2w = 25° at a distance of 0.66 m 
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Table 7.6. Table for calculation of example 1 


No. of the 
formula Formulas and calculation Comments 
in the text 
' 
vo — V+ db 
v= [ ig ine The limit frictional drag 
(4-1-2) ¥,=F, ro ee Vaee— 1) we = an + aut and heat-transfer law 1s 
Ab e : the same for coves and 
_ —————_—_————————————— | ow lates 
ares a) wean FoF sist * ie 


2(5,i5— 1) —2,3 | 
¥i6,5—1)6 8-235 | 
{ 


—2,3 
a a ——————————— = 0,311; 
ascsin Y4(5.15—1) (5,15 — 2,3) 4 2,38 } | 
| 


x [arcsin 


a= m=0,25; B=0,0232; 


k~—l 1,4—t i) 
Ty=T, (15> mg) = 206 (1 + 3 97) == | 820 °K. 


from calculation of a lam- 


Relt™ ee 
-c (Re**,)'+™ Te mean | %1 7 “crit 79-08; Rem, 
(7-2-12) ey= &,BC =| Re! — (rayn—* er soe )F 1° “crit 1 
inar boundary layer 


= 8 [eu | at aa oh ie 


Defoe lem 
toPex, \! +m ce * 
ios ) see 
2(2 +m) 
0,823. 10-8 


m 
Recelt 


BY, 


K— 2,8-10-*x- hates 


+m, 


m 
BY |-aer 
2. 2 Ss tr son = 
(7-2-53) stew, & 2(2 +m) ie DePe Re T1 Reh ue 
Pr®. bw from calculation of a 
laminar boundary layer 


 WePo lem 
I Were 2+m ee x.) 
(Fe x,) _t+m_ x 
24m) 4 


(Re**,,)!¢™ Prete || em 0,575-10-* 
aaa eee " (x—2,8-10-*x- tase? 


¥, 


0,575. 10-8 
© me SIC pYeee— 7.8 10- 8x hate 24-0,084-9, 81-1 770-3600 os 


fi . 716 
(x— 2,8-10-"x-Heepeae 
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Table 7.7. Initial data for example 2 


kcal m2hr deg) 
PJ 


FIG. 7.37. Results of calculating frictional 
drag and heat transfer on a 10° cone for My 
=6.0. 1—a; 2—Coe 


ery ena 8 SF 


from the cone apex and behind a turbulence generator at this same station. The initial 
data for the calculation are given in Table 7.7. 


According to the data of Table 7.5 it follows that the boundary layer at the point of 
calculation should remain laminar in the flight time under study. A turbulence genera- 
tor mounted just ahead of the calculation cross section (x = x, = 0.64) should make the 
laminar boundary layer turbulent. 


We shall assume that the boundary layer downstream of the turbulence generator 
has become completely turbulent and that the values of Re** just before and just behind 
the turbulence generator are the same. The calculation is performed by the method 
outlined above. The calculation results are given in Table 7.8 and in Fig. 7.38. 


kcal m “hr *deg) 
280 


FIG. 7.38. Comparison of the results of calculating 
example 2 with the experimental data of Snodgrass 
{222}: 1—laminar boundary layer; 2—turbulent 
boundary layer; a—experimental values of a behind 
a turbulence generator; @—value of a for a laminar 
boundary layer. 
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Table 7.8. Table for calculation of example 2 


@ = St Cagtede’3 600, keal/(m2 hr+ deg) 


\ *, sec 
: _—_————$—— 
Formulas and Calculations * H " 18 | » | oS 
Laminar Boundary Layer 
V/s .. ‘. ' : 
st = 0.87 74S. ‘ 9,000%65 | 9.000372 | 0.000418 | 0,000538 | 0,02068 
y Ree priia ' ' ' 
1 
© = St Cog Teme 3600, kcal /(m? hr- deg) 4g 27,3 | 23,7 | 28 | 168 
0.303 ae i. | are 
Rep, = Re, /Pr9/2 = air yO. ty % 0,06 Y Res {fla oS 727 650 | 482 
Turbulent Boundary Layer 
¥ ‘ ‘ 
C5 sm  [arcota —__2 8" = + Oe ! os j 07 | 0.7m | 0,696 0,685 
ol Vay? tr (ee + ay) = ay ’ : 
; ay aT) : . i 
‘—srcs8 ———————— |} J ] | 
Vier thw + Oy) = ae J 1 
7 | 
lem a 1 t 
wy, 8 _C : < 3+m * 0,0022¢ | 
BS Tp iem | Rem Rem ae: ; 0.00286 | 9.00219 | o.ougaa | o,0az@ | 0,00304 
, P | 
nn t 
Re! + Mpe®*!+mp,0.75\ 1 lem | 
41 _ft | + m= 0,25; § = C,0262 a4 162 | 138 8,6 49.3 
I 


Example 3. Calculate the distribution of specific heat load over the length of the 
nozzle of a liquid-fuel rocket engine. The initial data for the calculation are as fol- 
lows: 


pressure in the precombustion chamber: P= 6, 8, 14 kp/em?; 
characteristic velocity: 1617,1653 m/sec; 
nozzle wall temperature: 478 °K 
recovery factor: r= 0.9; 
propellant: hydrazine (N.H,) and nitrogen tetroxide N,O, in the ratio 1:1; 
adiabatic index: k = 1.22; 
gas constant of the combustion products: R = 44.49. 
The geometrical dimensions of the nozzle are shown in Figs. 7.39 and 7. 40. 


The combustion products of hydrazine in nitrogen tetroxide consist of a mixture of /193 
nitrogen, hydrogen and water vapor. The weight concentrations of these gases (for 
Mox/™ue) = 1) an Cy, = 0.59, C,,, = 0-019, and CHO = 0.391. The rest of the initial 


data are given in Table 7. 9. 
The stagnation temperature of the gas is related to the characteristic velocity as 
res Ee ar (7-7-14) 
where ; /195 
— i 
2 «=| ‘k+l 2 
mV |, 2 ° 


B is the mass flow coefficient, k = 1.22 and R = 44.49 kg > m/deg. 
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FIG. 7.40. 
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Distance along nozzle axis x, mm 


FIG. 7.39. 


FIG. 7.39. Comparison of the results of calculating heat transfer on a 
nozzle with the experiments of [247]. Po) = 6.82 kp/em*. The curve was 
calculated by (7-6-16) and (7-6-17); 9, 4 —measurements of Ww from the 
temperature drop in the wall; broken line—results of measuring as by the 
calorimetric method. 


FIG. 7.40. Comparison of the results of calculating heat transfer in a 
nozzle with the experiments of [247]. Po, = 14.06 kp/cm*. The curve was 
calculated by (7-6-16) and (7-6-17); ©, 0 —measurements of WW from the 


temperature drop in the wall; broken line—measurements of qy by the 
calorimetric method. 


Table 7.9. Initial data for example 3 


a0 | va | 1 600 


Cp kcal/(kg-deg) | 0.473 | 0,49 | 0.505 | 0,517 | 0,527 | 0,536 


p-10-*, kg*sec/m?! 3,36 | 4,25 


4,6 4,96 | 5,3 5,56 


Then, To = 2,820.7 °K for c* = 


1,617 m/sec and Ty = 2, 940 °K for c* = 1,653 
m/sec. 


The computational formula for the heat transfer coefficient has the form 


8B R\a 
om 5 Cn 3 600y,u, Pr- 9.089, (ron) 


Pe i ts ha aT (7-7-15) 
m uw ¢ a 
x TPrtign,. \¥- (es) ds 
Taking m = 0.25, B = 0.0252 and Pr®- 75 = 0.846 we have 
R \ese 
+= Cots e53.6,, (@—) 
=4 
Yer@cr =e (7-7-16) 
x [oe "gts (7, (25) 
The magnitude of the specific heat fluxes is determined by the formula 
Qw 28(T wy —Tow). (7-7-17) 


The calculation results are given tn Table 7.10 and are shown in Figs. 7.39 and 
7.40. Given in the same graphs are the results of the experiments of Whitte and 
Harper [247], which were obtained with an engine under the same conditions for which 


Table 7.10. Table for calculation of example 3 


x,m | Reyi1)| Rey ig) Vy (“ey ary | ary san eae eS perg Pet “wt [seat Ree") 
| | I lice “ekg de = hr m2 
0.213 9 850/700 | 2 | 0,782 | 0,83! | 242 | 2462 252 j 508 9.554 | 0.580 3.52 | 6.33 | 8700 
0,229 | 10900 0.809 | 0,858 | 2340 | 2460 | 271 $48 1 C552 | 0.554] 3.64 | 6.60 | 9780 
0.241 | 12650 | 22450 | 1,94 | 0.877{ 9.908 | 23301 24504 3:7 | Gaz al ere 3.96 | 7,36 + 11300 
0,254 | 14 7u0 | 26 100 | 1,92 | C.938 | 9.955 | 2520] 2440, 355 | 738 | 0.539 | 0,550 4.21 | 8,02 | 13150 
0.206 | 16 40U | 29 100 | 1,90 | 0.87 | 9,901 seas bene 401 j se | 0.548 | C,550 | 4.56 1 4,44 | 14.650 
0,279 17.300 |30 700 | 1,88 | !,90 j i.0C | 2490) 2410) 414 | B55 ese | eb 4,55 | 8.41 | 15.450 
0.292 | 17000 |30 200 | 1,82 | O.y87 | 0.4 = | 2290 ee 4u1 | si0 0.542 | 0.545 | 4.26 | 7.91 | 15500 
0,305 | 16 100 | 26 Gu0 | 1,80 | 0.457] 0,952 | 2240 | 2400) 362 | 732 | 0.540] 0.542 | 3.41 | 7.06 | 14 9D 
0,317 | 14620 | 20500 | 1,75 | 0,085] 0.910 | 2270] 2305 | sez | O49 | 0,545 | 0.557 | 3.55 | G15 | 19150 
U,$90 | 15.400 125 650 | 1,08 | 0.853] 0,872 | 2270] 2340 | 2a6 |] 579 | 0,590) 0.592] 2.67 | 5.39 | 12000 
0.356 | 11 sUU | 20900 | 1.64] 0,749] 0,803 | 2260] 23n0 | 232 | 46u | 0,525) 0.527 | 2,33 | 4.28 | lu 400 
0.361 | 10130 | 17450 | 1,54 | 0,677] 0.746 | 2250] 2370 | 189 | 374 | 0.517] 0,520] 1,82 ee 4 500 
0.405 | #450 16500 | 1,50] 0,618 | 0.695 | 2240 | 2360| 158 | 319 | 0,510] 0,512 | 1.49 | 2.73 | 7300 
0,432 | 6080 114400 | 1.46 | 0,569 | 0,654 | 2230] 2350] 133 | 269 | 0,507 | 0,510 as | 231) Fie 
0,457 | 7320 | 14000 | 1,42] 0,527! 0,617 | 2230] 2350 | 115 | 232 | 0.502 | 0,505} 1.06 | Ler) Gado 
0.405 | 7040 112550 | 1,401 0,514] 0.607 | 2225] 2340 { 169 | 221 | 0.500] 0.503 | 0,195 Ls | 6 320 
LOY a Ve Original from 157 


the calculation was made. The heat flux was measured by two methods, balance and 
non-stationary. As can be seen from the graphs, the proposed calculation method is 
in satisfactory agreement with the experiments. 


Example 4. Calculate the changes in momentum loss thickness and shape param- 
eter H for a supersonic turbulent boundary layer in the diffusor region. The initial 
data for the calculation are as follows: 

Too = 338 °K; diffusor wall thermally insulated; 

Po =1 kp/cm?; 


6**, = 0.406 mm (at X = 0). 


The variation of the Mach number over the diffuser length is given in the follow- 
ing table: 


z=mz/L | 0 0.2 | 0.4 1,0 


M 3,01 | 2,76 | 2,49 1,79 


The geometrical dimensions of the diffusor are shown in Fig. 7.41. 


FIG. 7.41 


FIG. 7.41. Variation of 6*” over the length of a supersonic diffusor. 
The curve is theoretical; the points represent the experiments of [178]. 


FIG. 7.42. Change of the shape parameter H over diffusor length: 1— 
calculated by the proposed method; 2—calculated in [198]; the points 
represent the experiments of [178]. 


The results of calculating a turbulent boundary layer by the proposed method for 
the conditions under study are presented in Table 7.11 and in Figs. 7.41 and 7. 42. 
Shown in these same graphs are the experimental results of McLafferty and Barber 
{178]. As can be seen from the graphs, the proposed computational method ts in 
satisfactory agreement with the experiments. 
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0,2 |2,76| 644 
0,4 | 2,49] 616 
0.6 | 2,17] 577 
0,8 | 1,93] 542 
1,0 1,79] 518 


Remarks: 


Table 7.11. Computational results for example 4 ALOT 
a 7 gee de t 
E 1M |mfsec] 6 | Mer | @ | a] ¢ { a10 Ree | mm | ds [nie ler | F— | aw 
4 sec-1 a | 
ia ee 
0 3,01 | 668 | 2.64 /5,82/0,5 |! t 0 ; 1050 0.406 | 1310] 0.8 1,02 a ha 5,66 
2.37 |5,19| 0,54] 1,34] 0,69 0,616 1460 10,455) 1750) 1.13 | 1,31 [0.86 ;0.98 | 5.08 
2.12 14,59] 0,58] 1.78 | 0,485 1,21 2020 | 0,490] 2390) 1.66 | 1,68 0,985 10,949 , 4.59 
1,65 | 3,94] 0,63 / 2.32) 0,349 1,83 26490 | 0,496] 2180] 1,8 2.4 10,75 J0,90 | 3.73 
1.67 |3,50/ 0,68} 2.98} 0,255 2,46 3500 | 0,546) 1500 | 1.65 | 2,88 |0,574/0.94 | 3.29 
1,577] 3,27 ea 0,189 3,05 4670 :0,63 | 1500} 1,97 | 3,28 {0.6 [0.941 | 4.U7 
—0,4 /3,01 | 668 | 2,64 [5,82 | | 0 0 ° O.8u | 5.2 
' 
8e . Cl] Be \M fe Me | 
ny Pra s = owe (l em) f+ Me St ; AaW (x) fe. He 
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CHAPTER 8 
TURBULENT BOUNDARY LAYER OF GAS ON A PERMEABLE SURFACE /198 


$.1. Comparison of the Limiting Relative Laws of Friction, Heat-and Mass Transfer 
on a Permeable Plate with Experiment 


It 4s well known that when eas is injected at the surface of a body the stability of the 
laminar boundary laver decreases. It can be assumed that in a turbulent boundary 
laver the contribution of viscous friction forces to the total drag decreases with in- 
creasing intensity of injection. This fact reduces the influence of the Reynolds number 
on the relative laws of friction and heat transfer and should favor the applicability of 
the limiting laws of friction and heat transfer for practical calculations in the range of 
finite Reynolds numbers. In order to compare the experimental data with the limit /199 
formulas let us obtain the relative frictional-drag and heat-transfer coefficients for 
the condition Re. = idem. 


The integral momentum relation for a plane turbulent boundary layer of incom- 
pressible fluid on a permeable plate can be written in the form of (1-2-11): 


dR is 
sre (F +0) (8-1-1) 


where, as usual, Re®**=8**/v; Re, =c'ot/v. 


Let us examine two canonical cases: b = const and hy =const. We shall assume 


Epes the turbulent boundary layer develops off the leading ¢ edge of the plate, i.e. for 
=0, 6=0. Then, taking Cry = B(Re**)-™, for the case b = const we have 


Re®* = [za + mF +5) Re, |=. (3-1-2) 
We define the friction coefficient for standard conditions by the formula 


e B 
Lo ‘ 


i :8-1-3) 


where 
B = -™ 
m= B,= (+)70 +m)". 
When m = 0. 25 and B/2 = 0.0128, we have c,,/2 = 0.0296 Re>™? 


We introduce the relative friction coefficient and the permeability parameter in 
the form 


v= fey Py 
€ 
\ ee Me (8-1-4) 
b= Ze iw 
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The quantity ¥W, is the ratio of the friction coefficient on a permeable plate to the 
friction coefficient on an impermeable plate for equal values of Re. 


From Eqs. (8-1-2) and (8-1-4) it follows that /200 


m 6 
Cis = ') *s 6,= —_—_—_—) 
¥,=—* _, 
a we 


(8-1-5) 


i 
berita=b crit ™, 


= 1 = 2 . = —_ = 
Let us Recall that ¥ = (4 eee’ b=f,, a When b Dorit? we have ¥,= ¥—0. 
From Eqs. (8-1-5) 
b 6 
v,= ( a) '8-1-6) 


consequently, Y,—»—b, when 6-—+—4; that is, in this case 


Ww=—t (8-1-7) 
and 
Tw = P(— Wy) we. (8-1-8) 


Thus, there exists a limit solution for suction of a turbulent layer, as is known 
{100], an analogous result is also obtained for a laminar boundary layer (the case of an 
asymptotic solution). As follows from (8-1-1), in this case Re** = const and 6** 
= const. 


When m = 0.25 


_ (1 —0,258)8 
so (1+ 0,250)""* 

eS 6 ‘ (8-1-9) 
b= (T+ 0,255)". * 

Bscrit = 3,0 


and the flow being examined exists in the region 
—4<0< 44 and --w<b,< +30. 


For the conditions is, = const and the boundary conditions 6" = 0 at x = 0 for 


m = 0.25, we get from the momentum relation 
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Reee > B peti 4 d Re*® 


em | ep 


16 Renn ee 
slrassmen Re — 23’ (Re nea) 


+ 68" (Re**)'"? 4 123 (Re**)' ' —12[1 
+ B (Re**)"* | In[i + 3(Re**)' '}}, 


(8-1-10) 


where 
p= = Tw! /2B. 


Expanding the logarithms from this formula into a series and limiting ourselves to 
the first five terms, we get 


Re** — (0 +3Re™!/* )Re, |” ; (8-1-11) 


Consequently, 
v (1 —0,258)* , 


= TT 40,2508"? 


b ae 
b= Tt (8-1-12) 


Oscrit = 3,5. 
The asymptotic solution for these boundary conditions also yield 
tw ™—P@crWo. 


In the region of existence of a flow with ny = const 


—4<b<4 and —w <b, < +35. 


When Cy, = const /e.g., flow over a rough surface), the conditions b = const and 


is = const become identical and the functions V and 7. coincide. 


Given in Fig. 8.1 is a comparison of the results of calculating the frictional drag 
laws by formulas (8-1-9) and (8-1-12). As can be seen from the graph, the difference 
between the formulas is not great. 


The triple Reynolds analogy should be satisfied fro these conditions; that is, 
Po = Vsu= VY de, (8-1-13) 


where, as will be shown below, the conditions Te = const and Cat const correspond to 


the conditions bp = const and bn = const. 
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FIG. 8.1. Comparison of the relative friction 
coefficients on a permeable plate for the case 
b = const (1) and Te =const (2). 1—calculated 


by (8-1-9); 2—calculated by (8-1-12). 


FIG. 8.2. Influence of gas injection on 
the turbulent friction coefficient on a 
permeable plate: 1—gas suction, cal- 
culated by (8-1-12) for b< 0; 2—gas 
injection, calculated by (8-1-12) for 

b > 0; O—[148]; 4—[191]; ® —[90]; e— 
[181]; © —[49]; @, O —[156]. 


a 
Ww, 
Per 3%, 


FIG. 8.3. Influence of gas injection on the coefficient 

of heat transfer on a permeable plate. 1—calcu- 

lated by (8-1-12); 2—calculated the empirical for- 

mula of [83]; O—[180]; O—[141]; ®@—[90]; O—[125]; 
©—(238]; @ —[96]; @—[145]. 
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The existing experimental data from measurement of friction on a permeable plate 
are compared in Fig. 8.2 with the limit formulas (8-1-12). The agreement between /202 
the limit frictional drag law and the experimental data obtained for finite Reynolds as 
numbers can be considered as completely satisfactory, although the great scatter of 
the experimental points, especially at high injection intensities, should be noted. 
From our viewpoint, the most reliable data of Kendall (135], Dershin [135] and Mickley £203_ 
(as processed by Leadon) [169] are located somewhat above the limit relation. 


The limit law of heat transfer is compared in Fig. 3.3 with experimental data on a 
permeable plate for the subsonic velocity range with injection of a homogeneous gas. 
As can be seen from the graph, the experimental data on heat transfer exhibit substan- 
tially greater dispersion than those on friction, especially in the region of intense in- 
jection. From our viewpoint, the most reliable results, obtained by Kays et al. [182], 
are located somewhat above the limit relation, which may be explained by the influence 
of the finite Reynolds number. 


8.2. Critical Injection Parameters 


Three regions can be defined for gas injection through a permeable surface, 
depending on the intensity of injection, as follows: 
1. The friction coefficient c,/ 2 in the momentum equation is commensurate with 


the relative injection ie In this case the basic assumptions of boundary layer theory /204 


remain in force, but a simple self-similar solution cannot be obtained because the 
equation contains the friction coefficient. 
2. Relative injection is considerably greater than the friction coefficient Gy 


2 C,/ 2, but the momentum of the injected gas mass is much lower than that of the 
main gas flow. In this case the fundamental assumptions of boundary-layer theory 
remain in force, and a simple relationship between 6** and j,, is obtained from the 
momentum equation: 

6°° je. (8-2-1) 


3. The momentum fluxes of the injected gas and main flow are commensurate. In 
this case the assumptions of boundary-layer theory are unsuitable. 


An approximate estimate can be made of the region of variation of the transverse 
mass flow, where the basic assumptions of boundary-layer theory remain valid. 


Reducing the Navier-Stokes equations to dimensionless form and considering that 


wy~ 2 == ry 
during gas injection, we get 
ow’, , Ow’, = oP" 1 /0w’, , d8w’s\, _9. 
Wa Br te ay = ar Te on? +) sere) 
! ' tow t TT io 
ow’ p Oaly OP 4 Nf Poy 5 Poly -2- 
Wage tea dy’ Tee ( ox’? + av) (Bren) 
toy row ! nv? 
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Thus, the principal consumption of boundary-layer theory (that is, dP/dy=0) 
remain valid if {~ 8’, that is, Wow! “o ~ 6/L. Since 6/L = 0. 37/Re,°- 2, the domain 


f applicability of the methods f boundary-layer theory, according to the estimates, is 
bounded by the maximum value of the permeability parameter by = 12. 


One of the interesting results of the asymptotic turbulent boundary-layer theory 205 
under development is that the boundary layer separates from the wall at certain injec- 
tion intensities, defined by the critical injection parameter. In particular, the critical 


injection parameter is borit = 4 for injection of a homogeneous gas into a subsonic 


stream under quasi-isothermal conditions. In this cross section the friction coefficient 
equals zero, the wall temperature equals the temperature of the injected gas and the 
concentration of injected gas at the wall is 100%. 


Taking these ideas into account, a qualitative picture of turbulent boundary layer 
development over a permeable plate at a constant mass flow rate of injected gas can be 
given in the form of the diagram illustrated in Fig. 8.4. 


FIG. 8.4. Diagram of boundary- 
layer development along a per- 
meable plate. 


: Ae = aes 
#59 (Tha) a on Tar BE 
— ay. a 


Up to the section x =x we are dealing with the first region. At the section 


crit 
X= Xa nit the boundary layer is displaced from the wall. In accordance with the limit 


formulas (8-1-12) 
Rescrit=[10jw}'. ‘8-2-4) 


In the region x > x the boundary layer is separated from the wall; here Eq. 


crit 


(8-2-1) becomes valid. When x > X rans’ the boundary-layer equations are inexact, 


and to get a rigorous result it is necessarv to solve the complete system of Navier- 

Stokes (or Reynolds) equations. The vilue of x can be obtained from the esti- 
trans 

mates made above: 


Reatrans =(2.3jwh' (8-2-5) 


Given in Table 8.1 are basic data on experimental studies in which the critical 
injection parameters were measured. 
As can be seen from Table 8.1, the experimentil values of the critical injection {207 
parameters, determined by various methods, are sufficiently close to the theoretical 
limit values. Considering the complexity of determining the critical injection param- 
eter and the law experimental accuracy, the agreement between theory and experiment 
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Table 8.1. 


Author 
Hacker (U.S. ), 1956 
Hacker (U.S.), 1958 


A.L. Leont'ev, B.P. Mi- 
ronov, P.P. Lugovskoy, 
1966 


Baker (England), 1967 


Rosenbaum and Margolis 
(U.S. ), 1967 


S.A. Druzhinin, et al., 
(1968) 


V.;P. Motulevich, et al., 


were measured 


Measurement method 


From the indications of 
a Preston tube 


From an interferogram 
velocity profiles 


Interaction for acid 
medium with an alkali 
one 

From the indications of 
a Preston tube and 
velocity profiles 


From measurements 
of pressure fluctuations 
at this wall 


From measurements of 
turbulent fluctuations 
and boundary layer 
displacement thickness 


From interferograms 
in monochromatic 


light 


berit 
3.5-4.0 
8.0-15 


5.0-5.4 


3.5-4.0 


4.0 


5.0-6.0 


must be considered as better than satisfactory. 
velocity measurements made in [49] in the boundary-layer displacement region have 

demonstrated convincingly that the longitudinal velocity component near the wall equals 
zero, in agreement with the adopted scheme. 


Experimental Conditions 


Flat plate 
Flat plate 


Two-dimensional duct 


Axisymmetric wall jet; 


rough, permeable 
plate 


Flat plate 


Flat plate. Injection 
of various gases 
(air, Freon, helium) 


Plate in a two-dimen- 
sional duct 


Composite table of the papers in which critical injection parameters 


Source 


Jet Propulsion, 1956, 
26, No. 9 

An ASME publication; 
Paper No. 58-A-249 


Inch-fiz Zh., 1966, 
X, No. 4 


Thesis, Univ. of London, 
Jan. 1967 


Phys. Fluids, 1967, 10, 
No. 6 


Teplo- i massoperenos, 
"Energiya" Press, 
1968 


ENIN (Power Institute) 
1969 80. 


It is interesting to note that the 


An interferogram of the turbulent boundary layer on a permeable plate from the 
paper of V. P. Motulevich [80] was given in Fig. 1.5. A comparison of that interfero- 
gram with Fig. 8.4 als» supports the scheme adopted for turbulent boundary-layer 
development in the egion of intense injection. 


From an analysis of Table 8.1 it follows that the experimental values of the criti- 
cal injection parameters obtained by direct optical methods [149, 63] are greater than 
the theoretical limit values obtained for infinitely large Reynolds numbers. 


Interesting results from measurements of wall pressure fluctuations for a displaced 
boundary layer on a permeable surface are given in the paper of Rosenbaum and 


Margolis [201]. 


Shown in Fig. 8.5 are the results of measurement of the rm wall pressure fluctua- 


tions at various injection intensities. 


As can be seen from the graph, the wall pressure 


fluctuations increase with increasing injection and at certain injection rates a maximum 
is observed, explained by the authors as blow-off of the boundary layer from the wall. 
The broken line in Fig. 8.5 corresponds to a calculation for Dorit = 4; it passes 
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FIG. 8.5. Dependence of the rms pressure fluctua- 
tions on a plate on the injection intensity according 
to the data of [201]. The dashed-line curve was cal- 
culated from the boundary-layer displacement con- 
dition (bo = 4.0); the points represent the experiment 


of [201]. 
Sie a A ola 
Velocity Woe m/sec 18,2 3 2.6 | 5 oe] a 


approximately through the pressure-fluctuation maxima; this is an additional quantita- 
tive confirmation of the theory being proposed. 


Using the method applied in Chapter 9, let us taken into account the influence of a 
finite Reynolds number on the critical permeability parameters. 


~ 


In the immediate vicinity of the wall the horizontal velocity component w, * 0, 
and the equation of motion for the viscous sublayer can be written as 


Ow, ow, 
» ae cage (8-2-6) 
In integrating we find that 
4 
ons +(e (*t) fa 1]. (8-2-7) 


in the region 0<%<§, on a permeable plate. 
When bes = 0, we get the usual linear velocity distribution. At the point of boundary- 


layer break-away, ¥=0 and typ = bart Ve_/ 2, the quantity Dorit having a finite value. 


Consequently, +0 at the point of boundary-layer separation near the wall. This means 
that a layer in which the longitudinal velocity component a 0 replaces the viscous 


sublayer at the point of turbulent boundary-layer separation near the permeable surface. 


’ a ee Oriainal from i7 
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Taking /® = 04 x for the turbulent part of the boundary layer and taking into 
account (1-5-6) and (5-1-2) we get 


0.48 5 = peta to +iy’ os 0. 


Setting c, = 0 and uw,=0 at the point of boundary-laver separation, we get 


f 


When &€=1! we have o=1 and 


& crit =e! 0.4 y’ brite? 


Perit te \ 


Accordingly, 


j Yeo tent? SY Boag” int 


Since w,=0 at the point of separation, 


veritas = z?. 
bcrit 


On the other hand 


In the first approximation the quantity Z can be defined as 


z=i—16)/ ¥, 2. 


(8-2-8) 


(5-2-9) 


-2-10) 


(8-2-11) 


(8-2-12) 


(8-2-13) 


(8-2-14) 


The results of calculating Dorit by (8-2-13), with account taken of (5-2-5) and 
(8-2-14), are presented in Table 8.2. 


The calculation results are sufficiently well approximated by the formula 


0,83 
Borie ™ bates! + Geet | 


(8-2-15) 


/209 


/210 


Table 8.2. Values of the critical permeability 
parameter in the range of finite Reynolds 


numbers 
Re°* | 2.10 108 10° “agp 
Perit | sie |- 492 | 448 | 4.0 
b'crit for 6 = const | 3.74 | 3,57 3,35 3.0 


The results of calculating b by (8-2-13) for a boundary layer of variable density, 


crit 
defined by (5- 5-13), at subsonic velocities are compiled in Table 8.3. 
Table 8.3. Values ofb __,, for a plate 
crit 


submerged in a supersonic, non- 
isothermal gas stream 


Res 
. 2-10 ie | © we 
0,25 | 11.6 Tr 10 9.25 
0.5 7,96 1,54 6,87 6.21 
1 5,18 4,92 4,48 4,00 
2 3.3 3,06 2,79 2,47 
4 1,92 1,83 \ 67 1,46 


As follows from the graph in Fig. 8.6, the critical injection parameter in the 
range of finite Reynolds numbers for injection of foreign gases under non-isothermal 
conditions can be determined by (8-2-15), while the effect of variable density is taken 211 


into account in Deets by formulas (5-3-5) and (5-3-6). In this case 
bcrit ane Scrite =t; fin 1+y¥i— itv) 2 (8-2-16) 
‘bcrite §—critdco 4 =a! aT -Vi-y, 


for $,<1 and 


Perit __ I J (arceos we (8-2-17) 
i = Vs / 


for 4, >1, where z, = PoP Dorit is defined by :8-2-15). 


With allowance for the approximating formulas we find 
bcrie__ 9 -2- 
eri oe ‘8-2-18) 


In particular, for injection of a foreign gas under non-isothermal conditions we get 
W=R and 
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berit_ 3 =e 
bene FR" (8-2-19) 


Formula (8-2-19) is compared in Fig. 8.7 with the experiments of [75]. 


SS 


on mn NO 


Na 


FIG. 8.6. Influence of non-isothermicity and Re*” on the 
critical injection parameter. 1—Re"”"= 2- 104; 2-105; 
3—10°; 4—a. 


FIG. 8.7. Effect of the molecular weight of the injected gas 


on the critical injection parameter. Curve calculated by 
(8-2-19); the points represent the experiments of [75]. 


8.3. Taking into Account the Influence of a Finite Reynolds Number on the Laws of 
Frictional Drag and Heat Transfer on a Permeable Surface 


In Chapter 7 it was demonstrated that a formula of the form 


=(1—F)’, (8-3-1) 


where 
F=— v/¥,, ee b= b' bere 
is universal. 


Considering the relatively weak effect of a finite Reynolds number on the relative 
law of frictional drag, we retain formula (8-3-1) also for the region of finite Reynolds 
numbers and will take into account the effect of the numbers only on Dorit (by (8-2-15)). 


Final conclusions as to the valdity of this supposition can be drawn after compar- 
ing the proposed formula with experiment. It is well known that gas injection reduces 
the critical values of the Reynolds number. If we take a minimum value of Reo rtt 
= 10', we find that borit 5:3: Then, 


W = (1—0,1896)?; (8-3-2) 
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FIG. 8.8. Effect of injection and packer eae on heat transfer in 
the initial section of a pipe. Coordinates =—— se ¥, = f(b). 1—calculation 


by (8-3-1), (8-2-16) and (8-2-17). The eee data are from [68]: 
inlet variant I: o—air-air; %, = 0.47-0.8. Inlet variant II: 4—air-air, y, 
= 0.47-0.8; a—air-air, %, = 0.3-0.42; +—helium-air. The region 
bounded by dashed lines is the experiments of (182] (air-air). Coordi- 


nate st = f(b). 2, 3, 4—calculation by (8-3-1) and (8-2-16) for y, = 0.8, 


0.6, 0.3, respectively. Experimental data from [68]: x—y, = 0.7-0.8, 
y, = 0. 56-0.6; ti—y, = 0.3; the points in the ovals are experiments with 
b=0. 


FIG. 8.9. Effect of injection of a foreign gas in the frictional drag 
coefficient. a—experiments of Pappas and Okuno [191]: @—helium-air; 
@©-—freon 12-air; o—air-air (My = 0.3; m = 0.153); b—experiments of 
P. N. Romanenko and V. N. Kharchenko [90]: o—helium-air; @—air- 
air; 4Q—freon 12-air; the curves were calculated by (8-3-1) and (8-2-15). 


= 2 
bere = 4,5, Vi= CON. (8-3-3) 
Given in Fig. 8.8 is a comparison of (8-3-1) with the experiments of [68], in which 
ata were obtained in heat transfer in the initial section of a porous pipe under rela- 
ively strong non-isothermal conditions (up to y, = 0.3). The effect of non-isothermic- 
ty on St was determined by (8-2-16), and the function ¥, appearing in ¥, was calcu- /213 
ated by (4-1-5). The number St, was defined by 
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0.0128 
(Re*"iwi™ Frese" 


St, = 


mum ae ‘3 =m / 
where Re... = p,»w,5.""/u_. 
ere e iw Pa 0 i “ 


As can be seen from the graph, the proposed calculation method yields satisfac- 
tory results even for an appreciably non-isothermal turbulent boundary layer on a 
permeable surface. It is interesting to note that the influence of non-isothermicity on 
the relative laws of frictional drag and heat transfer on a permeable surface is con- 
siderably greater than on an impermeable surface. 


The experimental data of P. N. Romanenko and V. N. Kharchenko [90], Pappas 
and Okuno [191] from measurements of friction during the injection of foreign gases 
are compared with (8-3-1) in Fig. 8.9. An analogous comparison is made in Fig. 
8.10 with the data on heat transfer obtained in a paper of Tewfik, Ekker and Shatladen £214 
[237]. 


Given in Fig. 8.11 is a comparison of the results of a measurement by Jonsson 
and Scott of the helium concentration on a permeable surface with formula (5-5-7). 


MNS 
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FIG. 8.10. FIG. 8.11. 


FIG. 8.10. Influence of injection of helium on the 
heat-transfer law. Curve calculated by (8-3-1) and 
(8-2-16) for Re** = 10‘; the points represent the 
experiments of [237]. 


FIG. 8.11. Relationship between the relative friction 
coefficient and the concentration of injected gas 
(helium) at a wall. Curve calculated by (5-5-7); the 
points represent the experiment of Jonsson and Scott 
[158]. 


Pore cooling is widely used in the supersonic gas flow region. The limit laws of 


frictional drag and heat transfer for this region, as shown in Chapter 6, can be 
approximated by 


y =— A a (8-3-4) 


where 
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be 
is] 
_ 
(S)) 


am b\*, . 
ad ye) ¥ =(CilC)gere Re**, 
=pwe"*/n,. p=T IT’, 
The values of the critical permeability parameter are approximated by 


Berit = berite Yu, (8-3- 5) 
where Dorit is defined by (5-3-5) and (5-3-6). 


It should be noted that the frictional drag coefficient Ce! 2 occurring in the per- 


wh 


meability parameters is also defined by Re, For the condition of flow over a flat 


plate being considered here Eq. (8-3-4) is applicable for the laws of both heat and 
mass transfer. 


In calculations of heat-transfer processes in a supersonic flow on a permeable 
plate there arises the question of the effect of injection on the recovery factor. Fig. 
8.12 gives the not too numerous experimental data in this region, processed in the 


form of the dependence of r/rp on b,,= j i e where c,_ ,/2 is the frictional drag 
M {™ {M 


we 
coefficient in the absence of injection, but with allowance for the effect of compressi- 

bility. A substantial decrease of the recovery factor with increasing injection inten- /216 
sity can be noted. This factor may be of great significance in generalizing the experi- ———— 
mental data on heat transfer in a supersonic stream in ‘the region of relatively small 
temperature drops. The heat-transfer coefficient, defined as a, = q,/ (To9-T.)» may 


differ by several factors from the heat-transfer coefficient a = q,/ (T)-T,)- In 


analogy with a subsonic flow, the second definition of the heat-transfer coefficient is 
more convenient, since it satisfies the condition for : _ Ty? q 0. 


The experimental data on heat transfer of B. P. Mironov, M. I. Smirnov and 
N. I. Yarygin [76] are compared with (8-3-4) in Fig. 8.13. The experiments were 
carried out for a longitudinal flow over a porous cylinder with My = 3.0 ina rather /217 
broad range of variation of the injection parameter. First data were obtained in the 
recovery factor (see Fig. 8.12), which were used in determining the heat-transfer 
coefficients. * Good agreement can be noted between the experimental results and 
(8-3-4). 


In calculating a turbulent boundary layer of compressible gas on a permeable sur- 


face allowance should be made for the appearance of an oblique shock at the leading 
edge of the plate in view of the increase in displacement thickness and flow deflection. 


* Shown in this graph are the experimental data of Leadon and Scott. 
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FIG. 8.12. Influence of gas injection 
on the recovery factor. @—experi- 
ments of Yu. V. Baryshev [7] (M 

= 2.5); A—experiments of B. P. 
Mironov, N. I. Yarygin [76] (M 

= 2.06, 3.05, 4); x—Pappas and Okuno 
{192] (M = 4.7); 0—Bartle and Leadon 
([169] (M = 3.2); 4—Leadon and Scott 
[168] (M = 3.0); o—Rubesin [206] (M 
= 2.7). —— —calculation by the 
formula [7] 


retndel sen es nic . 
h # (Q—Pry) (2—Prp) 


FIG. 8.13. Effect of injection and 
compressibility on heat transfer for 
longitudinal flow over a cylinder. 
Curve calculated by (8-3-4). The 
points represent the experiments of 
B. P. Mironov, M. I. Smirnov and 
N. I. Yarygin [76]. 


Symbol 
Mach number 


4 
2.0 


ste 


Shown in Fig. 8.14 is a shadow photograph obtained by Yu. V. Baryshev of a 
boundary layer on a plate with an initial porous section in a supersonic flow. The 
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FIG. 8.14. Turbulent boundary layer of compressi- 
ble gas on a permeable surface (shadow photograph). 
Mo = 2. 25; j,./Poy Wo = 0.032; poo, - mass gas flow 


behind the shock; the white line shows the position 
of the shock calculated by (8-3-7). 


shock intensity and therefore the parameters at the outer edge of the boundary layer 
can be determined using the formulas of gas dynamics for flow past a wedge. 


The angle of flow deviation can be determined in the first approximation from the 
boundary layer displacement thickness on the plate. 


The value of the shape parameter H is calculated by the formula (for <1) 
H =(2,41 9° + 1.38 Ay —0,52]1 + 0,050]. (8-3-6) 


The flow is deflected appreciably under strong injection; in the first approximation, /218 
therefore, we can write 


gee dae = 
tge= 5 =H az =Hj,. (8-3-7) 


where w is the angle of flow deviation. 


Using gas-dynamic functions [39], the shock intensity and the gas parameters 
behind the shock are determined by the method of successive approximation. 


The position of the shock, calculated by the proposed method, is shown in Fig. 
8.14. Satisfactory agreement between calculation and experiment is noted. 
8.4. Solution of the Equations of Momentum and Energy on a Permeable Surface 


of Weak Curvature 


The integral momentum relation for a plane turbulent boundary layer on a perme- 
able surface can be written conveniently in the following form: 


SR (1 +H) Rete Se Re, Se (P+), (8-4-1) 


where Re®*o=powod**/p0; H=8*/d**; Rez =poWol-/po; Y= (C//¢so) Re®*; b= jw (2/cyo). 


The dependence of the shape parameter H on the non-isothermicity and injection is 
determined by the formula 
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H =z te () 40,058) Hy, 
tc, 


(8-4-2) 
where Qi tiw/io, Yop=Crew/Cro: ty=MolMw;, Ho=1,3A7. 


For a constant value of the permeability parameter and for constant surface tem- 
perature of the body we get from (8-4-1) 


Re**,, = >" [“* B Raw (F +0) {iy de 
ie 


(8-4-3) 
+ (Re** wits Z|" “i 


where Re®*w =pownd**/uw:s Rew =pacinl/pw: 
mined by (8-3-4). 


= Dolan wna l+H, F=x/L;V is deter- 
The local friction coefficients are found by the formula 


/219 
t —F =e -4- 
2 © >Re,” (8-4-4) 
For an axisymmetric boundary layer we have 


mE [MEE eRe HH 


a 

r +m -4- 
x [meer "Emde + (Re®*, im pyit™ | (8 5) 

ke 


For a flow without a gradient dw,/dx = 0 and Eqs. (8-4-3) and (8-4-4) reduce to 
Eqs. (8-1-5). A solution is obtained for Eq. (8-4-1) for critical injection conditions 
In this case 


z 
Re**,, =5,"(* Sect A "de 


— (8-4-6) 
+ (Re**,, 2 rhe -" 
hee 
where b it is determined by (8-3-5). 


The corresponding law of distribution of injected 
gas that gives rise to boundary layer separation is found from the formula 


Bd 
w= etd, “f + crit 2 «We Rem 


(8-4-7) 
The other limit solution corresponds to the case of gas suction from the surface 
according to the law 


(8-4-8) 
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Then, from Eq. (8-4-1) we get 
SReMw + (1) Rew tes 9, (8-4-9) 
ww 


Hence, taking H = const in the first approximation, we have 


Re®* 9 len 
merce = (Se) °" (8-4-10) 
From Eq. (8-4-8) it follows that 
Bb ore = —¥ = — FF, (1 — 5)’, (8-4-11) 
and therefore 
5 2+ beriey yp ret I. (8-4-12) 


Thus, knowing the dependence of Rev" and b on x, we get the law of gas suction 
from the surface corresponding to the seitzaimilae solution: 


8 
lw = P,w.0 3(Rey)™ (8 -4-13) 


A second approximation can be introduced using the dependence of the shape 
parameter H on the injection parameter b. A solution to the problem can be obtained 
in more complicated form for the case of a given transverse mass flow distribution 
over the surface of the body. 


As the first approximation we can use the solution for a given distribution of the 
permeability parameter b = f(x), with Ce / 2 being determined from the integral 


momentum relation for an impermeable wall (7-2-11). 


Then, 
b= jw = == 2. a= f(r ) (8-4-14) 


and from Eq. (8-4-1) we get 


any-Lingy rr 
f da [* + B Rey { (Wt 0)"9™ 
ke 


a (8-4-15) 


mel 


{m= Ina 2 
d 


Xe + B,de4 cl". 


The local friction coefficients are found by formula (8-4-4). The second approxi- 
mation is obtained after substituting Re.” from (8-4-15) into (8-4-14). 
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For the tnner axisymmetric problem of gas flow in a nozzle, taking Eq. (7-2-47) 
into account, we have 


rfl e 
Re**,, mae 1+” BRegD vem [Fa +0) 

= ae (8-4-16) 

KUN tm) Aim - 1 de+c\"". 

The dimensionless velocity U is linked to the duct geometry by the formula 
1 icthon =e 

_yyer_/te =I -4-17 
uvl—Uy! =(iF1) (FH) 7 aaa Cay 


The energy equation of a two-dimensional boundary layer on a permeable surface 
can be written conveniently in the following form: 


a Ren er ar (0) — Re,St, (F, +51), (8-4-18) 


where 
_ Res = pn5**/*; Re, = pwL/n®; 
Ai= iy a hs r= a/L; ¥, = (St! Sta)peee,i 6, = jw 'St,. 


Let us consider the thermal energy balance on a permeable surface. From Fig. 
8.15 it follows that 


¥,=),~., (8-4-19) 


(ieg — i’) 
(ioe — fez) 
Wp + Vuenx . 


where K = is the generalized phase transition criterion introduced in (43]; 


o=l— Simin)? Ip is the radiative heat flux; and Be is the conductive heat flux. 
For the case GR = Icond > 0 we have 
CReMs Reve 0H) Re Stabs (I +4). (8-4-20) 


Solving Eqs. (8-3-1) and (8-4-19) for the thermal permeability parameter we get 


Kbcu[ 4 / en 8-4- 
bs = bi crit TH y\ Kocit t '— !) (8-4-21) 
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FIG. 8.15. Thermal energy balance in a 
permeable surface. 


The values of db. and K are determined as functions of x from Eqs. (8-4-19) and 
(8-4-21) for known functions iv i' and known parameters at the outer edge of the 
boundary layer. The integral of the energy equation is written as 


Jee 
ss, J jt aaa 
Reyes 5 {ape Bie, fu 
(8-4-22) 
— 


X (1 -+-K) bit" de + (Reriagirn i" : 
In calculations of porous cooling the mass flow of coolant gas is usually the desired 


variable; it is defined by the formula 


jw =PoWStudi, (8-4-23) 


where 


St, = — ; Re**; w = Re**; (*) . 


For the subsonic gas flow region, with constant Ty and T and the boundary condi- 


tion Re**,, = = 0 at X = 0, we have 


' 
mor 


Re, = {ape r (1 + K) Reww f ods \" (8-4-24) 


Taking (8-4-23) into account we get 


¥ 7 
1— 
( St r( by —) 


a) (8-4-25) 


where St,, are the local values of the Stanton number on an impermeable surface for 


the same Re, and an analogous law of velocity variation at the outer edge of the 


boundary layer over the length, with a = const. 
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We have the following relationship between St,, the Stanton number calculated from 
the actual value of Re”"., but without allowance for the effect of transverse mass flow, 


and St _: T” 
ux 
(Ss) =o Bese ae es 
— nm 
Ste} br br (8-4-26) 
he (:- Prenit/ | 
and 
6, Cen, Tae or? 
a m 
b \ mer (S-4-27) 
[> (55) +] 


To determine the mass distribution of injected gas over the surface of the body, 
we get from Eqs. (8-4-26) and (8-4-24) 


4 
a 
OH) saa ey ids ee 


Taking B/2 = 0.0128, m = 0.25 and Pr = 0.72, we have 


o.® 
bw =" 00, rT TEI 
Rep’ [i as] (8-4-29) 
For flow over the forward portion of blunt-nosed bodies the law of velocity varia- /224 
tion at the outer edge of the boundary layer is close to the linear law: 
w= Cz, (8-4-30) 
where the value of the constant C depends on the shape of the body in the flow. 
For this case we get from Eq. (8-4-28) 
fe: @eiC 2 pet gw. 
— = (8-4-31) 
ml (B(m+ 1) Reg,C pmet 
(1+) [ oe ] 
For B/2 = 0.0128, m = 0.25 and Pr = 0.72 we have 
109, 0°: °x0.0C8,8 
iy = ET (8-4-32) 


(1+ Kyearep? | 
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In conformity with the Reynolds analogy, formulas (8-1-9) and (8-1-12) remain 
valid for the case of longitudinal flow around a flat plate. From Eq. (8-4-21) it follows 
that the case bp = const corresponds to the case of Ty = const being considered. 


From Eq. (8-4-29) we have 


oof 


2-9? 
= —- -4-33 
hw = Potts (1+X)*? Re? . 


From Eqs. (8-4-32) and (8-4-33) it follows that to maintain constant emperature 
of a plate in a longitudinal flow, the mass flow rate of the injected gas must decrease 


in ag proportion to x°- 2, while in a transverse flow it must increase in proportion 
to . 6. . 


In the case of a given mass flow of coolant gas the thermal boundary layer equation 
can be written as 


d(Re®*,d:) two -4- 
A URer8) et, ="). (8-4-34) 


where Re°,=jcrl/p* and i' is the enthalpy of the injected gas. 


For the region of subsonic velocities and constant physical parameters 


d(Ree*ysT) 


= Re®, (1 +4). (8-4-35) 


The integral of Eq. (8-4-35) under the boundary condition Re"",, =OatX=0, is 


Re®* AT = (T, —T') Re, , S Twi AE (8-4-36) 
or 
: Re°*, 
K+1=——=—_"’ 
¥ e (8-4-37) 
Ref wid? 


where Reri=poWol/p*, Jw =jJw/porwor, and poo is the specific mass flow in the section 
x = 0. 


On the other hand, it follows from Eq. (S-4-19) that 
Ke — ered (8-4-338) 


From Eqs. (8-4-37) and (8-4-38) it follows that 
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~s 
a 


a 
by \" Re, ( , 
7 . a) +6] Fp | dw 8. (8-4-39) 


Re* = [w(t —_— 


Thus, the dependence of the number Re** = f(x) in the case of a given mass _ flow 


of coolant gas is obtained directly from the energy equation (8-4-34) and the equation of 
heat balance on the surface (8-4-38). The local values of the Stanton number are 


determined by the formula 
8 
BY, ( 1— b * ) 
Tcrit 


St= j —- : 7 . (8-4-40) 
08 92 ped OBEY: eet 
ore [». \! OF crit’ +4,] bp Twas 
Strictly speaking, Eq. (8-4-40) is valid for the boundary conditions bp = const, /226 


but, in analogy with the law of heat transfer on a permeable plate, it can be assumed 
that heat transfer law (8-4-40) is conservative to variation in the mass flow rate of the 
injected gas over the length of the plate. 


FIG. 8.16. Effect of various gas injection laws on 
the heat-transfer law. 1—calculated by (5-2-1); 


2—calculated by (8-3-1) for Re**,, = 100. The 


points represent the experiments of Whitten, 
Moffett and Kays [244]. 


Symbols | Boundary conditions | Range of Re**y 
| 3 


° 1, 7-10-80. 10 
ce] ‘ 
4 
+ befetstrtet: 1.10 128-10 
(x) é 2-170. 1 


The results of an experimental check of this hypothesis are given in Fig. 8.16. 
The experimental points in the figure, taken from [244], correspond to different laws 
of mass flow distribution of injected gas over the length. As can be seen from the /227 
figure, the experimental data confirm that the heat-transfer law is conservative to vor a 
variation of the boundary conditions and are in satisfactory agreement with formula 
(8-4-40). Equations (8-4-39) and (8-4-40) are solved for Ty by the method of 
successive approximation. 


For the case jy, = const we have 
ee 9 
Re r= oe Re, [e(1- inca) +6, \\" (8-4-41) 
and 


f b \° 
$*1- 55) 


St = —__—_—_——____*+~______ (8-4-42) 
B by, 8 met , 
{rear fe [r( ha) +H] mes 
From Eqs. (7-2-67) and (8-4-42) it follows that 
(ing 
r 
(sie Ticrit (8-4-43) 


(eyo 


where Stee is the Stanton number on an impermeable surface for the same value of Re, 


and the sanie law of variation in mass velocity over length at the outer edge of the 
boundary layer. 


Comparing (8-4-43) and (8-4-25) we have 


(8), (ee), oH 


for arbitrary but like velocity distributions at the outer oe of the boundary layer. 


Accordingly, 


(8-4-45) 


For quasi-isothermal conditions (¥, = 1.0;b = 4.0), the sequence of wall- /228 


Tcrit 
temperature calculation is as follows: 
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1. We determine Ste. * from Eq. (7-2-67) for given Re,. 


jy 1 


2. We determine bry = DoW, St 


ox 


3. We calculate bp from Eq. (8-4-45) and St from Eq. (8-4-43). 
4. We determine the value of the Kutateladze number: 
: om, 
K= st o K=¥,/6, 
and the dependence of the wall temperature on x: 


AT, +1 
Ty = (8-4-46) 


In the case hey = const, it follows from Eqs. (8-4-21), (8-4-36) and (8-4-38) for the 
region M, > 1 that 


{ese —-aordet [V “ett! 1—1]} en 


(Reo, ¥)*.**Pr®."* TS 
= ) 128%", 


(8-4-47) 


In this equation the left-hand side represents a certain function F, dependent only 
on the enthalpy ratio 


Dalwlle, ym ilin K= (yi—o')/(1—9i) 
and Mp. 


The results of calculating the function F by Eq. -(8-4-47) are presented in Figs. 
8.17 and 8.18. This auxiliary graph makes it much easier to calculate the tempera- 
ture of a porous wall for constant mass flow of injected gas and arbitrary law of 
velocity variation at the outer edge of the boundary layer. With a known wy, = f(x) for a 
given le the right-hand side of the equation is a known function of x. Then the desired 


wall temperature is determined in Fig. 8.15 from a given value of ~’ and Mp. 


In the more general case, the problem is solved by the method of successive 
approximation, taking into account the effect of non-isothermicity of the chemical 
reactions and the inhomogeneity of the injected gas on ¥, and Drorit 

The proposed method of calculating a thermal turbulent boundary layer is not diffi- 
cult to apply to the case of an axisymmetric boundary layer. In this case the integral 
energy relation is written in the form 


= cat fete Reve d c+ x ra == Re, St.b; (1 +X). (8-4-48) 
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FIG. 8.17. Dependence of the function F and of 
by crit non-isothermicity and compressibility; 


d= A bane 1—d = 0.392; 2—d = 0.64; 3—d=0. 812; 
4—d = 1.23; 5—d = 1.4; 6—d = 1. 56; 7—d = 1.73. 


a 2, 3 
hd 
FIG. 8.18. Dependence of the function F and of 
Dorit on non-isothermicity and compressibility in 


the porous wall cooling region. d= ins 1—d 


= 0.392; 2—d = 0.64; 3—d = 0.812; 4—d = 1. 23; 
5—d = 1.4; 6—d = 1.56; 7—d = 1.73. 
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The rest of the reasoning is as before. For the internal problem (gas flow in a 
nozzle with porous walls) it is convenient to make use of continuity equation (8-4-17). 
Then the integral of Eq. (8-4-48) is written as 


or 
Rem (ee (ES) (ei) 
L 


fu +K)Ai-mp™- tds + (Ret*ibiby+n\"". (8-4-49) 


With a given geometry of the nozzle flow section and a given variation of the 
parameters Ai,, b, and K with respect to X, the local values of Re,* * are determined 


from Eq. (8-4-49) and the mass flow distribution of the injected a by (8-4-23). 


This method of calculation is based on the assumption that the heat-transfer law is 
conservative to a longitudinal pressure gradient. But, as shown in the paper of Baylay 
and Turner [104], this method can also be applied to the case of appreciable longitudi- 
nal gradients if the effect of the pressure gradient on the critical permeability param- 
eter is taken into account in the heat-transfer law. For the case of flow around the 
porous blade for gas turbine, according to [104], 


sat= (1-H). (8-4-50) 


when x = x/L and L is the blade chord. 


It should be noted that formula (8-4-50) is in satisfactory agreement with the 
theoretical formula (6-5-17). 


The results of processing the experiments of Baylay and Turner on the local heat- 
transfer coefficients on the blade of a gas turbine with pore cooling [104] are given in 
Fig. 8.19. 


keal/(m2. hrs/deg) 
&00 


oad FIG. 8.19. Distribution of heat transfer 

oo coefficients over the surface of a porous 

. blade of a gas turbine. The curves were 

os ra | IEEINSa calculated by the proposed method: 1— 9 

oe nS = 0.376; 2—y =0. 437; the experiments 
4 r of Baylay and Turner [104]: @—y 

= 0.485; @—y =0. 437; o—y = 0. 376. 
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The agreement between theory and experiment for a concave blade surface, con- 
sidering the exceptional complexity of the experiment, must be assessed as being good. 
The deviation of the experimental data from the calculated curve on the convex blade 
surface can be explained by the laminarizing effect of the longitudinal pressure gra- 
dient, which is disregarded in the proposed theory. 
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8.5. Turbulent Boundary Layer on a Permeable Surface in the Presence of Chemical /23 
Reactions 


The method outlined in Section 8.4 for calculating a turbulent boundary layer can 
be applied to the case when chemical reaction takes place in the flow and on the sur- 
face of a body. 


The integral energy relation in this case has the form 


d Re°® d (dix) 


a5 = -+-Re en Tarp as = Re Ste (1 + 5;,), (8-5-1) 
where 
St, = St, = qy ‘pow Ai,; Al, = 7°, ee 
ioe is the total equilibrium enthalpy at the wall; isy is the total enthalpy at the wall; 


bu = Sw Se (8-5-2) 


In many practical cases it is possible to neglect thermal diffusion, pressure diffu- 
sion and diffusion thermal conductivity. Then, 


a ar ay, ~. acy , PDinCp - OC: 
Ww t=—T, a Yes > § dir], (8-5-3) 
1 


where 
@ =i,4-r (w? /2); i, = y iby; 
‘ a) 
y= Scar +i; 


v is the heat of formation of the i-th component; and 


Re**; = sinh are. 
“f(r (Re 


: ga 08 4 
For the subsonic gas flow region in = is and ie ig: 
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Let us examine the case of a frozen” boundary layer, when all the chemical /233 
reactions take place on the surface and the intensity of burn-up of the material is 
governed by the process of oxidizer diffusion through the boundary layer to the sur- 
face of the body. 


For these conditions, taking the total enthalpy distribution and the reduced oxidizer 
concentrations over the boundary-layer cross section to be similar, 


Meminw cf — (2 bw 


Ot ae 


twolew (cf de (eibw 


(8-5~4) 


and taking into account the mass balance of the surface, :5-5-G), for 
we get 


(63 bo — (2 bw 


(8-5-5) 
(4 lw 


by, = 
Here ce is the reduced concentration of the i-th chemical element, for which the 
heat-transfer surface is impermeable, regardless of the chemical compound contain- 
ing it. 


Accordingly, for the injected component we have 


ro de (8-5-6) 


“1-8 O° 


For example, let us consider the case of chemical erosion of carbon in a flow of a 
mixture of gases, the combustion products of an organic fuel. The energy balance at 
the heat-transfer surface, neglecting radiation heat transfer, has the form 


VW = Iw + bel wy bel’ w’ (8-5-7) 


where 


=— 


tk 


a’, wo i” w 


here low is the total gas enthalpy near the surface, in is the total enthalpy of the 


material in the solid state, and iS is the total heat of reaction. 


The gas mixture acting on the carbon surface has a complex composition, in the 234 
general case. The chemical erosion of the carbon under these conditions is promoted 
by a complex of oxidative reduction reactions in the surface of the body. The following 
can be considered to be the most probable reactions up to Ty = 4,000° K: 
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0+C— CO; 
+ %4FC—-00; 
OH-+C — CO-++H; (8-5-8) 
NO+4-C -» CO-EN; 
H,O-+-C — CO-++H,; 
CO,+-C — 200, 


The total heat of reaction is defined by the formula 


= wei @= } na—Y) (1221), (8-5-9) 


bal 


where Q is the total thermal effect of all the reactions taking place on the surface, 


and n is the number of moles of one product or other participating in the reaction. 


After relatively simple transformations of Eq. (8-5-7), taking (8-5-8) into account, 
we get 


bg ligt one + lbw — he): (8-5-10) 


The parameter bi is defined from (8-5-5), allowing for the fact that 


Chem yi (8-5-1) 
on 


where m,/ Mt is the molar fraction of the i-th element, and p is the number of chemical 


compounds containing the i-th element. 


For example, the reduced concentration (ch), of oxygen in the free stream for a 
complex gas composition is 


& (j= £4 (0,) + +0 +8 6, (OH) + 5% (H + ares (NO) +. 48 6, (CO,) +... (8-5-12) /235 


Here ¢o(O.), C)(OH), c(H.O), etc. are the weight fractions of the chemically 
active, oxygen-containing compounds in the free stream. 


From Eqs. (8-5-5) and (8-5-11) it follows that 


ld . 
bi, = 7g——— ( at { (cide — 7g ew (CO) ) (8-5-13) 
tw (CO) > 1 | . 


On the other hand, from Eq. ‘8-5-6) we can get 
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Cw (CO) = 3 5 (8-5-14) 


and therefore 


bau [y m™ (6 (8-5-15) 
Lady wi ya Ne 
zal 


Here m, is the weight fraction of the chemically action oxygen and M. is the molec- 
ular weight of the j-th component containing oxygen. j 
In the first approximation we take ed 0 in Eq. (8-5-10) and find iow 


Then, by solving the problem of thermal conductivity of a semi-bounded body with a 
shifting outer edge and given Ty? we determine Gs and, by Eq. (8-5-10), we find low 


and T . 
w 


in the second approximation, which is usually sufficient for the case of burn-up of 
thermally insulated coatings. In more complex cases it is necessary to solve the 
conjugate problem. 


Determining i. we find ¥, from Eq. (5-5-17) and carry out the integration of 


Zw 
Eq. (8-5-1). For the case low = const we have 
a ae 
Re* ay =| apr BY, (1 +0,,) Reew e “ (8-5-16) 


The quantity of burned material is determined by the formula 
he = Pethehi, St Fy. (8-5-17) 


where 


8 
St, = SPre.td (Re? ™ 


For the case of gas flow in a nozzle the integral of (8-5-1) can be written conven- 
iently in the form 


Reta fe [tae ¥.(1+6;,) 
ry as (8-5-18) 
XRe, J (0) +" ds! ; 


4G 
where D = D/D > FD 
crit regu Do pit 


and b is the mass gas flow through the nozzle. 


Dorit '8 the diameter of the nozzle throat section, R, 


Various heat-resistant coatings are an effective means of protecting the surface of 
a body from high heat fluxes. These coatings are usually porous carbonized layers 
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filled with material with a high yield of volatiles ‘based on phenol resins). Some coat- 
ings give off up to 70% (by weight) of gaseous materials when they decompose. The 
intense crossflow of gas on the surface of the body reduces the heat flux and, there- 
fore, the burning rate of the carbon base. We write the heat flux reaching the wall as 


dw = Fwit Iw (8-5-19) 


where a is the heat that goes to heat the carbon residue and d.. is the heat that goes 


to heat the gases to wall temperature there too is the convenient place to put the heat 


of conversion of the decomposition products, i”, which goes to evaporate the water 


evolved during decomposition of the resins, the additional decomposition of the heavy 
hydrocarbon, etc.). 
Thus, 
Qwa = iws liws +i: — #1: (8-5-20) 
Then the thermal energy balance on the surface is written as 


Gut = lwile + iws liwe bis — i] + ws (8-5-21) 


where i' is the heat content of the material at a temperature corresponding to the onset /237 
of destruction of the coating material. After appropriate transformations we have 


bw bot Of +6", liws bit —t) 


(8-5-22) 
+ 


“i i, — 44): 


The permeability parameter b! is governed only by the chemical erosion and is 
found by formula (8-5-15). , 

The permeability parameter bit depends on the yield of volatile substance, i.e. it 
is the thermophysical characteristic of the material. 


The total permeability parameter, which takes into account the effect of the cross- 
flow of material on the heat transfer and is contained in the integral energy relation, is 


Be, 41 + 5741. (8-5-23) 


The heat content at the wall tS is determined, as before, by the method of succes- 


sive approximation. After solving the problem of nonstationary thermal conductivity 
with a shifting outer boundary at temperature Ty» we find the rate of heating of the 


material, the quantity of gas evolved Ow) and Wwi' Then we determine Te in the 
second approximation. The further sequence of calculation is similar to the preceding 
case. The rate of burn-up of the carbon base is 


Ig, = 8, Pe St... (8-5-24) 
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Fa) T Anta at £0. 


Since St. is defined with allowance for the effect of the overall crossflow of 
material, i.e. bi, = bi + bis formula (8-5-24) shows a substantial decrease in burn- 


up of the graphite base with increasing yield of volatiles ithat is, bi). 


A comparison of the experimental data of Bartlet and Denison on the burn-up of a 
graphite duct [126] with the results of the proposed computational method is given in 
Figs. 8.20 and 8.21. As can be seen from the comparison, this method takes quite 
good account of the effect of such factors as pressure, temperature and concentration 
of the oxidizer in the gas flow on the graphite erosion rate. 


Pd 4 O secs 
Fig. 8.20 Fig. 8.21 


FIG. 8.20. Dependence of the burn-up of a graphite 
duct on time. The curve was calculated by the 
method proposed here; the points represent the ex- 
periments of Bartlet and Denison [126]. 


FIG. 8.21. Burn-up of a graphite duct over the 
length. The curve was calculated by the method 
proposed here; the points represent the experi- 
ments of Bartlet and Denison [126]. 


Since the duct was relatively short, all the calculations were made as for a flat 
plate. 


In Fig. 8.22 the results of experiments of E. P. Volchkov, E. G. Zaulichnyy, 
A. I. Leont'ev and E. I. Sinaiko [14] on the burn-up of a graphite duct are compared 
with the proposed computational method. Shown in the graph is the change in thick- 
ness of the burned layer over the length of the duct. Curve 1 corresponds to calcula- 
tion by the Reynolds analogy without accounting for the effect of non-isothermicity and 
crossflow of material by the formula 

Je = powod 1: Sto, (8-5-25) 

where St, = 0,029 Re-*? Pr-*#; 6,, = 3/4 (Ke for the diffusion region, and 6;,,=0,173 for 


(K,)e= 0,231. 
Curves 2 and 3 correspond to calculation by the proposed method, on the basis of 
this method we get for the conditions being examined 


St, == 0,029Re-°? Pr-°-°we.* (1 4-6;,)-** ( bn iy (8-5-26) 
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FIG. 8.22. Burn-up of a graphite duct over the length 
1—calculation by Reynolds analogy without allowing 
for the effect of nonisothermicity and crossflow of 
material on the heat-transfer coefficient; 2, 3—calcu- 
lation by the proposed method; experiments of [14]: 
@—yW. = 362 kg/(m? - sec); T = 63 sec; O—yWo = 67 


kg/(m2 + sec); 7 = 144 sec. 
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FIG. 8.23. Generalized data on mass transfer during 
the burn-up of a graphite surface. Curve calculated 
by (8-5-27). 


A es Epa 
Experiments of 14 ments of 


Symbols l[e[x|e e{|-=/s {0 aT a 


kg/m2.sec 3. | 10,8 | 36,6 aL 7,2 Ee | | 
% sec im 164 
or 
° b., 
K we SH POMS Be) 0,029Re-? (8-5-27) 


wey 
As follows from Fig. 8.22, non-isothermicity and crossflow of material exert an = /239 


appreciable influence on the rate of burn-up of the graphite surface, and this effect is 
taken into good account by the proposed computational method. 


All the experimental data of [14] and [26] are compared with formula (8-5-27) in 


Fig. 8.23. Satisfactory agreement between theory and experiment can be noted. As 
was demonstrated earlier, the relative law of heat transfer for the conditions being 


examined can be written as 


Va= Vio. (8-5-28) 
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where "=(S25): ¥(1— a5): £240 


Y, = fw, 
i, 


The calculations show that for the experimental conditions of [14] and [126] the effect 
of crossflow of material on ¥ lies in the limits of 12%, that is, essentially within the 
limits of experimental accuracy. Non-isothermicity has the principal effect on ¥, 


and, accordingly, on i} for the conditions of the experiments being examined the non- 


isothermicity (19,0) reduces the heat-transfer coefficient by a factor of about 2.5, 
and it is not permissible to disregard this effect in engineering calculation. 


8.6. Turbulent Boundary Layer in the Initial Section of a Pipe under Non-isothermal 
and Injection Conditions 


A crossflow of material at the pipe walls can have an appreciable effect on the gas 
parameters in the flow case in the initial section of a pipe. This effect can be taken 
into account by simultaneous solution of the momentum, energy and continuity equa- 
tions. 


Let us consider the case of subsonic gas flow velocities at the entrance to a 
cylindrical duct with a uniform distribution of all the parameters in the initial section 
of the duct. We shall assume that the turbulent boundary layer forms from the initial 
section downstream. A diagram of this problem is shown in Fig. 8.24. 241 


FIG. 8.24. Diagram of boundary- 
layer development in the initial 
section of a porous pipe. 


In the general case the mass flow distribution of the injected gas over the pipe 
length and the initial parameters of the cooling gas are prescribed. It is required to 
determine the distribution of static pressure, friction and heat-transfer coefficients, 
the wall temperature, the concentration of injected gas at the wall and the length of 
the initial section. 


The continuity equation for these conditions is written in the form 


—_ = j m ® \ 
SS elt Nm Reid 


Rea ‘8-6-1) 


where . 
Ree = pws°° ‘Po Rep, Re,, ='p.%,D'p,; 


©, = ,'w,,; H==8°/8%*; s=x'D; 
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Poi» Wo, are the density and velocity in the initial section and u, is the characteristic 
viscosity, which is constant over the length. 


The integral momentum relation can be written conveniently in the following form: 


Ree he ae 


pat 
ce eae "(F+0), 


(8-6-2) 


where 


Xm z/Ree ; b= lw RF 2 2 Reeem, 


The function ¥ is defined by formulas (5-3-2) and (5-3-3), and the function H by 
(5-3-12). The considerable non-linearity of Eq. (8-6-2) does not permit obtaining 
an analytic solution in the general formulation. But for some particular cases the 
solution reduces to simple quadratures. 


For the case b = const and Le = const, we get from Eqs. (8-6-1) and (8-6-2) 


a 2(7 +d)" 
mo Bib e+ +H (et hyee 
/242 
r (oye! — ys = 
x] [e+ Sans (8-6-3) 
0 
(=5*'— 1) 
— (1 +H —a) ores | du, 
= get! 
ee P+ 6 0 —! pie 
Re = TOUT FAWTH ae Ti 
where 
ex i+ Me 
b+ H(¥+5)° 
For b = 0 and m = 0. 25 we get formulas (7-4-20) and ‘7-4-22) for a pipe with 
impermeable walls. 
Let us determine the length of the initial section from the condition that the 
boundary-layer thickness in the initial section becomes equal to the pipe radius. Then, 
eo vp, 8-6 
Re => v7] Te” (8- -5) 
Simultaneous solution of Eqs. (8-6-3) and (8-6-5) yields /243 
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eS FP b los 
v= ——__—_, +t __ (8-6-6) 
+ b—2 (60244) +H (F +0)) 


The result of calculating the dimensionless velocity distribution (Wy = wo/Wo)), 
according to the literature, are given in Fig. 8.25 for three values of the permeability 
parameter and for the injection of various gases. As can be seen from the graph, 
injection of a heavier gas has a lesser effect on the velocity in the potential flow core, 
in that the length of the initial section (for identical permeability parameters) 
decreases. 


FIG. 8.25. Velocity distribution in the 
potential flow core over the pipe length 
for various injection gases. Calcula- 
tions by (8-6-3) and (8-6-6). —— air- 
air; - - - CO,-air; — + — Freon-air; 
— -- — boundary of the initial section 
according to (8-6-6); 1—b = 0; 2— b 

= 2; 3—b = 4. 
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With increasing injection of a homogeneous gas, the length of the stabilization 
section increases. Thus, e.g., with critical injection of air into air under quasi- 
isothermal conditions and like values of Rep,» the length of the stabilization section 


increases by a factor greater than 2 compared to that for a pipe with impermeable 
walls. This factor can be of great importance in processing experimental data in 
the initial section of a porous pipe. 


To evaluate this effect we can make use of Fig. 8.26, where results are given of 
a calculation, by the proposed method, of the velocity w, for injection of a homogeneous 
gas under quasi-isothermal conditions at various values of b. 


FIG. 8.26. Variation of the dimensionless velocity 
over the length of a pipe for injection of a homo- 
geneous gas (the case b = const). —— calculation 
by (8-6-3); - - - boundary of the initial section 
according to (8-6-6): 1—b=0, 2—b = 1; 3—b=2; 
4—b = 3; 5—b = 4. 


Let us consider the other extreme case of constant mass flow of injected gas over 
the pipe length, corresponding to the condition 


wlon®on= const. 


In this case system of Eqs. (8-6-1) and (8-6-2) reduces to the form 
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oe, “1 a /244 
dere 1H 4 Mbt Revewy! — (1 + A) 40H +8) —_ 


(8-6-7) 
ee on a ee 
a = (w, — 1 — 4H Re**) (47, Ret,)7', (8-6-8) 


where Tw =, /Pe,®o,; b= Iw Re’: Ree*m/in,. 


The relationship between W, and Re** can be found by numerical solution of Eq. 
(8-6-7). The results of calculations by Eqs. (8-6-7) and (8-6-8) for injection of a 
homogeneous gas under quasi-isothermal conditions are shown in Fig. 8.27. In Fig. 
8. 28 the results of measuring the velocity in the flow core given in [71] are compared 
with the proposed computational method. As can be seen from the graph, the agree- 
ment between theory and experiment is satisfactory. 


FIG. 8.27. Variation of the dimensionless velocity 
over the pipe length for injection of a homogeneous 


gas (the case j_ = = const). —— calculation by 
W  PoWo 
(8-6-7) and (8-6-8); - - - boundary of the initial 
section. 
No. of the curve joe ry fal 7? 
Tu ™3 | ) | °= oa | Ot | 0.18 on | 0,296 
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For a duct with an impermeable end face (p9;wo; = 0), the momentum equation can 
be written conveniently in the form 
d Re°? Rew ~ = Re BY+d 


CoE Rev e7tes) 


eReP (1 +H) 


For the case b = const, continuity equation (8-6-1) has the form 


FIG. 8.28. Variation of the dimensionless velocity 
on the axis of a pipe with permeable walls. Curves 
calculated by (8-6-7) and (8-6-8); the points repre- 
sent the experiments of [71]. 


a a dz, (8-6-10) 


where Rep=potoD/p.; Rew =fwD/pe. 


Accordingly, 
bm Reem, (8-6-11) 
Equation (8-6-9), with (8-6-11) taken into account, is written as 
d CT) oe —* r 
Thee $0 +) Rt Rey (8-6-12) 
Differentiating Eq. (8-6-10) we get /246 
d2 ! dRee® 
Re, aR, 4TRe,- (8-6-13) 
Substituting this relation into Eq. (8-6-12) we get 
yy 6 d ee ee 
{ipn2y rh +(1 +H) — - Stoo. (8-6-14) 
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= 


The integral of Eq. (8-6-14) for the boundary conditions Re’ = 0 with Re, = 0 


D 
has the form 
Re®*=cRep, (8-6-15) 
where 
pee +5 
~ 4 OR+A)FA(F+4) ° 
Substituting (8-6-15) into (8-6-13) and (8-6-10) we obtain 
Re® = d-r, (8-6-16) 
where 
da Bm 412+ HV + HH + bpm 
Pe rs rn 2) | 
and 
B, Re — 
Rey =-> b pasem ~~ ==Dg°™ » (8-6-17) 
e 
where 


Degis(stn)” (F fg WwetM+H@tH)™ 


Thus, when m = 0.25, the mass gas flow through the permeable wall under the 
condition b = const increases over the length of the pipe proportionally to x. Since 
b = b,¥ and ¥ is a single-valued function of b, [see (5-3-2), (5-3-3) and (5-5-7)], for- 
mulas (8-6-15), (8-6-16) and (8-6-17) can also be applied to the conditions b, = const. 


As was shown in Chapter 5, these conditions are met when chemical erosion of the 
wall material in the diffusion section occurs. 


For a duct with an impermeable end face in the case ie = const we have from 
Eq. (8-6-10) 


4HRe®* = Rep—4Rewz; 
from it we get 


Rep — 4H Re°* 


ae (8-6-18) 
Substituting dx/ dRe, from (8-6-18) into Eq. (8-6-13) and considering that 
H = Hy ‘1 + kb), after transformations we get 
4b Re°* 
a Re% teen etn ets) he F+3| Rep (8-6-19) 
*o 4H + 4H bend + _— 
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FIG. 8.29. Variation of the dimensionless velocity 
on the axis of a pipe with porous walls and on im- 
permeable end face. Curves calculated by (8-6-18) 
and (8-6-19); the points represent the experiments 
of [71]. 
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For the permeability parameter b we have the formula 


2 R e 
b= eae Re om 


(8-6-20) 


Nonlinear Eq. (8-6-19) can be integrated numerically, taking (8-6-20) and (8-6-18) 


into account. 


Using relation (8-6-18), it is possible to get the variation of Re 


Re*” over the length of the pipe. 


D 


and 


The results of a numerical calculation of the variation of Rey =P ig carried out 


on an M-20 computer by the Range-Kutta method (for B = 0.0128, k = 0.05 and 
m = 0.25) are compared in Fig. 8.29 with the experiments of A. I. Leont'ev, A. V. 


Fafurin and N. V. Nikitin [71]. 
The energy equation (8-4-18), taking (8-4-19) into account, can be written con- 


veniently as 


m= (F=4) 7,Re5, ‘(a)’ 


where y’=//ip, and i’is the critical enthalpy of the injected gas. 


(8-6-21) 


For a given law of distribution of the injected gas over the length of the pipe, the 
local values of Re*", can be determined from (8-6-21). 
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Let us consider the case b; = const, which corresponds to the condition iy = const. 
From (8-6-21) it follows that: 


hb, , 
J Re dRe**; ata’ 2. 


(8-6-22) 


Taking (8-6-2) into account, we get 


i 
=a[2+ A)o+H(¥ +5) Pree 


r=t)e 7) —1)* 
{ (7% =)? G i) Fler N) ae - eT (8-6-23) 
8 
(ost! —1y" 28 a 
—(1 +H—-a) ere | : 
An analytic solution of this problem can be obtained if we set Re** = Re™*, in the 


continuity equation. Then, 


Re, = 4H Re®*, + Re, (1 + 4G), (8-6-24) 


Po: Bo, = 


a 
where G=s eo dz. Consequently, fw/2o,We, =dG'ds. /24 
0 


The energy equation can be written in the form 


dRe™*, +5 dG 
dx tT Rep, rT (8-6-25) 
Integrating, we get 
+d 
Re%,= =F" Re,G. (8-6-26) 


Taking m = 0.25, B/2 = 0.0128, Pr = 1.0 and allowing for (8-6-24) we get 


maT at. (8-6-27) 


where 


The integral of Eq. (8-6-27) is 
T 


aif on- OE 


{1 on4y TouvteV¥ 7 
{7 
tory 


vee Vee i 


The law of distribution of injection over the length is found from Eq. (8-6-27): 


(8-6-28) 


lee (8-6-29) 


fer®e, 


For the case iy,/P 01 o1 = const it follows from (8-6-21) that 
1-—V¥ ps x 
Ree, = i= (j, Red) ( ma ) (8-6-30) 
or, introducing the dimensionless enthalpy, 


0, = oy (8-6-31) 


lai 


and 


Re®*, = e**Re ‘D1 , 


; (8-6-32) 
ee s 
Re**, = j, Ref ae 
The continuity equation can be written in the form 
Re, = 4H Re®*; + Re,, (1 + 47,2), (8-6-33) 


<> 


where we have set Re” = Re". Then, from Eqs. (8-6-32) and (8-6-33) we get 


! 0.28 «0.01280, [ 4H 
[7.Rea a, *| =a [.- 


+(=--+48)]. (8-6-34) 


Taking Eq. (8-4-21) into account we get the equation 


202 = - 
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FIG. 8.30. Effect of injection on the temperature 
of a porous wall. Curve calculated by (8-6-35); 
points represent the experiments of [252]. 


[i. Renae) =p [4 fet (+ +48)| 
(8-6- 
Selby Aha (V reel)! 8-6-35) 


where k= q —}. 
e 


For known ¥ and Dorit as a function of vj we get an equation in the desired param- 


eter 6. The equation is solved graphically or by the method of successive approxima- 
tion. 


The results of calculating the mean wall temperature of a porous pipe by the pro- 
posed method are compared in Fig. 8.30 with the experiments of Yuan and Barazotti 
[252]. It is simpler to calculate by the graphs of Figs. 8.14 and 8.25. 


8.7. Gas Flow in a Long Pipe with Porous Walls 


Formula (5-2-1) can be used to calculate hydrodynamics and heat transfer for a 
gas flow in long pipes. In this case, a one-dimensional model of the gas flow can be 
used to obtain preliminary results, and the influence of the crossflow of material at 
the walls of the pipe will be taken into account directly in the momentum equation and 
indirectly by the laws of friction and heat transfer. 


As an example let us consider a flow of gas with constant physical properties in a 
long cylindrical pipe with gas sucked through the walls at a constant rate. A diagram 
of this problem is shown in Fig. 8.31. 


FIG. 8.31. Diagram of gas flow in 
a pipe with permeable walls. 
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The momentum equation for a one-dimensional model is written as 


Sy et [2ab— FI, (8-7-1) 
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is the nonuniformity coefficient, which in what follows will 


f=] 


be taken equal tol, 6= 


is the permeability parameter, and is the mean flow 
velocity. 


From the continuity equation it follows that 


m=(1—5) 52... (8-7-2) 


where W, is the gas velocity at the exit from the pipe. 


Consequently, 
i 4 
b=’ (8-7-3) 
where 
a} B. ga oe.» _ Shes 
rel t=O Ti = 


Taking (5-2-6) and (8-7-3) into account, Eq. (8-7-1) can be written as 


SE = Alpin? [1,52 (1 — rx) — 0,06252" 
—(1—rs)'], 


(8-7-4) 


where z=r/z2, 7=x/D. 


Distance from inlet, cm 
e Be @ FO We eh 2 
‘fp Losses at inlet 


FIG. 8.32. Pressure variation over the length 
of a pipe with permeable walls for various 
suction intensities. Curves calculated by 
(8-7-5); the points correspond to the experi- 
ments of Wallis [242]: o—w,/w, = 0.68; x— 
0.45; +—0. 231; @—0. 
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After integrating we get 


a = £ (1,52 — 0,0625z’ — 1) 
| 

; (8-7-5) 
+ x°r (1 —0,752)—"* 


The results of calculating by Eg. (8-7-5) are compared in Fig. 8.32 with the 
experiments of Wallis [242]. As follows from Fig. 8.32, the proposed calculation 
method to more complex compressed gas-flow conditions in a long porous pipe with 
considerable non-isothermicity. In this case it is necessary to take into account the 
effect of compressibility and non-isothermicity on the function ¥ in accordance with 
the formulas. of (5-4-6). The problem is solved by the methods of numerical or graphic 
integration. 
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CHAPTER 9 
EFFECTIVENESS OF GAS SCREENS 


9.1. Effectiveness of a Gas Screen at a Flat Wall under Quasi-Isothermal Conditions y 
253 

The method of heat shielding with gas screens is widely used in modern engineer- 

ing practice. Arrangements of basic gas screen design variations are illustrated in 

Fig. 9.1. Other combinations of these variations are also possible. For example, 

film cooling, which is widely used in liquid-fuel rocket engines, is combined with the 

usual wall cooling. The flow-through section of a solid-fuel rocket engine is usually 

made in sectional form with different thermal-isolation coverings, and in this case the 

gas screen is dispersed over the surface by the lateral flux of matter. 


The basic parameter defining the intensity of the heat transfer in the presence of 254 
a gas screen {is the so-called gas-screen effectiveness 


ig — lw 
= Lo (9-1-1) 


where i, is the total enthalpy of the undisturbed flow, ly the enthalpy at the thermally- 
insulated wall, and tw is the enthalpy at the wall in the initial section. 


FIG. 9.1. Diagrams of principal 
versions of the gas screen. 


Thus the effectiveness of the gas screen determines the temperature of the 
thermally-insulated wall with a screen. As will be shown later, this parameter is 
also needed for calculations of heat transfer if a screen is present. 


FIG. 9.2. Diagram of a thermal 
screen. 
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Consider a longitudinal flow of an incompressible fluid with constant physical [255 
properties around a flat, thermally-insulated plate (Fig. 9.2). A section of length x, 
is cooled, and the temperature of the wall in section x, is Tw In the region x>x, the 


wall is thermally-insulated and the wall temperature varies along the plate, approach- 
ing the temperature of the incoming flow. Radiative heat exchange will be ignored. 


The energy equation for the region x>x; is written as 


aReM, Re (aT) _ 
eet art HE = 0. (9-1-2) 


Integrating from X, to X we obtain 


Re** AT = Re®*,,AT,. (9-1-3) 
We introduce the thermal screen effectiveness parameter and find 
ar Re°*,. dane: 
O= ir Ree . (9 1 4) 


ah 
where Re 


T is Reynolds number in section x;. 


It is obvious that Eq. (9-1-4) will also be valid for a more general case, if the 
total enthalpy is introduced in place of the temperature. In the section x<4x,, with 
Pr = 1, the conditions 


Or 8; 6°°7 =8°*. (9-1-5) 
are satisfied. 


In the region x>x, the similarity of the dynamic- and thermal boundary layers 
breaks down, since the boundary conditions at the surface of the plate are changed. 
For the heat-insulated portion we can write 


with y= 0 g=0, 5. =0: ) 


wih y=8, g=0, 5 =0. { 


(9-1-6) 


Temperature equalization occurs within the boundary layer only because of turbu- 
lent mixing and the intake of gas from the outer flow. In this case the most intense 
mixing takes place near the wall, where the derivative d=,dy is maximum. AS a re- /256__ 
sult, the temperature profile is distorted in such a way that the region with dT/dy~0 
grows continuously--i.e. the range with T ~ Ty increases. Simultaneously the tem- 


perature in the boundary layer approaches T), due to the leakage of gas from the outer 
flow, i.e. with 


xeon T—+T y—To. (9-1-7) 
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The energy-loss thickness, with constant physical properties, is defined by the 
formula 


y= [2(\- FEE) 


With x—+oo, condition (9-1-7) corresponds to the limiting value of the energy- 
loss thickness 


i 
as, a (9-1-8) 


This maximum possible energy-loss thickness corresponds to that temperature 
distribution with which the gas temperature in the main part of the boundary layer is 
close to the wall temperature. 


Adopting #=w, —e'’’ for the conditions being considered, we have, for the region 


XxX, 
ae, ws 8°? = 0,097. 


At the boundary layer separation point, due to the action of the longitudinal pres- 
sure gradient, n = 1/2, but ar~'/:, and then 6°*r=0,097 and 5°°=0,16. 


The limits of the quantity Ear according to (9-1-8), are 
with f==0 8° = 0,875; 
1=0 Pres ons 

with | fep °° nex 0,7. 

Thus, with any pressure gradient, the relative energy-loss thickness on an imper- 
meable, thermally-insulated surface with x—~oo becomes close to unity. This result 
is confirmed qualitatively by the measurements presented in the paper by Nichiwaki, 
Hirata and Tsuchida [187]. 


According to these measurements 4**r,,,,/6°*r.=6, and the limiting value of this /257 
ratio is 9. 


For the thermal screen depicted in Fig. 9.2, for a fluid with constant physical 
parameters and Pr ~ 1, we can assume that dr~6 over the entire length of the plate; 


since with x>x; the "scouring" of the thermal boundary layer should be limited to a 
region where dw,/dy%0, i.e. the thickness of the dynamic boundary layer. 


Then Eq. (9-1-4) is written in the form 


Lid 
ae, 


= (9-1-10) 


where B=68°*;/8** is a coefficient accounting for the deformation of the temperature 
field. 
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With s—»x,, B—~>1, and with r—oo, B—8 ax’ 


FIG. 9.3. Effectiveness of a thermal 
gas screen. 1—calculated from 
(9-1-14); 2—computed as per Seban 
[214]; 3—computed as per Rubesin 
[205]; 4—test data of Reynolds et al 
{199]. 


In the region x>x,, with quasi-siothermal conditions, the dynamic boundary layer 
is developed independently of the thermal boundary layer. From the integral momen- 
tum ratio we have 


qt =(+)". (9-1-11) 
Accordingly, with .« — 
e- a (= ae (9-1-12) 
Taking into account the momentum equation and the conditions Rez. = Re*! and 254 
B =1, with x = x, we obtain : 
ao -0,8 
0 = (1 +S) ae (9-1-13) 


According to (9-1-8), for the conditions being considered, eee = 9, and then 


e= ¢ + 15,65=*+)" me (9-1-14) 


Figure 9.3 presents a comparison of the calculations made with (9-1-14) and the 
test results of Reynolds, Kays and Kline [199]. 


As can be seen from the diagram, theory and experiment are in good agreement. 


Formula (9-1-10), extended to the flow of a compressible gas, and taking Eq. 
(7-2-14) for Re** into account, reduces to 


= Re, (—*% "us ~ med 
onli 4 Zeman (rea . 


: (Re®*,,)™*! (9-1-15) 
7 4 
where 
we {.22rcte V0.5r(K —1) 7°. 
om (9-1-16) 


¢= Tq 'T ow: 
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mefsrafere—ee) a 


To estimate the influence of compressibility on Bmax’ We take p/pe=y*—--(py*—1) w? 


and w=¢'7, The computed values of £ » with these relationships taken into account, 
max 
are given in Table 9.1. 


Table 9.1. Values of B max 25 3 
function of M 


Thus the compressibility of the gas does not significantly affect Bens Conse- 259 
quently, in view of the fact that 
alee 
B \™]m+l 
Revs, = [Fim +) ¥, Rea (om) |” 
we have from (9-1-15) 
195 £—x, ]-*%° -1- 
e— [1+ eon | (9-1-18) 


This formula is derived on the assumption that the parameter ~=7wi/T*w, i.e., 
with maximum possible influence of non-isothermicity. Thus the effect of gas com- 
pressibility on the effectiveness of the gas screen, with the assumptions adopted, 
appears in the coefficient Banas 


= x2 
With Foo, T= T,. ¥/¥,— (Yat 
W= Ww 4 


é 


Consequently 


m ~ 
Taking u/Yy,,) =1, we have 
= 1a (Ve \'z—32,)7°° 
@=[1+ Sime Ht) 254] 
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Thus the effectiveness of the screen grows as the intensity of cooling of the initial 
section of the plate is increased. 


For an axisymmetric boundary layer, we have from the energy equation: 


R ee 
ean 2 1. (9-1-19) 


In particular for flow around a cone 


(a) With M=0, 6 = 9, 


= \)p-ee 
@=- [1+ 15,6(==* ) |"; (9-1-20) 
(b) With M=3.5, B= 10.9 /260 
—~ 2X ~0,8 
Om [! +19,7 F)] ; (9-1-21) 
Figure 9. 4 presents a comparison of the results as computed from (9-1-20) and 
(9-1-21) with the experimental data of F. H. Durgin [135]. The proposed method of 
computing the gas-screen effectiveness can be extended to the case of an arbitrary law 
of change in velocity at the outer limit of the boundary layer. From Eq. (9-1-4), 
taking (7-2-52) into account, we have, in the general case: 
= poe os 
{¥- Cae ua—uy etrmae |“ 
eal ea: iy (9-1-22) 
= lt em mee 
Re™ ') ¥. ()" a —ur * | 
and for the case of gas flow in a supersonic nozzle; /261 
eax 
(9-1-23) 


asl 
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fee] 
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FIG. 9.4. Effectiveness of thermal screen 
at the surface of a cone in a supersonic 
flow. 1—Calculated from (9-1-21); 2— 
calculated from (9-1-20); Points—tests of 
F. H. Durgin [135]. 


i®w — twe ° 
0, = 
ow lw 


i 
wd 
enthalpy of the gas at the cooled wall in the section x;. 


is the total enthalpy of the gas at the thermally-insulated wall; ar is the total 


The parameter P= i cli*w appearing in Yo. is related to the screen effectiveness 
by the formula 


y= 1—6(1—¢:). (9-1-24) 


Equations (9-1-22) and (9-1-23) are solved for iii by successive approximations. 
The magnitude of the coefficient Bax C22 be taken from Table 9.1 (first approxima- 
tion). 


9.2. Gas Screen Created by Injection of Gas Through a Porous Section 
Let us derive the formula for the effectiveness of the gas screen created by in- 


jection of gas through a permeable section of length x, (Fig. 9.5). Equation (8-4-20) 
is written in the form 


BARN) = Rew (iw 0’). 
From this, for the case 1, = const, we have /262 
Re®*;, = Rey, (1 +X,), (9-2-1) 


where 
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FIG. 9.5. Diagram of gas 
screen with a porous sec- 


tion. 
For the case M << 1 and “5 = const. 
__ tw. —T! 
a f, at 7 we 


Since 0= tt we have from (9-1-4) 


K+1=(K, +1) pak (9-2-2) 
tr, 
or, in view of (9-2-1): 
Re®*, . 
In the region 0 < x < x, Re" 7. = Re**, and in the region X > X;, Re, = pRe** 
From the momentum equation we have 
en 1 
Ree* — [a +m) 2 Re, + Re; im Lanet ; (9-2-4) 
where 
Re,, = — 
With x— oo, Re, , =Re, >> Re** i» and / 263 
t 
K+1 — Bete [C1 + my Re, | (9-2-5) 
Taking n = 1/7, B/2 = 0.0128, m = 0.25 and Baax 7 9» We obtain the limiting 
formula 
Re?" 
—0,33 4 , -2- 
K+1 Regs (9-2-6) 
For the entire region from x, to ©, we have 
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FIG. 9.6. Effectiveness of the gas screen with a 
a porous section. Straight line—calculated from 
from (9-2-6); ., O, @, =—test data of Nichi- 
waki et al [187]; +—data from V. P. Komarov 


[51]. 


0.25 Re -o,8 
et eee 9-2-7 
o=[1 + Reb 5 (1 + Ky" 28 ( ) 


Figure 9.6 presents a comparison between the calculations using (9-2-6) and the 
data of Nichiwaki, Hirata and Tsuchida [187] and V. P. Komarov [51]; Fig. 9.7 isa 
comparison with the data of Goldstein et al [144]. 


For a flow of compressible gas, taking (9-1-15) into account, we have 


i+ 


— max B(1 + m) Re,, 
= { + (1+ K,)™*10L*™ — 2Pre.t? Ret! 
- : (9-2-8) 


x fv. (Puqa—urs*  oynas} ae 
. Bee 
For the gas flow in a supersonic nozzle 
Pimax B(li+m) Reve 


oe ea 2 Pres Rent ipmes 
' (9-2-9) 


xfe(sayereray 
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anni p Se FIG. 9.7. Gas screen effectiveness 
ee with a porous section. Curve—cal- 

hos culated from (9-2-7); experimental 

tT ti | ime points—from the paper by Goldstein 


et al [144]. 
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Equations (9-2-8) and (9-2-9) are solved for ®, by successive approximations. /265 


For a preliminary estimate we can use the formula 


= 1 —).3 
@,98 Kr 
0.25 Re¥ ) fv U(lI—U) 8 
00" fe) \ Hoe J M (9-2-10) 


= xy 
0, = il + (t + K,)'** Rey 5 


and for the supersonic nozzle 


0,25 Ren Vis (2 oa i y~ 
%.= 4 Ro | a a Cae 


For the flow around a flat plate we have 


0,25Re,, Pw sa fase 
= {! + FF ae TK Reel ( i) ; 


Pot, (x — x1). 2 ms 
where Re, = = Sie ® ,, “(Vez ' ) ® 


(9-2-12) 


FIG. 9.8. Effectiveness of a gas 
screen with supersonic flow. 1— 
Calculated from (9-2-13) for M 
= 2.9; 2—calculated from (9-2-7) 
(M -— 0); test points from the 
paper by Goldstein et al [256]. 
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Figure 9.8 gives a comparison between formula (9-2-12) and the data of Gold- 
stein et al [256]. The tests were made with T wf tw = 1.0. Then formula (9-2-12) is 
conveniently written as 


2 f WyRea, ig 0.3) <o,8 
O= (1405 cree) LS Ree) 


where Re, = jwx;/u, Uy is the coefficient of dynamic viscosity of the injected gas at 
Tk": 


As is evident from the figure, the experiments and relationship (9-2-13) are in 
good agreement. It is interesting to note that the screen effectiveness improves con- 
siderably with an increase in M-number. 


9.3. Gas Screen Created by the Injection of Cooled Gas Through a Slot 
The gas is injected through a slot of height s with velocity w, at temperature T, 


(Fig. 9.9). The physical properties of the main and injected gases are taken to be 
alike and constant. 


FIG. 9.9. Diagram of a slot 
gas-screen. 


In the section 0<x<.x, the plate is washed only by the injected gas, and the plate 
temperature is equal to the temperature of the injected gas, i.e. se =T =T>. 


Boundary layer heating due to the mixing of the main and injected flows begins to set 
in with the section x ~ x;,. 


With x—+oo the dynamic boundary layer no longer depends on conditions in section 
xX, and with n = 1/7 


—0,2 - 
8°° ep = 0,036.x Reo. (9-3-1) 
We can write the following balance relationships for the x,-section: 


a 
se pwldy =C,,p,w,T,s + C,,P wel, (h -- 5); (9-3-2) 
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b 
) pow dy = p,w,s + pw, (A — s). (9-3-3) 


For the conditions being considered (7, = 2,.C,,=C,,), we have /267 
a= s (9-3-4) 


Substituting (9-3-4) and (9-3-1) into (9-1-10), we obtain 


os _\o8 


0,2 
0.2 77 -ERe® ee (9-3-5) 
where Re, = w,S/V.- 
With Bg = 9 we have 
max 
0.2 2% ape, 
@, 3.1 Re? (= = (9-3-6) 
For the region ., << x« <0 we find: 
A. we(x—x,)]-%* 
On [1+-0.25 Re’ aa | (9-3-7) 


@=1 in the region 0<x< x1. 


Using the known relationships for a free turbulent jet [1], to a first approximation 
we can take, for w; < Wy 


: ~ (0.107 +0.037 -F.)" Sete (9-3-8) 


In some instances the section x; can be neglected--i.e. we can get x—x,~x, and 
thereby create some margin for the gas screen effectiveness. Then we obtain a simple 
computational formula 


e= (1 4.0,25Re Se (9-3-9) 
e wy 
A comparison of the gas-screen effectiveness computed from (9-3-6) with the tests /268 
of Papell and Trout [193], Hartnett, Birkebak and Eckert [152] and Seban [214, 215} is 
given in Fig. 9.10. 
The proposed method can be extended to a flow of compressible gas along a flat 
ee __ Pt,S 
wall. In this case Re oa and 


,, -*8 
Om [: + 0.0163". ee (9-3-10) 
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FIG. 9.10. Effectiveness of a slot 
gas-screen. Curve—computed 
from (9-3-6); o—tests of Papell 
and Trout [193]; ¥—tests by 
Sevan [214, 215]. 


where Va is found from (4-1-2). For the general case of flow over a curvilinear 
surface we have 


z ’ = 
o,.or6p.t@,, (22) re, ( #U (i—uy 
uence ( —) Rew | ae (9-3-11) 
x 
oS ie oo 
and for the gas flow in a supersonic nozzle: 
0.016p.°"@,, iz, ees 
so a sooner) | ¥,(D)""'de rset) 


It should be noted that all formulas obtained for the gas-screen effectiveness can /269 
also be extended to the injection of a foreign gas. In this case the gas-screen effec- 
tiveness is defined by way of the enthalpy of the gas 


—— ig— i*w Qe 
aca Rear eee (9-3-13) 


With Sc = 1 similarity should exist between the distributions of enthalpy and total 
concentration of the injected gas, and hence 


ip—i® e—c* 
r= Gore am Soe (9-3-14) 
From this 
Cow @Ce—Oi (Co—C ws), (9-3-15) 


where co is the concentration of the injected component at the thermally-insultated 
wall; Cui is the concentration of the injected component at the wall in section x,. 


The specific heat of a binary mixture of gases at the wall can be expressed as 


Con = Cp, C'w +L (L— Cw) =Car + (Co, —Cr) Cow: (9-3-16) 
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From (9-3-13) we have 


From this, taking (9-3-16) into account, we have 


TT ee 08 Cnet — Cows Twi) — (Cowi— Gps) Toe Pw 
Fo Tw (Cro + Cows — Cm) Cowl (To — Tw) 


In the case of injection of a foreign gas through a tangential slot, cy = 


ar = T° Cow = C.3° and from (9-3-18) we have 


0.= @C,, 
® Cp, — Cm + rea 


0, c 


(9-3-17) 


Wi 


(9-3-19) 


The integral energy relationship (2-4-7) for the region x>x,, where i 0, is 


written as (q, = 0, hy = 0) 
d (Re®*,3i) 
—a = 0. 


From this 


ee, Re*® 
= Ft =3 rr , 


in which case 0,;= een tw Re** — Lie Re®*;, a BPM » woe. =I+r is 


wee fw 


iy, is the enthalpy of the gas at a thermally-insulated wall. 


Taking into account Eq. (7-2-15), we obtain a formula for the gas-screen effec- 


tiveness in the general case: 


a-[4 2 tmp geet [¥ “es ‘| 


where 
¥— Gan 2arctg M, V 0.57 (k — 1) if 
(V7 41)M, V0.5? @—1) 
in which 


V=iwlitw 


(9-3-22) 


The parameter Re?" is established as a function of the mode of setting up the gas 


screen: 


fy _ _FL Oriainal fram 
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FIG. 9.11. Screen effectiveness with injection of 
a foreign gas. Curve—computed from formula 
(9-3-15) with ¥ =1. 


Symbol | Injected gas | Reference | Type of screen 
e Helium | (18) Porous 
o Helium — section 
© Helium | 
$ Helium 
Hydrogen 
Freon-12 | ! 
(a) cooled portion 
Re**, =(# 5 im +1)%, (" Res, lie (9-3-23) 
(b) porous section 
Re**;, = Re,, (1 + X,); (9-3-24) 
(c) injection of gas through slot 
Re), = ee . (9-3-25) 


For the subsonic gas~flow region, Eq. (9-3-22), for 8 = 9, is written as 


ae f ro RT f J (ya | (9-3-26) 
& 
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An accurate solution of the problem can be had by the method of successive 
approximations, since the function ¥ depends on ©,. In addition, we must obtain an 
expression for the function ¥ in the presence of a gas-screen, which will be done in 
Section 9.7. 


However, for practical calculations we can take, as a first approximation, ¥= Vy, 
and obtain the limiting value of gas-screen effectiveness under the conditions being 
considered. 


Figure 9.11 presents a comparison between formula (9-3-15) and the test data of 
E. P. Volchkov and E. I. Sinaiko [15], Goldstein et al [143] and Burus and Stollery 
[257], in which the concentration of injected gas was changed at the wall with different 
methods of setting up the gas screen. The curve corresponds to the calculation of 6, 
from Eq. (9-3-26), assuming 'Y =I. As can be seen from the diagram, satisfactory 
agreement exists between computed and experimental data. Better correlation can be 
attained if the deviation of ¥ from 1 is taken into account in (9-3-26). 


9.4. Multi-Slot Injection of Cooling Gas 


In many cases of practical importance, a mult-gas screen must be used. Possi- 
ble arrangements of multi-slot- and grating-injection are shown in Fig. 9.12. 


FIG. 9.12. Diagrams of multi-slot (a) 
and grating (b) cooling. 


Consider a uniform turbulent boundary layer of gas with constant physical prop- 
erties in a given temperature interval. Cooling gas is injected through a series of 
slots of width S;, Sa, ... s.’ corresponding to temperatures of T;, Ty, ..., Th and 


velocities Wy, Wo, «++, Wa Each slot has a zone x;, Xo, ..., xy within which the 


wall temperature does not change and is equal to the injected gas temperature. Heat 
is not transferred through the wall, and its temperature is an unknown quantity that 
varies with the coordinate x. The wall temperature beyond the first slot can be found 
from (9-3-7). The problem is to find the wall temperature beyond the following slots. 


The energy-loss thickness in the section of the second slot is: 


T,.—T*w: 


3p may tH (9-4-1) 
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where m, = p,w,/p,W,; 


is the energy-loss thickness in the section above the second slot. From the energy 
equation: 


T=—T., _ °°, : 
“te= ti — (8°*7)2 (9-4-2) 


where 67:75; is the energy-loss thickness in the section of the first slot. 
With (9-4-2), we have from (9-4-1): 


T6=T. 


ee f, —f, - 
8° =M,S, + T: = 7, 3 ri =m,s, + 7.—T, ™S- (9-4 3) 
Hence 
| T,.—T,-, 3°? (9-4-4) 
ta = MSn + — T~—T, ° Ta-t 
or 
T,—T,. 
gre n= MSn + jf + Mn Sn-y 
(9-4-5) 


From the integral momentum relationship (for m = 0.25 and B/2 = 0.0128) we have 


Us = T + 0,016z'.*4}¢-%, (9-4-6) 


A= 


where 7 =.¢/2°*, Re®”, 


A comparison between (9-4-6) and the tests of Hartnett, Eckert and Birkebak [152] 
and Seban and Back [216] is given in Fig. 9.13. 


The momentum-loss thickness in the section above the second slot is /274 
@**,), = ie 0.016 aaa) | (9-4-7) 
‘df 
and the total momentum-loss thickness is 


a, = mis, (1 — a) + Gs. (9-4-8) 
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Hence 


tt ee 


>A 
bea Yates 
¢ 68D 2 34 6800 2 


8 a= masn(1— St) +6 (9-4-9) 


A first approximate analysis of the effec- 
FIG. 9.13. Change in momentum- tiveness of thermal shielding can be taken as 
loss thickness over the length of a " 
plate with multi-slot injection. = m,s, (1 = =) +m,s,( -_ =) +... 
Curve—calculated from (9-4-6); J 2 : 
e—data from Hartnett et al [152]; ef +m,s,(1 _ a): (9-4-10) 
o. 4. O—data from Seban and Back ‘ 

[216]. 
In this case the gas-screen effectiveness 
with multi-slot injection is calculated from the 
formula for a single slot. The difference consists only in the determination of the ini- 
tial parameters of the boundary layer, which are calculated in the cross section of the 
n-th slot, taking into account the injection of coolant through all preceding slots in 


accordance with (9-4-4) and (9-4-10). 


In particular, for the power-law profile with n = 1/7 we obtain 


Ree? - a (Fe © 108 ‘yo.8 Re°°,, or age 
o=|( Ren) (“were -1| (Rene) ee 


where 
= [Re,,'* + 0,016 Re, |’; 


—_ vairen'* +0,016 Re, |*-*; 
a = [0.016 Re,_,|°° = Re**, 


For the case 


%, =v, =...=8,; 
T,=17, = te 
s,=—s,=>= =S, 
we have 
see ams; 8°, == ams (1 = Zt). (9-4-12) 


Equality (9-4-11) reduces to 


U tye,3 
©= Ty o0EK™ \¢ se [! 
(9-4-13) 


+62,5(1— 3+)" kay -1} 
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FIG. 9.14. Generalization of test 
data on the effectiveness of the 
gas-screen with multi-slot injec- 
tion. 1—calculated from (9-4-14); 
2—computed from (9-4-15); that 
data points with 0 < w,/Wy < 1.33 


from the paper by Chin et al [144]; 
number of slots: s—1; e—2, +—3; 


‘ Frases 
en 


at 


EEN 
Hit di 


where 


Equation (9-4-13), as shown by E. P. Volchkov [15], can be satisfactorily 
approximated by the formula 


a=([(i+ Keir) —! }*@ —0.016K)-+" (9-4-14) 


with w,/Wo << 1 and 
e= [(: ee Pa | }"a +0,016K) -*."* (9-4-15) 
with w,/Wo =1. 


Figure 9.14 presents a comparison between the experimental data of Chin, Skiwen /276 
and Burgraff [114] and the computed results using (9-4-14) and (9-4-15). Those modes 
were used in the analysis for which the energy-loss thickness due to the injection some- 
what exceeded the initial energy-loss thickness due to wall cooling up to the first slot. 
Reference [114] also contains measurements of the gas-screen effectiveness with the 
injection of a coolant through a grid-like panel (see Fig. 9.15). 


Under these conditions the parameter K is found from the formula [277 
Kea (#5) Re. (9-4-16) 


where G is the flow-rate of coolant per unit width of surface. ‘ 


As can be seen from Fig. 9.16, the calculated curves encompass the entire range 
of experimental points, even in such a complex situation. 
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FIG. 9.15. Effectiveness of gas-screen with the in- 
jection of a coolant through a tangential grid. 1— 
calculated from (9-4-14); 2—calculated from (9-4-15); 
Points- test data from Chin et al [114]; number of 
rows of slots: 5 —2; e©—4; +—6; 4—8; x—10; 4—20. 


9.5. Effectiveness of Gas-Screen at a Rough Wall 
In a paper by E. P. Volchkov and V. Ya. Levchenko [12] it was shown that the 


proposed method of calculating the gas screen can be successfully extended to a rough 
surface. In this case, formula (9-3-9) is written as 


= [ + 0,254 =t, ae (9-5-1) 
44x 
A= I+ pm Get 2a eee) 


where A is the roughness height. 

Figure 9.16 presents a comparison between the test data of E. P. Volchkov and 
V. Ya. Levchenko [12) and formula (9-5-1). The tests were made on a tubular surface 
in the range 0.23 < m < 1.0 and various slot heights (2 <s < 13 mm). 


In the case of a fine-grain surface, for the region in which the coefficient of fric- 
tion can be assumed to be constant, we have 


vem (Gu) x. (9-5-3) 


Substituting (9-5-3) into (9-1-4), we obtain 


Om [1+44.5Cr (a =) (9-5-4) 
Strictly speaking, the coefficient of friction on a rough plate varies over the length, 
since the boundary layer thickness changes. If we use Schlichting's formula 
= [2 87 +1,58 1g / (3 +))" (9-5-5) 
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we find 


ae [ 2,87 + 1,58 ig (+) ax. (9-5-6) 
Hence 
—-— ms . 
«sf [2.97 + 1.58 ig (+) ] ne ge (9-5-7) 


Comparison of formulas (9-3-10) and (9-5-7) shows that the effectiveness of the gas 
screen is less on a rough surface than on a smooth wall. 


FIG. 9.16. Gas screen effectiveness at a rough 
surface. Curve—calculated from (9-5-1): 
Points—tests of E. P. Volchkov and V. Ya. 
Levchenko [12]; height of roughness in all tests 
4 =13 mm; height of slot, mm: o—13, A—10, 
4—6.5, @—3.5, <—2. 


9. 6. Convective Heat Transfer with a Gas Screen 


Usually the gas screen is used in conjunction with surface cooling and one must be 
able to determine the local coefficients of heat transfer for these conditions. The inte- 


gral energy relationship for the region x > x; can be written as jars 
(Fw — Tew) 8, + (Pw — Tr) 8 | = ee (9-6-1) 
where 
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FIG. 9.17. Law of heat transfer in 
the presence of a gas screen. Line— 
calculated from (9-6-6); Points— 
tests of V. P. Komarov [51] with 
Re, and St, established from (9-6-2) 


G2 a a Sas and (9-6-5). 
a 
= J Bel (St =) dy. (9-6-2) 


Here T' is the temperature at a given point at the boundary layer at the thermally- 
insulated surface; Ty is the temperature of the surface. 


In accordance with Eq. (9-1-2) 


Air, —T,)8°*,,]=0. (9-6-3) 
Hence 
a= re teh Re, St. (9-6-4) 
where 
St, = pnt 4T* =T,, —T*,,. (9-6-5) 


Thus the integral ene a relstions for the heat-transfer surface, with a gas screen, 
keeps its usual form tf AT w 8 substituted in place of AT. 


We assume that the law of heat transfer in the form (2-6-4) is also valid for the 280 
conditions being considered, if 6**r is defined by (9-6-2) and St, by (9-6-5), i.e. 


St, = Rey —"Pr-*. (9-6-6) 
Figure 9.17 shows a comparison of (9-6-6) with the test data of V. P. Komarov 
[51]. 
Figure 9.18 gives the distribution of temperature over the boundary layer cross /281 


section at a plate, with a step input of heat, as obtained by E. P. Volchkov [15]. The 

ratio of the heat fluxes at the first and second steps came to 0.3 < a.) a <7.0. As 
T—f?f' 

can be seen from the diagram, the temperature profile in coordinates ny 


== f (=) is in agreement with the usual power-law relationship. 
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FIG. 9.18. Distribution of temperature 
over the cross section of the turbulent 
boundary layer with a step supply of heat. 
t—? 
¥,—T,, 


w l—o,7is(yiteep) 7, A 
an w 


— power-law 
treatment in variables Se a re 


B—treatment in variables + mf (y/d**py); 
w 
Points—test date of E. P. Volchkov [15]. 


0,3 | 0.8 | 0,87 | 0.7 


Figure 9.19 shows a comparison of the results of calculation using (9-6-6) with the 
tests of E. P. Volchkov [15]. In Fig. 9.19a the test data were generalized in the usual 
way, and here, with Gy! q > 1 the test points deviated considerably from the calcula- 


tions made with (9-6-6). On introducing the equilibrium wall temperature, all of the 
test points fit relationship (9-6-6) (see Fig. 9.18b). 


Figure 9. 20 illustrates the test data of E. P. Volchkov and V. Ya. Levchenko [12] 
on heat-transfer at a rough surface with a gas screen, as processed similarly. As 
can be seen, the introduction of the "equilibrium" temperature allows generalizing the 
heat-transfer data at a rough surface as well. It should be noted that without a gas 
screen, at this same surface, the authors obtained the formula 


Nus=2,6 - 10-°Rez, (9-6-7) 
which is correct beginning with x/A>6. 
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FIG. 9.19. Law of heat transfer with a 
step input of heat. Straight line—calcu- 
lated from (9-6-6); points— tests of E. P. 
Volchkov [15]; o—0.3 <4,/ Gy, <1; e— 


3.1< ag < oi a—computed with 
AT = TYTo and 6 T according to (2-4-3); 

= — Bi *** 
b—computed with AT tS Ty and 6 T 
according to (9-6-2). 


FIG. 9.20. Heat transfer at a rough 
surface with a gas screen. 1—calcu- 
lated from Nu, = 2.6 x 1073 Re °8; 
Points—data from E. P. Volchkov 
and V. Ya. Levchenko [12]; e— 
without screen; o—with screen 

(w </Wo <1). 


The integral of the energy Eq. (9-6-4), with (9-6-6) taken into account, has the /283 


form 
eo ! (m+1)8 
Re = . T,.—Tw we 
[ - tor 
r] (9-6-8) 
ar 


rie fe FTG are men 
m 


T— Twi 


ang 


A = 


Taking into account Eqs. (9-1-14), (9-2-7), (9-2-10), we find Re"y from (9-6-8) 
and the local values of St from (9-6-6). 


9.7. Effectiveness of the Gas Screen and Heat Transfer on Chemically Reacting 
Surfaces with Tangential Injection of an Inert Gas into the Boundary Layer 


As has been shown in Chapter 8 in the calculations of heat- and mass-transfer 
processes on chemically reacting surfaces, the non-isothermicity exerts a substan- 
tial effect on the coefficients of friction, heat- and mass transfer. It was demonstrated 
in Section 9.6 that the power-law profile of the dimensionless temperatures is pre- 
served with the introduction of the equilibrium temperature under quasi-isothermal 
conditions. It may be assumed that the relationship 


i-? 


= . 


l—e=5 


(9-7-1) 


will continue to hold under even substantially non-isothermal conditions. Here i is the 
total enthalpy of the gas at a given point, i' is the total enthalpy of the gas at the given 
point with the development of a gas screen around the thermally-insulated wall (qQ,, = 0). 


With barrier cooling of the wall, when ai/ay) = 0, a most intense turbulent mix- 


ing takes place in the near-wall region, where the velocity derivative is maximum. 
Therefore enthalpy profile distortions take place in such a way that the region in which 
(2i/2@y) = 0 grows as the boundary layer develops. 


Thus as x—»oo, i’—+i*,, and in this region equation (9-7-1) takes the form /284 
imly 
Fe Romig (9-7-2) 


mi 


With this relationship, the expression for Isr from (2-1-12) reduces to the usual 


form 
~ tego de 
[VF 4e=—SV et (9-7-3) 


It should be remembered that the Stanton number appearing in ¥' is defined as 


St= er 
where iy is the enthalpy of the gas or a thermally-insulated wall with a screen present. 


As Re—+*oo, Br—!| and we have 


[Vy ean [Vaw Fm Z. '9-7-4) 
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The right-hand side describes the "standard" boundary layer and represents a 
constant Z, independent of perturbing factors. For "standard" conditions V=t, g§=Qo, p=1 
and Z = 1. 


Thus the limiting law of heat transfer for the non-isothermal boundary layer of a 
compressible gas, with a gas screen, on a permeable surface, has the form 


t 8 
Fae o= (j Yet a] (9-7-5) 


The approximation of the heat flux profile over the boundary layer cross section, 
with a gas screen on the permeable surface is retained in the form 


=1406°,3, (9-7-6) 


where br = j,/P owSt is the wall permeability parameter in the presence of a gas screen; 
here he is the transverse flux of matter at the wall. The gas density is related to the 


parameter @ by the known relationship (for M < 1) 285 
ww T (vat (l — ¥.) 8] 
=, Te FU Wm Fee et) 
where 
i , _ Cow. 5 __ Mw 
L=7 i ea 61 I 6 cama ( 
For gases of like valency 
am Mew qT, i = 
wo MM, Tw Fhe (9708) 


Here M’, and Te are the molecular weight and the temperature of the gas mixture 
at the wall in the absence of heat- and mass-transfer (qa, = 0 and Ve =). 


Substituting (9-7-6) and (9-7-8) into Eq. (9-7-5), we obtain the limiting laws of 
heat transfer for a reacting wall in the presence of a gas screen: 


(a) With ¥,<1 
= Mw Te 4 VIDEO + VO 
= “h. Tw Oo (— Hh) [Ea Vi—¥. + V 59, 3 (9-7-9) 
Lhd un ! + b J —+4+, te 
bia, Test, [= 1 yey ‘ (9-7-10) 
wow ae Canalo Original from [ 


(ob) With y,>1 


Mm 7 4 
FT—- w e 
M, Tw. bv, — I) 
(9-7-11) 
1—N(U +0", %—t\". 
x [aretg / SOT i +5) ule 
Af*y T, 1 2-—4,\! 
b=, fet (eat h F (9-7-12) 
For an impermeable wall: 
—_M*w ™% 7__2__ 9-7-13 
= Al, real batl ): 


Thus the limiting laws (9-7- -9)=(9- -7-13) differ from those obtained earlier by the 
presence of a factor (My /Mo) (T/T ) which also accounts for the effect of the gas 


/286 
screen on the relative awe of heat- and mass transfer and on the boundary layer dis- ~~~ 
placement parameters. The values of the parameters 4,, My, /My and T/Ty, are 
found from the formula derived earlier 

Re 7 1,085 -08 
= [140.255 7 a)" , (9-7-14) 


where 
i, = i°w (ede =a (1) oy 
le—ig Cslo— Cero 


With injection of an inert gas through a slot 
(20) °w = (Z)0 (1 — 81). (9-7-15) 


The integral diffusion relationship at a reacting wall, with a gas screen, can be 
written in analogy with the energy equation in the following form 


d (Rep dz) i 
aa "Ta Rez =St, Re,, (9-7-16) 
where 


ree : 


é 
(on [aad (44) — (1) . 
: "7 ico Jay 
oe 


Here ¢” is the concentration of the i-th component at a given point in the boundary 
layer at a non-reacting wall. 
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Taking the diffusion equation into account as written for the wall conditions 


hive = Iw (cw — pD (3 ).- (9-7-17) 
we obtain 
lew 
he [ tea | 
St haa age = ew er 
We introduce the diffusion parameter of the permeability /287 

= fw twee iw 
"i Te%eSty hw (2=7-19) 

iw 


Let us consider the burning of a aaa surface, and, by determining by in terms 


of the concentration of carbon (c; lige Pe we find 
ow pa 6°, 
°° = a PENT We = Cow cy (Cow = Th," (9-7-20) 


We establish bi through the oxygen concentration j we 0 and obtain 


— (e)* (Ze) ow -7- 
6°, Te —1}. (9-7-21) 


For the diffusion combustion region, where the reaction C + O CO takes place, 
we have 


~ 12 .~ ~ 16 ~ 
Cow = a5 Coodwi (Cohw = ae Coo)wi (9-7-22) 
Here Coo)w is the concentration of CO at the wall. 
From Eqs. (9-7-20), (9-7-22), taking (9-7-15) into account, we find the perme- 
ability parameter at the burning graphite surface in the presence of an inert gas 


screen: 


i = ()° w= + (Co)e (l— @,). (9-7-23) 


The integral equation of diffusion is conveniently written as 


aRep , Rep d (de) — 


ge Har ae Ste V (I + 8°) Re. (9-7-24) 


In analogy with heat-transfer we find the law of mass transfer as 


St, =-F Re"y "Se" (SE). (9-7-25) 
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We integrate and find / 288 


rerom i [229m (te)? 
t 


(9-7-26) 
xP (1+6,) ae 
The intensity of burning of the graphite surface is defined by the formula 
Ig == 6,8 -—— Re, "Se-* Gag 1D (9-7-27) 


where Y is found from (9-7-11). 


In the experimental determination of the law of mass transfer the local values of 
Re** are found, in analogy with the thermal layer, from the formula 


D 
a 
. (1 + 6%) } ig dx ee 
ees ep 
and the Stanton number from 
ite 9-7-29 
Sto= Tad ee 


If the change in gas parameters over the length is ignored in Eq. (9-7-26), for- 
mula (9-7-27) reduces to 


AC. 0%, St = 6%, 0,029.26. 77Sc “vrs (SE). (9-7-30) 
Tee 

Figure 9.21 shows a comparison of the experimental data of E. P. Volchkov and 
E. I. Sinaiko (16] on the burning of a graphite surface in an air flow; without screen and 
with a nitrogen screen, with the computed results using (9-7-30). The agreement of 
the proposal method of computation with the test data is quite good. As can be seen 
from the curves, the combustion intensity is considerably reduced with the presence of 
a screen. 


Figure 9.22 shows the generalized test data [16] on the intensity of burning of a 
graphite surface without a screen and with nitrogen and argon injections. The data 


were developed in the form of the law of mass transfer, taking into account (9-7-28) /289 
and (9-7-29). The computational relationships were set up from the formula — 


St, = 0,0128 Rep °'* Sc-8'F (s)"" (9-7-31) 


for uJ, = 7, 0 and 1. 
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FIG. 9.21. Burning of a graphite duct in an air flow 
with a nitrogen screen. Curves computed from 
(9-7-30): 1—for y, = 7; 2—for x, = 9; 3- for y, = 10. 
Points from the tests of E. P. Volchkov et al [16]. 
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FIG. 9.22. Generalized test data on the burning of a 
graphite duct with nitrogen and argon screens. 
Straight line—calculated from (9-7-31): 1—y, = 7; 
2—y, = 9; 3—y, = 1: Points—test data of E. P. 
Volchkov et al [16]. 
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As can be seen from Fig. 9.22, the calculations and the test data agree satisfac- 
torily. For the conditions being considered, the non-isothermicity reduces the inten- 
sity of mass-transfer by a factor of about 3. 


Figure 9.23 represents the test results [16] on the burning of graphite in a flow of 
air with the injection of helium. 


id E*) 0 50 mm 


FIG. 9.23. Burning of a graphite duct with a helium 
screen. Curves—calculated from (9-7-30): Points— 
tests of E. P. Volchkov et al [16]. 


Tom kg/(m?+ sec) 1, %- kg/(m?-sec 


As the calculations show, under the conditions of the tests by E. P. Volchkov and 
E. I. Sinaiko the maximum effect of a transverse flow of matter on the law of mass- 
transfer did not exceed 10%—i.e. within the limits of experimental accuracy. On the 
other hand, the effect of the non-isothermicity, as already noted, was two orders 
larger. Taking this circumstance into account we can ignore the effect of a transverse 
flow of matter on the law of mass transfer, and then Pax ¥¥,=Stp/Stoo. 290 


Figure 9.24 shows all of the test data of reference [16] represented as the function 


(Vee Vet) o-7-32) 


‘ 


Here also are presented the test data from the paper by Perkins and Worsoe- 
Schmidt (194], reworked using the formulas of Chapter 8. As can be seen from the 
plot, the experimental values and those obtained using the proposed method are in 
satisfactory agreement. 


There is no difficulty in principle in extending the proposed method to a flow of /292 
compressible dissociated gas, to the axisymmetric boundary layer, to the internal oy 
problem, etc. With the presence of a flame front in the boundary layer, the relative 
laws of heat- and mass transfer are derived using the formulas of Chapter 4. 
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FIG. 9.24. Generalized test data on the 
burning of a graphite duct with a screen of 
different gases. The quantity 


ye /h Ve 
V > V wt! 
is plotted on the abscissa. Curve—computed 
from (9-7-13): @—tests made by Perkins 
and Worsoe-Schmidt [144]; +, 0, O, 4, @— 
tests by E. P. Volchkov et al [16]. 


9.8. Turbulent Wall Jet with w, /wy >> 1 


In the preceding sections we have considered the characteristics of a wall jet, 
essentially with w_/w, << 1. The effectiveness of a turbulent jet propagating over a 
flat wall with a stationary ambient gas is a matter of practical interest. A diagram 
of this problem is shown in Fig. 9.25. 


FIG. 9.25. Diagram of a 
turbulent wall jet. 
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For a jet element of length dx and thickness 5,, the momentum equation is 


i frre =e (9-8-1) 
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or 


if fret fara = (9-8-2) 
4 


Assuming that the frictional forces at the outer edge of the wall boundary layer are /293 
equal to zero (with y = 5,, 3w/x = 0 and 7 =0), we can write for the contour 1-2-3-4: 


Efeated| {rody— 0. (9-8-3) 


Here wy is the velocity at the outer edge of the wall boundary layer (with y = 4). 


Hence, taking (9-8-3) into account, Eq. (9-8-2) takes the form 
wd freay— i frrarmey (9-8-4) 
We introduce the characteristic thicknesses for the wall boundary layer 


] 
n=l ( i— te) dy — displacement thickness; 


a 1— =) dy — momentum loss thickness. 
Pee @ : 


Then Eq. (9-8-4) reduces to 


a b.0h**) + pow, (3° —8,) Ge ty (9-8-5) 
or 
dRe** ae 8, \ Reed, tn mt 
“a t(! + Cr ay “ee a =o Re,i,, (9-8-6) 
where 


Re? = wh"*/v,, 2 = x/s; @ =, 'w,; 
€7,/2=%y/pw,; Re. =2,5/v.. 


We must now turn our attention to the circumstance that the parameter dw,/dx, 
under the conditions adopted, is not related to the pressure gradient, which is essen- 
tially zero in a subsonic submerged jet. 


With a power-law distribution of velocity in the wall boundary layer we have 
(n = 1/7): 


[} tpn ges | = const = — 8. (9-8-7) 
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The law of friction for the boundary layer takes the usual form 


a eat (9-8-8) 

Then 
dRe** Ree? 0 B Sais 
Sar 4 6. TG = agers MoRev a 


Since 5, << 6, we can assume that the change in maximum velocity over the length 
of the plate is the same as that for a free turbulent jet [1]: 


= Cys" =3,8r-*". (9-8-10) 


Integrating, we find 


Re** = {Ree (m+}) (3) (m+) 


(9-8-11) 
+ B(m + 1) Re,C,2'** es Xe \Caimti tart a. 
m+ t+et i ( ) }} 
For X) — 0 we have 
’ 
B(m +1) Re,C et! ymet (9-8-12) 
Re®* = | SC m+) tari : 
Taking B/2 = 0.0128, m = 0.25, C, = 3.8, C, = -8, @ = 0.5, we obtain 
pam ae (9-8-13) 


or 


——— a =. (9-8-14) 


Figure 9.26 gives a comparison between the tests of Myers et al [185] and the 
derived formulas. Figure 9.27 shows the same comparison for the test data of Seban 
and Back (216). As is evident from the diagrams, the proposed formulas for the 
dynamic layer of a wall jet are in satisfactory agreement with the test results. Using 


Reynold's analogy we find the heat-transfer formula: 
e 0,12 
St, = —— eatin (9-8-15) 
or 
Na, =s <= 0,120 (2) g-°* Pps, (9-8-16) 


where a = q,/ (T,-T",)- 
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FIG. 9.26. Coefficient of friction in the 
wall jet. Computed from (9-3-14): 1— 
Re, =6 x 104; 2—Re, =7 10°. Points 


from the tests of Myers et al [185]. 
| 


FIG. 9.27. Coefficient of friction in the 
wall jet. Computed from (9-3-13): 1— 
Re, = 3500; 2—Re, = 7000. Points from 


the tests of Seban and Back [216]. 
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FIG. 9.28. Heat transfer in a wall jet. 
1—calculated from (9-8-15) (w,/wo 


— @); 2—calculated from the formula 
0.113 

of E. P. Volchkov [15]: Sh? ATs 0. Bp OS 

(wim > 3); 3—calculated from the formula 

St, = 00088 Re=9.2 pr—0.8(g, im=ip 4,0, O— 

2- 4 tests of Seban and Back (216). 
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Here ye is the equilibrium wall temperature, which to a first approximation can be 
taken equal to the temperature on the axis of a free turbulent jet. 
In Fig. 9.28 the test data of Seban and Back [216] are compared with formula 


(9-8-15). As evident from the diagrams, beginning with x/s = 4 the agreement between 
theory and experiment is satisfactory. 


E. P. Volchkov and P. V. Nikitin have extended this method of computation of the 
turbulent wall jet to the more complex conditions of the propagation of the jet over a 
burning graphite surface. 


Figure 9. 29 is a diagram of this problem with chemical erosion at the wall a /2 
transverse flow of matter jy = Py ay is created. 
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FIG. 9.29. Diagram of wall 
jet on a permeable surface. 


Integrating the equation of motion of the boundary layer along the y-axis from 
y = 0 to y = 6,, with boundary conditions 


y=0, c= y; w= 0; pry = iw: } (9-8-17) 
y=8,; <=0, w,= w, = f[ (x) 


and taking into account the equation of continuity, we have 


Be + (i+ eas) a ea Ree, (9-8-18) 
where 6, = — jz 2 2 is the wall permeability parameter; Re**= p,w8**/»,; Re, = p,w,s/p, . 


We take the law of friction in the wall boundary layer in the form 


fn oa B Rete (= \"¥. (9-8-19) 


For subsonic speeds, in the region y, > 1, we have 


___4 =)" 
= Sn [arcte } honed h) ~ ey. Fi | , (9-8-20) 


where 4, = 1/03 i, and {, are the total enthalpies of the gas at the wall and at the outer 
boundary of the wall layer. 

If the interaction processes between gas and wall material take place in the diffu- 
sion region, the permeability parameter b,, as shown in Chapter 8, can be expressed 
in terms of the reduced weight concentrations of the chemical elements entering into the 


reaction (see 8-5-13). For example, for the interaction of air and carbon in the diffu- 
sion regime (with a > 1500° K), b,; = 0.173. 


It was shown earlier that for isothermal conditions the shape parameter c, = 8. 


Let us estimate the influence of non-isothermicity and the lateral flux of matter on 
the shape parameter c,. 


Assuming w= t'’’ and taking into account the relationship between density and 
velocity (for M >> 1) 
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fag +(l—ye, (9-8-21) 
from the formulas for 6*/6, and 6"*/6,, we have 


6 
ae " coef, age 
goi—7| ata ine + y) 7—yi—y* |: (9-8-22) 


af _« ” 
a7 | aa y net a 


6 ( ’ (9-8-23) 
_— 1)’ ‘] 
+Y (7 — 98 — v) (1 —4)"* |. 
wand 


Fig. 9.30 Fig. 9.31 


FIG. 9.30. Influence of non-isothermicity on the mag- 
nitude of the shape parameter c,. Curve calculated 
from (9-8-22) and (9-8-23). 


FIG. 9.31. Effect of injection on the shape parameter 
c,. Curve calculated from formulas (9-8-25) and 


(9-8-26). 


To estimate the effect of the transverse flow of matter on the shape parameter c;, 
we make use of the limiting distributions of velocities, which, for the case p = const, 


take the form (see 5-2-3): 


e= (1 —_ Tata (9-8-24) 
Taking o,=t'!” we obtain 
Sar (VFFE—sR): (9-8-25) 
ace 6\ 1 
8, +(V + rs) = + 5) (9-8-26) 
+5 VIF — se 


Figures 9.30 and 9.31 show the dependence of the parameter c; on non-isotherm- /299 
icity (with b = 0) and on the injection (with y = 1). 


As seen from the plots, the non-isothermicity- and injection-effects on the shape 
parameter c, are quite prominent. 


The integral of (9-8-18) is 


Re = ir [zmtom. fe vimelel ey 4b) 
* (9-8-27) 
x? (s)" dz + (Re**ir“ ).*" we 


With the conditions b, = const and Y= const, and taking (9-8-10) into account, we 
have for the region x >> Xp: 


| 
ae B(m + 1) Re, (I- + 5,) c,2°'@ mer. mae 
Re heeled ee) f (9-8-28) 


Making use of the law of friction (9-8-19) and the Reynolds analogy in the form 
St, = Pr-**, (9-8-29) 


we obtain a formula for computing heat-transfer: 


a 
asi 


St, = BB fac, (m+ 1) +041] bw \*r! 
= (%) (9-8-30) 
2(+ (m + 1) Re, # (1 + 64) act] Pree 


In practical computations it is more convenient to use the number 
St, = te is, =St,F, =c,St, 2. (9-8-31) 


In the paper by E. P. Volchkov and P. V. Nikitin [15] tests were made in a cylin- 
drical graphite duct with induction heating. A nozzle at the duct input provided an air 
screen. 


The mass-flow of matter at the wall was determined from the intensity of burning 
of the duct. Preliminary calibration tests showed that in the regimes studied c, = 3.6 
and a = -0.45. In addition, the permeability parameter b = b, ¥ was less than 0.1 in 
the tests, and its effect on the law of heat-transfer and on the shape parameter c, £300 
could be neglected. The non-isothermicity factor was the major influence on these 
parameters; the non-isothermicity was about ¥ ~ 8.5 in the tests. 
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kg/sec - m2 


FIG. 9.32. Burning of a graphite duct in an air wall 
jet. 1,2,3—calculated from (9-8-33) for slot veloc- 
ities of 114, 66 and 26.7 m/sec, respectively. 
Points from the tests of P. V. Nikitin. 


symbols | O | y | b | o |e | x 
% m/sec 114) :113,4 | 99.6 72 27.4 2 
rT, % 1% 1928 1938 1 988 1997 1986 
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FIG. 9.33. Mass transfer in a wall jet (burning 
graphite duct). 1—Calculated from (9-8-32) for 
W= 1; 2—calculated from (9-8-32) for ¥ = 8.5. 
Points from the tests by E. P. Volchkov et al. 


Symbols | O | ra | D © | x 
1,8, kg/(m2. sec) us| 74,4 88,2 32,3 0.9 
san | tous 


Ty be 
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In this case we have from Fig. 9.30 that c; =-11. Then Eq. (9-8-31) reduces to 


sett ltt) a9 


or 


fom man (te) 08-99) 


A comparison of the calculations of burning intensity of the graphite duct along the 
length with various injection intensities from (9-8-33) with the tests of E. P. Volchkov 
and P. V. Nikitin is given in Fig. 9.32. As seen from the plot, there is satisfactory 
agreement bétween calculation and experiment. 


Figure 9. 33 provides a check of formulas (9-8-32) (for Y= 8.5). But here, for 
comparison, the curve is calculated for isothermal conditions (¥=1). We see that in 
this case non-isothermicity has a significant effect on mass-transfer, reducing it by a 
factor of more than two. 
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APPENDIX 
A.1. SUMMARY OF THE PRINCIPAL COMPUTATIONAL FORMULAS 
A.1.1. Flow Past an Impermeable Plate 
Standard Conditions 


Frictional drag law for isothermal flow: 


2 
Ce = wea 5 in Re*® + 3,8)? | . (A-1) 
Heat-transfer law: 
c 2 Pr-¢.t6 ; (A-2) 


(2,5in Rep + 3,8)? 


Mass-transfer law: 


2 Sc-0.78 
Stoo Sia Re + 3,8)" ee 


Using a power-law approximation: 


Cro = BRe**-™; (A-4) 

St, = > Pr -°.?8Re°°-m, (A-5) 
B oom’ 

Stops = ys Sc-**8Re, : (A-6) 


where the coefficients B and m are taken from table 1. 
For Re** < 10‘, m= 0.25 and B = 0. 0256. 
For 104 < Re** < 4+ 105, m= 0.182 and B= 0. 0148. 


The local coefficients of friction, heat- and mass transfer: 


Cro = 2 Sty Pr®.?® xx 2 Stop Sct.® 
== 0,0576 Rez°? (for Res < 10"); (A-7) 
Ct = 0,0808 Rez 'S* ( for 107 << Reg < 10°). (A-8) 
The mean coefficients of friction, heat- and mass transfer: 
Ege = 0,072 Rez?” (for Res < 10"); (A-9) 
2 pq == 0,0363 Rez?! (for 10° << Reg < 10%); (A-10) 
Bye = 2 St, Pro.t® =-2 Sty Sc". 
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Distribution of velocity, temperature and concentration: 


ay =~ | > ni; (A-11) 
0, = 1 +z v St, Ing €r; (A-12) 
= 1 

Ben! + > V5 In Ep. (A-13) 


Effect of Nonisothermicity and Compressibility 
Limit Relative Frictional Drag Laws 
1. Subsonic velocities: 


e 4 


tam (te any” WEE om 


2. Supersonic velocities: 


Pam (ZA) ne (V5 J (A-15) 


or 
“k—i \° 
arctg M, VS 
= SP ie a ; (A-16) 
meV raz 
when 44 #0, 
‘en! [ESO 
on" F—1 V4 —1) (+39) + OH)? (A-17) 
ae 


—aresia Vow + ov) FO)! 


Approximation Formulas 


In the general case 


8 
deretg M, Vr Teal 


“|View | 


For the case r = 0.9, k = 1.4 we have 


- 4.7 arctg (0,424M,) }® 
e” A-19 
Escez +) | a 


(A-18) 
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v. -(+ [4 yr +1] +0,03 mg} 


(A-20) 


For the power-law approximation of the frictional-drag law under standard condi- 


tions we have 


Fem Fy = Pow: 
€7 = 0,0876 Re=?-7W2.® (for Res < 10); 
€ = 0,008 Rez 9-! yO. ( for 107 < Reg < 10°), 


where 


x 
Rew = A 


€¢ =m 2 St Pret? = 2 St, Sce.t8, 


Limit Velocity Distributions 


1. Subsonic velocities: 


on VF [Vi pave w. 
H = tH,. 
2. Supersonic velocities: 


2(¢°— 1) e+ a9 
et 1) + 


ae 
@VPRT VE, oe + aresin a Dron 
When 4¢= 0 


on mnveat V¥,, ]; 
H = H, (1,674° — 0,67). 
Effect of Gas Dissociation (''Frozen" Boundary Layer) 
Limit frictional-drag law: 
v= ¥,¥,%,, 


where 


7a=t : 
2 8 arctg M, altel Aa Tl 
g, = |(—--—- 
Tw ; k—! 
(Vien) VE 
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(A-21) 


(A-22) 


(A-23) 


(A-24) 


(A-25) 


(A-26) 


(A-27) 


(A-28) 


"= (Ex)! 


2 ee Fy i+aw 
) om Tay” 


Limit velocity distribution (subsonic velocities, y= 1): 


for the case a. =o, a@,=1: 


for the case a = 15a =0: 


Thermal Boundary Layer on a Curvilinear Impermeable Surface 


Vie 


@= (0,179 +-0,83) we: 


@= ee (1,17—0,17e). 


=] 


o= veal nied AY 5 


Reynolds Number over the Energy Loss Thickness 


1. Two-dimensional boundary layer: 


—u» 


AT ait ae + (Rety di Bia 


2. Axisymmetric boundary layer is a nozzle: 


Rere = 


D™- t4i!+" de + (Rery ai, Dy om. 


For the subsonic region: 


Faas 


| are pe 


3 
1 l+am 
“i aio(ses B Reve fr.(= 
& 


r 


(=) 


=aT 


+ ) 
a 
1 
nei 
+ (Rey rane e 


Oriainal from 


/305 


(A-29) 


(A-30) 


(A-31) 


(A-32) 


(A-33) 


/306 


(A- 34) 
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For an axisymmetric boundary layer: 


v= (ie) eure 


gins 


‘in 1 +m 
Rey = “ATD tise BRee | 
1 
ati 


X D+ mdz + (Rer 7 4TD)it™_ | 


Local values of the Stanton number: 


8 
St, = Feo 2 Pr® (Re, 7o0)™ (= i . 
Local heat fluxes: 
Gws ™ Sty pewedi re 


Flow Past a Plate with ste = const 


The turbulent boundary layer increases from the leading edge of the plate: 


St, = 0,0288 (W.,)*.* Rezw?Pr-*.*. 


For flow over a blunt-nosed body (Wy = cx): 


asl 
s B v. 
t= ope = 
ea = ce <gRe al 
ei 


For cross flow over a plate (c =1, m= 0.25, B= 0.0256, n = 0.75): 
St = 0,037547: 0-8 Re 0:28 - 0,6 Pr-0.s, 


For a given thermal stress distribution: 


For the case qy = const 


St, = 0.0288 (¥.)*.* Resw*Pr-*. 
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(A-35) 


(A-36) 


(A-37) 


(A-38) 


(A-39) 


(A-40) 


(A-41) 


(A-42) 
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Plate with an initial heat-insulated section: 


eae (5%) ste 


Res.?Pre.e x 


(A-43) 


For a diffusion boundary layer it is necessary to replace Ai by Ac, Pr by Sc and 


St by Sty in Eqs. (A-32)-(A-43). 


A.1.2. Flow Past a Permeable Plate 
Isothermal Homogeneous Boundary Layer 


The limit relative frictional-drag law: 


?.= (1 --r)3 


crit @ 


The limit velocity distribution: 


Taking «w, =€* we have 


Mati +— 
Ls Jo a) 


re (terete 
—3 +(! -+)aeTr TR Te wet wT 


Fe et 
@ exit ™ (2a + 1)(4n + 1)° 


Me —_ pene 
Wa 1-7) }je+o 
Hite, 


(A-44) 


(A-45) 


(A-46) 


(A-47) 


(A-48) 


(A-49) 


(A-50) 


(A-51) 


(A-52) 


(A-53) 
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™~ 
oo 
So 
@ 
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Uniform gas injection Oy = const): 


1 — 0,258)* 
crm 0087S RE TTT 


2iw 6 


el a 


6 = 3,5. 


xcrit oD 
Constant permeability parameter (b = const): 
1—0,258)! | 
€, = 0,0576 Re; asa 
o : 
bom + 0.2555 * 
ox crit o™ 305- 
Limit gas suction: 


vw, = —d,; 


Iwan — 


Allowance for a finite Reynolds number: 
v= (: —iex) 


Berit @Serit o(! + Ree imeem)" 


Turbulent Boundary Layer of Variable Density on a Permeable Plate 
(Subsonic Velocities) 


Limit Relative Laws of Frictional Drag, Heat- and Mass Transfer 


1. <1: 
- 4 Vi—o + 6) t+ VO, 
on" 188) | Vina + Vow, 
6 —f ts i+Vi-% ). 
crit o ™ =H V-Vi-;, 
2. >t: 


mae | ets a me eV 25 J 


(A-54) 


(A- 55) 


(A-56) 


(A-57) 


(A-58) 


(A-59) 


(A-60) 


(A-61) 


(A~-62) 


(A-63) 


(A-64) 


(A-65) 


(A-66) 
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Approximation formulas: 


- 8 1 -t 
we [a fy? tuto toon]: 


4 
6 > ’ 
t 1 2 
geass 3+ 3 % 
where y; =p o/p, - 
Boundary Layer +, 

Homogeneous r 

non-isothermal..... Tt. 
Inhomogeneous 

isothermal ....... 1+; = ; (R—1) 
Nonisothermal; 

mixtures of gases ‘ 

of like latency..... ~ o[t+ Tt 0] 


where 


ten (757) 


Limiting velocity distributions: 


for ¥, <1 
K® — ae 
enw a(Qk+a)” 
where 
a= (Il—9,)d, d= (1 —4,) Fo t8: c= 7B; : 
K=[Vautara tat qa] ns, 
for y, > 1: 


VSS = + ,0) 
erctg Y EH —h)e 


marctgQ VNTR AKT VE 11 ~ wy) 


Digitized by ( -OQ0le datureleg al iom: 


(A-67) 


(A-68) 


(A-69) 


(A-70) 


(A-71) 


™~ 
w 
— 
oO 


(A-72) 


03 


For the case of critical injection: 
&<t 


v a+ (l —t)e+) (I —bte 
. (A-73) 
a nevTet) Tear ol 


>! 
arcig V ae DS — em aretg Vor 1 : 


Ve;—I 
a Voit coll — a). 
Shape parameter H: 

-H = Hd, (1 + 0.058). (A-75) 


Supersonic Gas Flow along a Permeable Surface (Homogeneous Gas) 


In this case 
& . 
= eat : a? 
¥., Fey (1 i ) (A-76) 
where 
2 ¥ arctg M, Va ; 
eel te pO > ag ee (A-77) 
WwW — - 
y Pat! “Vr 2 
Berit com bupy Fai 
b, rit Phas defined by formulas (A-65), (A-67). 
Injection of a Homogeneous Gas of Like Valency (R = C) 
In this case 
1 1+ Ro, 2 
wal [¢" 7 d, + (1+ b,9%)'/2 ] (A-78) 
hee Of, 1+FR,  .V)-*, 
+> @°—1) +3[¢ 7 ]} ; 
4 
bcrit o * Ta (A-79) 
sye+ Th 
Turbulent Boundary Layer of Dissociated Gas on a Permeable Surface /311 
In this case 
6 z 
v= ¥,¥,,¥, (: = ‘Berit ) ’ (A-80) 
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v-(-) + (ES 


T :—J | 
re, +! oe (=o 
2 . 
3 e 
bcrit o = crit w +2, ° 
e=0 
b_. is defined by formula (A-79). 
crit @ 

a=0 


When the boundary conditions are similar, the triple analogy holds: 
w= Fs = Foe. 
Formula for the thermal permeability parameter: 


no Mii |) / a, _,), 
Ce ee He \ Kbicsit 


where 


Turbulent Gas Boundary Layer on a Permeable Surface of Weak Curvature 


For the case b = const (Ty = const) (subsonic velocities): 


Bu 


cy= 
1+ 
[4 BRe (W. + 6) cirtemaal +n 


cm °§ 


For an axisymmetric boundary layer: 


9 Bs, *™ 


sz mm" 


it" BRey Di+™ (Hath Ped od trons 


Cy= 


The coefficients m and B are taken from Table 1.1; 


m+ H = 1+ Heys (140,050). 


“ie Ba CC’ aAnalr Original from 


(A-81) 


(A-82) 


(A-83) 


(A-84) 


(A-85) 


wl 


For critical injection: 


z ! 
Fr lca 
Re®*,.= ip” ; a BRewwde rit j ett: uz - m : (A-86) 


L 


cat) (A-87) 


iw crit = Pee F (Reet ym 


Integral of the energy equation for a plane boundary layer: 


where 


2 ' 
I ) ee 
Re**, = then BRee ( u(t —u*="6, (1 
& 
| ise 
+ K)aittm dx + (Ret anit (A-88) 
For the subsonic region with T= const and T' = const (Re** = 0 at X = 0): 
3 aus 
! P= 
Re**ry, =| tite Bb, (1 + K) Rew | d? : . use) 
rt 
Mass flow of injected gas: 
hw = Pete Sty d,. (A-90) 
Ss B . es eo { Her. 
tom Tie ym * REM iw= Reval yee )- 
For subsonic velocities and T. = const: 
B 
Te 
lw = Pete =. is ° (A-91) 


= 3 
[oy (1+ oir Sie Ren | 5,d2 | 7 


J 


In the neighborhood of the bow point (W, = cx): 


' 
; Pose ,¢ i nw, 
iow = ————_—__—______. (A-92) 
(t + nat (saae Rs ¢c \= 
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had 
(%<) 


Chemical reactions on the surface of a body: 


— (CP 
Pape 2k ok 2 at (A-93) 
iw 
Gas enthalpy at a thermally insulated wall: 
lw = ig + 64,82 ooo (A- 94) 


Integral of the energy equation (subsonic velocities, iy = const) for a plane bound- 
ary layer. 


r IES 
Re** ow {ite Wy (1 + ba) Resw { fd P sea (A-95) 
e 
for a nozzle: 
r —_— 
Reo = 1[suam Wa (1+ bu) Re, | (D)-*™ al : ee 
L 3 . 
where 
@G 
Ree Se Deit 
The intensity of burnup of the material: 
B : 
lw= ptebs, F. 5 Pre (Re"iw™ (A-97) 


A.1.3. Influence of a Longitudinal Pressure Gradient 


The limit critical parameters in the turbulent boundary layer separation section 
(constant density) are 


(-1afe)_wo.ae: (2), m0 


= Herit= 1.37; I 
0.16: Merig= 1.37; fm — 0,01. 
a 


Frictional drag law in the diffusion region: 

= (1-V72—A. (A- 98) 
Influence of non-isothermicity and compressibility on the critical parameters: 
1. Subsonic velocities: 


af) 
fob. (vr ) : (A-99) 
critO 


~ 
cs 


with 


with 


with 


with 
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2. Supersonic velocities: 


? | 
(a t) 4 eee aie EL ee 
t) “F= Lf V4 — D0 + 48) + (4) 
(PF) 0 
ry) |: 
— ateea 7G — ie + On) + aH) 


Approximation formulas: 


(1). 
(1) 


a a le ad 


For the subsonic velocity region: 
y<l 


Herit = Norito¥i =, Sl Dib 


y>il 


Heit , , 1.32 ferit . to 
Ano 1+ Heaw O- awo  F 


For the supersonic velocity region: 


Ay <0: 


Ay = 0: 


fat wn oh! 83 
“ToritO © 


Dynamic Boundary Layer on a Curvilinear Surface 


Integral of the momentum equation: 


a 
B ' 
Rema exp(— Tag) inte Rew [a 


- 1 
' mol 


x (yu ql ~—uyT exp (J) dz | , 


(A-100) 


(A-101) 


(A-102) 


(A-103) 


(A-104) 


(A-105) 


where 
dw, 
dame (+ Heried Boe 


Local friction coefficient: 


8B Pw \™ 
£1 FoU MH }a0 (Re) Pee 


Boundary-layer shape parameter: 


Reve dU 
[aS ae 
Regel/* (1 —Ur*—" 

For subsonic velocities (Ty, = const): 


% 7! 
1 Tem 
Re**, = a” fea eS dz ) 


| 


where x = 1 + Ao rit’ 


Local friction coefficient: 
y= ¥ 4,8 (Re®*w) -™; 


Ret?w dB, 
I= Recow®. dl" 


Area of a plane subsonic diffusor with pre-separation friction: 


pam [14 Se say |. 


For the case of intense wall cooling (¥ — 0, Hori — 0): 


t 


P= [+35, (s—x,) }": 


A.1.4. Joint Influence of a Longitudinal Pressure Gradient and Gas Injection 


Limit frictional-drag law (constant shape parameters): 


w= (: -+)0 -—V7R—Dh 


h 
pirate 1 = Meat 


pt - + [ arceor(s——) ]: 


(A-107) 


(A-108) 


(A-109) 


(A-110) 


(A-111) 


(A-112) 


(A-113) 


(A-114) 


(A-115) 


£316 


A.1.5. Turbulent Boundary Layer in the Initial Section of a Cylindrical Duct with 
Impermeable Walls (Subsonic Velocities Ty = const) 


Length of the initial section: 


Reo — a (A-116) 


where 
Re, = 4G,'Du,. 
Velocity in the potential flow core (m = 0.25, B = 0.0256): 


{(! + 1.39) 1.25 4 1] : (& —1)9.08 
| (@o— 08 V2 (ty — + 


VE V2 + 
V2 @, — 1)0.78 B, — 1)8.08 
—VE atctg — (1+ 1,34) a 
0,4y'.35z° 
(V¥+ lt Reve’ 
Reynolds number over the momentum loss thickness: 
Re**, = Rew Get (A-118) 
Local friction coefficient: 
0.0256 
61 Feo (Re wy 
Reynolds number over the energy loss thickness: 
om Rex, (3. — 1) 1,25 + 1,62) 
Rey, ie eel 1.34) — (pe 
= V2 (a, — 1)°.28 
x [ 4 (8, —1)9— VJaretg SES Cee 
__,, = 1)e84+V2(d_— 19823-+ L 1" (A-120) 
V2 (Dy — 1° — V2 (mo, — 10-88 4 1 It 
Local values of the Stanton number: 
0.0128 
St = ¥ 


@ (Rerw yo.24 pge.ts ° 


Original from 
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(A-117) 


(A-119) 


(A-121) 


/317 


A.1.6. Friction and Heat Transfer in a Stabilized Gas Flow in a Pipe 


Coefficient of friction and heat-transfer: 


(sow (se Woy (wr): 


where 
Repay = PwitDbw: T=Tw/T. 
or 
‘Nu = 0,023Re®.* Rr *47-9."7, 
where 


Named /i; Re = pe0,'n; ¢=7.,/T. 
A.1.7. Effectiveness of Gas Screens 


Initial Cooled Section 


1. Plate: 
on (: piss 2 é 
2. Curvilinear surface: 
pte 
O,=— { 1+ ern 


ote 
¥.(3 Bbw y va uy e* "us 


rs 


ny SY | 
ir ey Gul! =a] 
Injection of a Cooled Gas Through a Porous Section 
1. Flow past a plate; subsonic velocities: 


0,25 Re,, -0,8 
ed ee 


(A-122) 


(A-123) 


(A-124) 


(A~125) 


(A-126) 
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2. Flow past a curvilinear surface: 
a -0,8 


sven We 
0,25 Rear h) "J tay —un Tas (A-127) 
, 


=| t 
as (as V+ Ky RE 


Gas flow in a supersonic nozzle: 


3 
0,25 Ress v(t) f Ww, (D)™-"ds 


aw] 1 * 
6, + (1 + K,)%.*8 Re (D)*.2* 


(A-128) 


Injection of a Cooling Gas Through a Slot 


Flow past a plate; subsonic velocities 
e-~ [! +0,24Re-0.08 —* ee i (A-129) 


Supersonic flow past a curvilinear surface 


o,08 ri : 
0 ospw,("2t) Rew WU (i— url" as (A 130) 


Omi i+ Ree 


Gas flow in a supersonic nozzle: 


. o,o1ep.ste,, (2h) Rew 7 
@ =| | + (Reses)'-* (1)** “S Wa (D)™-" dz 


(A-131) 


Heat Transfer in the Presence of a Gas Screen 419 


In this case 
B Pome 
St. = > Rer ™Pr-s, (A-132) 


where 
7 t (mt NB Fe 
Re Se] rpre Rep| | ® 


vt o—Twl 
(A-133) 
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T,—T 
. tw = States (Te — wi) [@ — Fp . 


Effectiveness of a Gas Screen and Heat Transfer on a Chemically 
Reacting Surface with Tangential Injection of Inert Gas 
into the Boundary Layer 


Limit heat-transfer laws: 


for y, <1: 
mM, TT. 4 Vil— sn +o%) + VO", |’. 
9- eT mite ee | 
MY, T 1 1+VT— 6]. 
bo= “KT i—s| ™i—Vine |’ 
for ¥, > 1: 


M fT. = . 
T= Kr hay CEST [ arcteV ug —— ) 
-e VG] 


be rte = _ te Tat (eves =") a 


For an impermeable wall: 
wa Mew te f__2 y 
om MH, Tew \ V3.+1/° 
Burn-up of surface in the presence of a screen: 
hy = O°, Re" Se Cs) — 


where 


msm (BY nero 


Turbulent Wall Jet (w./Ww» >> 1) 
Local friction coefficient: 


0,0625 
1 Re 


“> T Ariainal fram 


(A-134) 


(A-135) 


(A-136) 


(A-137) 


(A-138) 


(A-139) 


(A-140) 


(A-141) 


(A-142) 
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Local Stanton number: 


0,129.9 ( ~ y" 


$5 (A-143) 
Pe®.6 po Red-2z0.8 Pree 


where @ = Ze and iT is the temperature on the axis of the free turbulent jet. 
w w 


Burn-up of the surface in the turbulent wall jet: 


0,126,9,0,¥°.* Hw 0.2 _ 
ln pantpes (Re) (A-144) 


A.2. RELATIVE LIMIT LAW OF FRICTIONAL DRAG ON A PERMEABLE PLATE /321 
IN A COMPRESSIBLE GAS FLOW [Calculations by (5-4-2) 


Air-air 
ih 

Mad 
0,06 | 2,6610 | 2,8620 ; 2,3910 ; 2.1260 | 1.9720 | 1,6150 | 1,0970 | 0,9199 | 0,7490 | 0,2440 ; 0,1390 | 0,0188 
0,1 2, 2990 | 2,2000 | 2,0550 | 1.8170 | 1,G800 | 1,3610 | 0,9096 | 0,7552 | 0,G118 | 0,191G | 0,1078 | 0,0139 
0,6 1.3650 | 1,3040 | 1,2010 | 1,0450 | 0,9562 | 0,755G | 0,4829 | 0.3950 | 0,3130 | 0, 0.0396 | 0,0UG0 
| 1,Q000 | 0,9267 | 0,6678 | 0,7492 | 0.6824 | 0,6331 | 0,5346 | 0,2716 | 0,2137 | 0,0G01 | 0,0s25 | 0,009 
3 0.5310 | 0,5059 | 0,4586 | 0,5914 | 0.3541 | 0,2721 | 0.6660 | 0.1540 | 0,J045 | 0,0284 | 0,018) | 0.0018 
h 0,5779 | 0,3580 | 0,5248 | 0,2750 } 0.2489 | 0.1900 ] 0,152 | 0,0924 | 0,0718 | U,0lu3s | 0.0112 | 0,0012 
10 0,2277 | 0,2155 | 0.1946 | 0.1644 | 0.1478 | 0,1120 | 0,0672 | 0,0537 | 0,0415 | 0.0110 | 0,0059 | 0,QuUuG 
1S 0,1657 | 0,1565 | 0,1412 | 0,1190 | 0,1CGs | 0,0807 | 0,0480 | 0.0384 | 0,0297 | 0,0078 | 0,0042 | O,unS 
20 6, 1512 | 0,1238 | 0.0116 | 0,0938 | 0,0842 | 0,0G34 | 0,0577 | 0,0300 | 0,0232 | 0,00u1 | 0,0082 | 0,0UU4 

M=1 
0,05 | 2,4670 | 2,3744 | 2,2150 | 1,9683 }$,8251 | $.4923 | 1.0136 | 0,8501 | 0,6026 | 0,2259 | 0,1292 0.0176 
0,1 2.1524 | 2,06H0 | 1,9230 | 1,6997 {|1,5707 | 1.2727 | 0,8522 | 0,7079 | 0,G7z2 | 0.1780 | 0,1013 0,0 
0,5 1.3015 | 1,2533 71,1544 | 1,0042 10,9169 | 0, 7262 | 0.4645 | 0,3799 | 0,3012 | 0,0873 | 0,470 0,058 
1 0,9648 | 0,9105 | 0,8479 | 0,7277 [0,662 | 0,5180 | 0.3253 | 0,2642 | 0,2079 ] 0,0580 | 0.0318 OU, U8 
3 0,5227 | 0.4961 | 0.4515 | 0,853 (0,3486 | 0,2680 | 0,1641 | 0,1521 | 0.1030 | O,0280 | 0,015] 0,017 
5 0,5756 | 0.5540 | 0,321! | 0,2728 |0,246t | 0,)880 | 0,1140 | 0,0914 | 0.0710 | ¥,0182 | 0,0102 0,¢or 
10 0,226) | 0,2158 | 0, 19:53 } 0,1653 |0,1468 | 0.1113 | 0.0068 | 0,05: | 0.0413 | 0,010" | 0,0059 0,407 
18 0,1649 | 0,15G7 | 0,1405 | 0,1184 1063 | 0,0803 | 0.0979 | QO, Gsa2 | 0,083 | 0.0078 | 0, 0042 OU, (Ka 
20 0, 1306 | 0.1233 | O,1111 | O,0u55 ,08i8 | 0,0631') 0,0376 | 0.0209 0,023) | 0,006) | 0,005. CULES | 

Ma? 
0,06 | 2,0381 | 1,9602 } 1,6265 ; 1,6202 | 1,6010 | 1,2249 | 0,8307 | 0,6967 | 0,5678 ; 0,1866 | 0,107! 0,0148 
0.1 1,8168 | 1.7445 | 1,6210 | 1,4311 | 1,3217 | 1,0700 | 0,7146 | 0,5953 | 0,4815 | 0,1523 | 0,0862 0,0113 
0,5 1,1757 | 1,1244 | 1,0355 | 0, 8243 | 0,6517 | 0,4176 | 0,3419 | 0,2713 | 0, 0,0435 0,0053 
! 0,8892 | 0,8475 | 0,7769 | 0,6709 | 0,6113 | 0,4779 | 0,3007 | 0,2444 | 0,1926 | 0,0545 | 0,0297 | 0,0035 
3 0,4994 | 0,4740 | 0,4315 | 0,3 ki 0,2564 | 0,1572 | 0,1266 | 0,0987 | 0,0269 | 0,0145 0,0017 
§ 0,3615 ,3425 | 0,3108 | 0,264! | 0,2383 | 0,1821 | 0,1106 | 0,0887 | 0,0689 | 0,0186 | 0,00u9 0.0011 
10 0,2216 | 0,2095 | 0,1894 | 0,1601 | 0,1440 | 0,1092 | 0,0656 | 0,0524 | 0,0406 | 0,0108 | 0,0058 0,0007 
18 0,1625 | 0,1534 | 0,1385 | 0,1167 | 0,1049 | 0,0792 | 0,0473 | 0,0377 | 0,0291 | 0, 0,0041 0, 0005 
20 0,1291 | 0,1218 | 0,1098 | 0,0924 | 0,0829 | 0,0625 | 0,0272 | 0,0296 | 0,0228 | 0,0060 | 0,0032 | 0,0004 


(cont'd) 


ce eee ee eB 


Mea4 
0,05 | 1,2430 | 151935 | 1,1091 | 0,9800 | 0,9060 | 0,7363 | 0.4976 { 0.4172 | 0.3404 | 0.1134 | 0,0658 | 0,0096 
0,1 1.1519 | 1,1047 | 1,0244 | 0,9019 | 0.8318 | 0,6718 | 0.4485 0.3740 | 0,303 0,0976 | 0.0558 | 0,0077 
0.5 | 0,8476 | 0,8097 | 0.7454 | 0,683 | 0.5935 | 0,4699 | 0,3025 | 0,2483 | 0,1977 | 0,0586 | 0,0325 | 0,0040 
1 0,6844 | 0,6523 | 0.5982 | 0.5169 | 0,4712 | 0,3693 | 0,2335 | 0,1904 | 0,1504 | 0,0432 | 0,0237 | 0,0029 
3 | 0,4257 | 0,4042 | 0.3681 | 0.3145 | 0,2849 | 0,2196 | 0,1353 | 0,109! | 0,0853 | 0,0235 | 0,0127 | 0,0015 
5 | 0,3208 | 0,3040 | 0.2760 | 0,2348 | 0.2120 | 0,1624 | 0,0989 | 0,0795 | 0,0619 | 0,0168 | 0,0090 | 0.0010 
10 | 0.2053 | 0,1942 | 0,1757 | 0,1446 | 0,1337 | 0,1015 | 0,0611 | 0,0489 | 0;0379 | 0,0101 | 0.0054 | 0,0007 
15 0,1535 | 0,1450 | 0,1309 | 0,1104 | 0,0992 | 0,0750 | 0,0449 | 0,0358 | 0,0277 | 0,0073 | 0,0039 | 0, 0006 
20 0,1233 | 0,1164 | 0,1049 | 0,0884 | 0.0793 | 0,0598 | 0,0357 | 0,0284 | 0,0220 | 0.0058 | 0,003) | .0,0004 
M=6 
0,08 | 0.7786 | 0,7467 | 0,6924 | 0,6099 ; 0,5630 | 0,4561 | 0,3075 | 0,2578 | 0.2105 | 0.0710 | 0,0417 | 0,00%4 
0,1 0,7378 | 0,7669 | 0,6544 | 0,5748 | 0,5296 | 0.4269 | 0,2849 | 0,2378 | 0,193! | 0.0632 | 0.0364 | 0,0052 
0.5 | 0.5913 | 0.5647 | 0,5197 | 0.4520 | 0.4139 | 0.3281 | 0,2122 | 0,1747 | 0,1396 | 0,0422 | 0,0235 | 0,0050 
’ 0,5032 | 0,4997 | 0,4599 | 0,3805 | 0.3471 | 0.2726 | 0.1734 | 0.1417 | 0.1124 | 0,0328 | 0,0181 | 0,0022 
3 0,46 | 0,3273 | 0,2983 | 0,2554 | 0,2315 | 0.1790 | 0,1108 | 0,0896 | 0,0703 | 0,0196 | 0,0106 | 0,0012 
S | 0,2715 | 0,2575 | 0,2340 | 0.1993 | 0,180! | 0,1383 | 0,0847 | 0,0682 | 0,0532 | 0,0146 | 0.0078 | 0,0009 
10 | 0,1835 | 0,1736 | 0.1571 | 0,1330 | 0,1198 | 0,0912 | 0,0551 | 0,0441 | 0.0342 | 0,0092 | 0,0049 | 0,0005 
1S | 0,1408 | 0,1330 | 0,1202 | 0,1014 | 0,0912 | 0,069! | 0,0414 | 0,0331 | 0,0256 | 0,00683 | 0.0036 | 0.0004 
20 | 0.1149 | 0,1085 | 0,0979 | 0.0824 | 0,0740 | 0,0559 | 0,0334 | 0,0266 | 0,0206 | 0,0055 | 0,0029 | 0,0003 
. Me- 8 
0,05 | 0,5218 | 0,4999 | 0,4629 | 0.4069 | 0.3752 | 0.3034 | 0,2042 | 0.1713 | 0.1399 | 0,0478 | 0,0283 | 0,0045 
0,1 0, 6003 | 0,4790 | 0,4429 | 0.3944 |] 0.3576 | 0,2879 | 0,1921 | 0.1605 | 0,1305 | 0.0432 | 0,0252 | 0.0038 
0.5 | 0,4225 | 0.4034 | 0.3712 | 0.3229 | 0,2956 | 0.2447 | 0,1524 | 0,1257 | 0.1007 | 0.0309 | 0.0174 | O.cnee 
“4 0,3727 | 0.3552 | 0,3259 | 0.2820 | 0,2575 | 0,z026 | 0,1296 | 0, 1062 | 0.0815 | 0.0251 | 0.0139 | 0.0017 
3 | 0.2748 | O,z611 | 0.2382 | 0, 2042 | 0.1853 | 0,146 | 0.0895 | 0.0725 | 0,0571 | 0.0161 | 0.0087 | 0.0010 
S | 0,2252 | 0.2136 | 0,1943 | 0.1657 | 0,1499 | 0.1155 | 0.0710 | 0,0574 | 0,0449 | 0.0124 | 0.0087 | 0,0008 
10 | 0,1GU3 | 0.1517 | 0,1375 | 0.1166 | 0,105! | 0.08u2 | 0,0486 | 0,0390 | 0.0303 | 0,0082 | 0.0044 | 0.00u5 
1S | 0,1265 | 0,1195 | 06,1081 | 0.0913 | 0.0822 | 0,0624 | 0.0336 | 0,0301 | 0.0233 | 0,0062 | 0,0033 | 0. L004 
20 | 0,1051 | 0,0992 | 0.0896 | 0.0756 | 0.0679 | 0.0514 | 0,0308 | 0.0246 | 0,0190 | 0,0051 | 0,0027 | 0.0003 
Me=- 10 
0.05 | 0.3711 | 0.3553 | 0.3287 | 0, 2686 | 0,2859 | 0.2147 | 0.1446 | 0.1212 | 0.0991 | 0,0342 | U,02M% | 0,0085 
0,1 0,541 | 0.3428 | 0.3166 | 0.2773 | 0,2552 | 0,2053 | 0.1370 | 0.1145 | 0.0082 | 0.0312 | 0.0183 | 0.0028 
0.5 | 0.3125 | 0.2954 | 0.2745 | 0.25457 | 0.2187 | 0.1737 | 0.1132 | 0,0936 | 0.0752 | 0.0284 | 0.0193 | O.unrs 
i 0.2424 | 0,202 | 0.2471 | 0.2159 | 0.1954 | 0.1541 | 0.0989 | 0.0813 | 0.0648 | 0.016 | u,0ld) | Oludl4 
% | 0,216 | O,z0m9 | 0.1907 | 0.1637 | 0.1487 | 0.1856 | 0.0724 | 0.0588 | 0.0104 | 0.0143 | 0.0072 | Olam 
5 | 0.1859 | 0.1764 | 0.1605 |.0,15972 | 0.1243 | 0.0959 | 0.0594 | 0.0480 | 0.0376 | 0.0105 | 0.0057) | Olomk 
10 | 0.4355] 0,131) | O.t189 | 0.0010 | 0.0918 | 0.0697 | 0.0925 | 0.0942 | 0.0206 | OLu072 | 0.0040 | Oloons 
1S | 0.122 | 0,106) | 0,0460 | O.ust2 | 0.0742 | 0.0557 | 0.0337 | 0.0269 | olo209 | Oou56 | Olona0 | aon 
20 | 0,019 | 0,0suG | U,Usi0 | 0.0034 | 0.0015 | 0.0405 | 0,028! | 0,0224 | 0.0174 | O,uniw | 0.0025 | Oo jou: 
Mas 12 
0,05 | 0.2766 | 0,2647 | 0,2448 | 0,2147 | 0.1977 | 0.1596 ; 0,1074 | 0,0902 ; 0,0739 | 0,0252 ; 9,0155 ; 0,0028 
0,! 0,2678 | 0,2562 | 0,2365 | 0,2071 | 0,1904 | 0.1531 | 0,1022 | 0,0855 | 0.0697 | 0,0236 | 0,0139 | 0,0022 
0,5 | .0,2388 | 0,2280 | 0,2097 | 0, 1824 | 0,167) | 0,1329 | 0,03868 | 0.0718 | 0.0578 | 0,0182 | 0,0104 | 0,0014 
1 0.2195 | 0,2093 | 0,192t | 0, 1GU4 | 0,162! | 0,1200 | 0,0774 | 0.0647 | 0.0509 | 0,0156 | 0,0087 | 0,COll 
3 | 0,1778 | 0,169! | 0.1544 | 0.1527 | 0.1206 | 0,0940 | 0.0592 | 0.0482 | 0.038! | 0.0110 | @,90G1 | 0,0007 
5 | 0,1541 | 0,1462 | 0.1332 | 0.1140 | 0.1033 | 0,0800 | 0.0197 | 0.04u5 | 0.0317 + 0.0089 | 0.0050 | 0,0005 
10 | 0.1193 | 0.1130 | 0,1025 | 0.0872 | 0.0788 | 0.06u4 | 0,070 | v,0248 | 0.0252 | 0,064 | 0,00356 | 0,0004 
15 | 0,0989 | 0,0936 | 0.0847 | 0.0718 | U.0047 | 0.0394 | 0.0249 | 0.0240 | 0.0187 | 0,0051 | 0,0027 | 0,00Us 
20 | 0.0450 | 0,0803 | 0,0727 | 0.0014 | €.0553 | 0,020 | 0,0253 | 0,0203 | 0.0158 | 0.0042 | 0,0023 | 0,0v02 
Helium-air 
M=0 
0,05 | 2.6607 | 2,3524 | 2,0411 1 1,7192 | 1.5853 | 1,2456 | 0,8277 | 0,6906 | 0,5599 | 0,180! | 0.1026 1 0.0138 
0,1 2,2987 | 2,0332 | 1,7600 | 1.4746 | 1.3578 | 1.0546 | 0.6887 | 0.5703 | 0.4586 | 0,1420 | 0,0797 | 0.0102 
0.5 13648 | 1;2087 | 1,0399 | 0.8583 | 0.7709 | 0.5922 | 0.3699 | 0,3008 | 0.2372 | 0.0678 | 0,0370 | 0,0044 
i 0.9933 | 0,9411 | 0,7556 | 0.6193 | 0.5538 | 0.4206 | 0.2579 | 0.2082 | 0.1030 | 0,0453 | 0,0245 | 0,0029 
3} 0.5310 | 0.4714 | 0,4030 | 0.3272 | 0.2907 | 0,2172 | 0.1298 | 0, 1038 | 0,08U5 | 0.0215 | 0.0116 | 0,003 
5 | 0.3778 | 0.3356 | 0,2866 | 0.2517 | 0.2054 | 0.1525 | 0.0903 | 0,0720 | 0.0556 | 0.0148 | 0.0079 | 0,0009 
10 | 0,2277 | 0.2024 | 0,1726 | 0.1390 | 0.1228 | 0.0905 | 0,0530 | 0,032! | 0.0324 | 0.0085 | 0.0045 | 0,0005 
1S | 0,1657 | 0,1474 | 0,1256 | 0,1009 | 0,089) | 0,0055 | 0,038! | 0,0302 | 0.0252 | 0.0060 | 0.0032 | 0,00U3 
20 | 0,1312 | 0,1167 | 0,0994 | 0,0793 | 0.0703 | 0.0515 | 0.0299 | 0,0237 | 0.0182 | 0.0047 | 0.0025 | 0,0u03 


265 


wh 
0,0 | 2,4670 
0,1 | 2,1524 
0,5 1,315 
1 0,9647 
3 0,5227 
5 0,3736 
10 0,2261 
15 0, 1649 
20 0,1306 
0,05 | 2,0381 
0,1 1.8167 
0,5 1.1767 
! 0,482 
J3 0, 444 
5 00,3615 
10 0,2216 
15 0,1624 
20 0,)zZ1 
0,05 | 1.2430 
0,1 1,518 
0,5 0, 8476 
] 0, 6544 
3 0,4257 
5 0,3207 
10 0, 2054 
5 0,1535 
20 0, 1233 
0,05 | 0,778 
@,1 0,7378 
0.5 0.5913 
1 0,503 
3 0, 3447 
5 0.2716 
10 0, 1835 
15 0,1407 
20 0,149 
0,05 | 0,52Ia 
0,1 0,5003 
0,5 0.4225 
) 0,3727 
3 0, 2748 
§ 0, 2252 
10 0, 1603 
15 0.1264 
20 0,1050 
0,06 | 0,371! 
0,1 0.3581 
0.5 0,3125 
1 0, 2824 
3 0,2198 
5 0,1859 
10 0,1545 
15 0,1122 
20 0,0949 


2,1814 
1, 
1, 1616 
0,8552 
0,4640 
0,3319 
0,2010 
0, 1467 
0,1162 


0.1252 
0, 1022 


0,9528 
0, 8819 
0,6465 
0,5212 


0,0720 


0,0084 


0,7983 
0, 7564 
0 ,5339 
0.4278 
0, 26:0 
0, 1972 
00,1255 
0, UsG 
0,0751 


1 
———__.__ ——— —— —_ — a 
oO oO 


1, 1946 
1,0551 
0,655) 
0, 4962 
0,2736 
00,1957 
0,1195 
0,0373 
0, 0093 


0,7244 
0,6666 
0,477 
0,820 
0,2:3:58 
0,1749 
0,110 
0, 0820 
0,002 


i 


as 


SNAG |] 


$22 


= 
& 


= 


0, 1084 
0, 1612 
0,137! 


0,0378 


Us. 


0,0295 


0,3778 
0,3414 
0,252) 
0, 1802 
00,1054 
0,0775 
0,082 
0,0455 
0, 0283 


0,0244 


0,1105 
0, 1050 
0,0872 


0,0222 


0,5241 
0,4491 
0,2605 
0,1874 
0,0J31 
0,0641 
00,0811 
0,097 
0,02:58 


0,3150 
0,2830 
0, 1895 
0, 1460 
0.0845 
0,0018 
O ,UsaS 
0, 0282 
0,022 


0,0260 
0,0210 


0,0236 
0,0194 


0,0176 


——_—— 
a ed 


0,5178 
0,429 


0,023! 
0,018! 


0,425! 
0.3515 
0,2053 
0, 1409 
0,070 
0,0554 
0,0316 
0,0223 
0,U179 


0, 2557 
U, 2283 
0, 1501 
0,1148 
0.0057 
0.017% 
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(cont'd) 


a 
: | e fo fos for Toe fos fe ft | wo | wo | im | tm 
Me= 12 
0.05 | 0.2766 | 0,2452 | 0,2120 | 0.1767 | 0,1598 ) 0,1253 | 0,0823 | 0,0687 } 0,0559 | 0.0192 | 0,0115 | 0,0020 
0,1 0,2678 | 0,2374 | 0.2051 | 0,1706 | 0,1540 | 0.1204 | 0,0784 | 0,0652 | 0,0528 | 0,0176 | 0.0104 | 0,0016 
0.5 0,2388 | 0,2118 | 0,1826 | 0,15U9 | 0,1358 | 0,1049 | 0,069 | 0,0550 | 0,0440 | 0,0137 | 0,0077 | 0,0010 
! 0,2196 | 0.1948 | 0,1676 | 0,138) | 0,1259 | 0,095! | 0,0598 | 0,0489 | 0,0389 | 0.0117 | 0,005 | 0,00uR8 
3 0.1778 | 0,1579 | 0,1355 | 0,0108 | 0,0989 | 0,0749 | 0,04G0 } 0,0373 |} 0.0243 | 0.0084 | 0,0046 } 0,00U5 
5 0,1540 | 0.1368 | 0,1172 | 0,0455 | 0.0551 | 0.0640 | 0,0389 | 0,0313 | 0,0245 | 0,0068 | 0,0037 0,0004 
10 0,1193 | 0.1060 | 0,007 | 0,0745 | 0,0652 | 0,0446 | 0,0200 | 0,0233 | 0,018! | 0,0049 | 0,0026 | 0,0003 
18 0,0989 | 0,0879 | 0,075) | 0,0607 | 0,0537 | 0,039 | 0,026, | 0,0189 | 0,0146 | 0,0039 | 0,0021 | 0.0002 
20 0. 0,0756 | 0,0646 | 0,052) | 0,046! | 0,0341 | 0,0200 ) 0,0159 | 0,0123 | 0,0033 | 0.0017 | 0,0cu2 
Hydrogen-air 
=0 
0,05 | 2,6608 ; 2,5482 | 2,37:7 | 2,1057 | 1.9524 | 1.5965 | 1,0845 | 0,9095 | 0,7469 | 0.2409 | 0,1376 | O.01K85 
0.1 2, 2987 | 2,1977 | 2, 1.7998 | 1,6628 | 1.3471 | 0,8995 | 0,7487 | 0,6049 | 0,1894 | 0,1066 | O,01.48 
0.5 1,3648 | 1,2980 } 1.1923 | 41,0355 | 0.9471 | 0,7478 | 0,4778 | 0,3906 | 0,3005 | 0,0845 | 0,040 | O,u05" 
I 0, 9453 | 0,9424 | 0.8615 | 0,7425 | 0,670 | 0,5278 | 0,3310 | 0, 2887 | 0,2114 | 0,0595 | 0,0525 | 0,0058 
3 0,5310 | 0,5018 | 0,4555 | 0,3680 | 0,3509 | 0,265 | 0.1648 | 0.1326 | 0,1033 | 0.0281 | O,0I51 | u,ans 
5 0,3778 | 0,3565 | 0,3229 | 0.2735 | 0.2467 | 0.1682 | 0.1141 | 0.0914 | 0,0710 | 0,0191 | 0,0102 | 0,0011 
10 0,2277 | 0,2144 | 0.1933 | 0,1630 |-0.1465 | 0,1110 | 0.0665 | 0,0531 | 0,0411 | 0,0109 | 0,0058 | 0,0007 
1S 0,1657 | 0,1559 | 0,1403 | 0,1180 | 0.1059 | 0,07 0.0477 | 0,0380 | 0.0293 | 0.0077 | 0.0041 | 0,0005 
20 | 0.1312 | 0.1233 | 0.1108 | 0,0931 | 0.0854 | 0.0028 | 0.0374 | 0.0297 | 0,0229 | 0.0060 | 0,0032 | 0,00U4 
M=1 
0.05 2.4670 | 2.3619 | 2,1973 | 1.9495 | 1,8069 | 1.4764 | 1,0023 | 0.8405 | 0.6848 | 0.2233 | 0,1277 0.0173 
0.1 2.1524 | 2.0574 | 1,9079 | 1.6850 | 1.5551 | $.2593 | 0,8408 | 0,7000 | 0,5657 | 0.1776 | 0,100) 0,01%9 
0.5 P.3ttS | 1.2473 | 1.1457 | 0.9951 | O,"101 | 9.7187 | 0,4595 | 0.3758 | 0.2979 | 0.0863 | 0.0473 | 0.0057 
l 0.9647 | 0,9152 |} 0.8367 | 0.7212 | 0.0506 | 0.5127 | 0.3218 | 0.2613 | 0,2Uu58 | 0,0579 | 0,0515 | 0.0037 
3 0,5227 | 0.4940 | 0.4443 | 0.3820 | 0.5455 | 0.2054 | 0.1624 | 0.1306 | 0,1018 | 0,0277 | 0.0149 | 0.0017 
5 0.3756 | 0.4525 | 0.5190 | 0.2706 | 0.2440 | 0.1602 | 0.1129 | 0,005 | 0.0703 | 0,0190 | 0,010) | 0,012 
10 0, 2261 | 0.2229 | 0.1920 | 0.1619 | 0,1456 | 0,1102 | 0,066! | 0.0528 | 0,0409 | 0°0108 | 0,0058 0, QUU6 
15 0.1649 | 0.1551 | 90,1390 | 0.1174 | 0.1054 | 0.0795 | 0.0475 | 0.0378 | 0.0292 | 0.0077 ; 0,004) 0,0005 
20 0,150 | 0.1225 | 0,1104 | 0,0927 | 0.0831 | 0.0026 | 0,0372 | 0,0296 | 0,0229 | 0,00G0 | 0.0032 | 0,0003 
M=2 
0,05 | .2,0381 | 1.9500 | 1,8120 | 1,6048 | 1,4861 | 1.2120 | 0.8215 | 0.6889 | 0.5614 | 0.1842 | 0.1058 | 0.0146 
0,1 1,8108 | 1.7357 | 1,6083 | 1.4176 | 1.3087 | 1,0587 | 0,7067 | 0.5886 | 0,4761 | 0.1505 | 0.0852 0,01!2 
0.5 1,1767 | 1,1190 | 1,0277 | 0,8926 | 0.8164 | 0,6450 | 0.4030 | 0.3381 | 0,2683 | 0,07K2 | 0,0429 0, 0052 
1 0,8892 | 0,8436 | 0.7712 | 0,6650 | 0,6055 | 0.4731 | 0.2975 | 0,2418 | 0.1904 | 0.0640 | 0.0293 0, 0045 
3 0,494 | 0,4720 | 0.4285 | 0,3652 | 0,3303 | 0, 2539 | 0.1556 | 0,12545 | 0.0977 | 0.0266 | 0.0144 0,0016 
5 0.3615 | 0.5411 | 0,3087 | 0.2619 | 0.2562 | 0.1804 | 0.1095 | 0.0878 | 0,0682 | 0,0184 | 0,0008 0,001 
10 0, 2216 | 0.2087 | 0, 1e82 | 0,1587 | 0,1427 | 0.1082 | 0.0649 | 0.0518 | 0,010! | 0,0107 | 0,0037 0.0006 
18 0.1625 | 0,1528 | 0,1376 | 0.1157 | 0,1039 | 0,0784 | 0,0468 7 0,0373 | 0,0288 | 0,0076 | 0,0041 0,0005 
20 0.1291 | 0.1214 | 0,109! | 0.0916 | 0,0822 | 0,0619 | 0,0368 | 0,0293 | 0,0226 | 0,005Y | 0,0U32 | 0,0UU3 
Ma4 
0,06 1,2430 | 1,1875 | 13,1004 | 0,9008 | 0.8971 | 0,726 | 0,492) 0,4126 0,3365 | 0,1121 | 0,005! 0.0005 
0,1 1,1586 | 1,0942 | 1.0165 | 0,8935 | 0.8237 | 0.6648 | 0.4436 | 0,369 | 0.2997 | 0,0965 | 0, 0552 0.0070 
0.5 0,8476 | 0.6058 | 0,7399 | 0.6426 | 0.5879 | 0,465) | 0, 2092 | 0,2456 | 0,155 | 0,0580 | 0,052] 0.0010 
i 0, 6844 | 0.6494 | 0,538 | 0,512 | 0.4668 | 0.56055 | 0.2510 } 0. 1ea3 | O,14e8 | 0.0427 70,0254 70,0028 
K 0.4257 | 0.4024 | ¥,3055 | 0,3119 | 0.2825 | 0.2175 | 0.15399 | 0.1079 | 0.0844 | 0.0252 | 0.0126 7 O,0015 
5 0,3207 | 0,027 | 0.2742 | 0.2528 | 0.2101 | 0.1008 7 0.0979 | 0.0786 | 0,0612 | 0,0bo6 | 0.0089 70,0010 
10 0.2054 | 0.1954 | 0.1746 | 0.1473 | 0.1425 | 0, 1006 | 0.0605 | 0.0484 | 0,0475 | 0.0100 | 0.0053) 70,0006 
15 0.1535 | 0.1444 | 0,430) | 0.1095 | OU, 0% | 0.0743 | 0.0944 | 0,0555 | 0.0274 | 0.0073 | 0.0059 | 0, C004 
20 0.12453 | 0,11G0 | 0.1043 | 0.0077 | U.u7H6 | 0.0593 | 0,0553 | U,0282 | 0,0217 | 0.0057 | 0,00! U,Vudds 


f> 1 Oriainal fram 


(cont'd) 


M-- 6 
0,05 0,7787 | 0.7430 | 0,6872 | 0.6044 | 0.5776 |] 0.4514 | 0.5041 | 0.2550 | 0.2081 | 0.0702 | 0,09)2 0.4005 
0.) 0,7378 | 0,7035 | 0.6995 | O,5utm) | 0.5245 | 0.4225 | 0.2818 | 0,2.552 | 0,108 | 0,C625 | O. C461 aes 
0.5 U,5913 | 0.5021 | 0,5159 | 0.4480 | 0.4099 | 0,3248 | O,20U9 | O,1728 | 0, 18N0 | O,C417 | O.02Kd | OCs 
| 0,503 | 0.4775 | 0.4368 | 0.3772 | 0.3439 | 0,20 7 0.1716 | 0.1402 | O,1112 | 0.0425 | O,01To | Ocoee 
3 0, 3446 | 0,5260 | 0.2463 | 0.2552 | 0, 2294 | 0.1773 | 0, 1097 | 0.0857 | 0,0605 | O,01U4 7 0.0105 0,t012 
5 0,2716 | 0,24 | 0.24524 | O,1977 | 0.1786 | 01.570 | U.08s8 | O,0075 | 0,0526 | 0.0144 | 0, 0078 O40 
40 0.1635 | 0,1729 | 0.1561 | 0.1320 | O, liam | 0.0903 [| 0,0515 | 0,0447 | 0.0559 | 0,009 | O.Cedd TO dees 
15 0,1408 | 0,1325 | O,8194 | 0,1006 | 0.0004 | 0.0084 | 0,0410 | 0,042 | O,0254 | O,6067 | 0.0046 O.CuU4 
20) 0.8149 | 0, 1081 | 0,0973 | 0.0818 | 0,0754 | 0.0554 | 0.0331 | 0,U2u4 | 0,0204 | 0.0054 | O,C0zo | Occurs 
M-. 8 
0,05 | 0,5218 | 0,4975 | 0,4594 | 0.40.55 | 0.3716 | 0.3003 | 0.2021 70,1094 | 0, 1484 | 0.0472 70,0250 7 O,0UI5 
0,1 0,5005 | 0.4707 | 0.4596 | 0,3850 | 0.5542 | U.2850 | 0.1900 | 0.1587 | O,ab | O,ute | 0.0219 O,L0s7 
0,5 0,4225 | 0.4015 | 0,085 | 0,5200 | 0.2929 | O24 70,1507 | 0.9244 | 0.0000 | O,Q400 | O,0172 uw 
! 0,3727 | 0.55536 | 0.5236 | 0.2745 [| 0,2551 | U, 2000 | 0, 1282 | 0,105) | U.Unia | 0.0248 | 0.0158 CU Ure 
3 0,2748 | 0,2599 | 0,2365 | 0,2024 | 0,1836 | 0,1422 | 0,0885 | 0,0718 | 0,0564 | 0,0159 | 0,0087 | 0,0010 
§ 0,2252 | 0,2127 | 0,14930 | 0,1644 | 0,1486 | 0.1143 | 0,0703 | 0,0567 | 0,0444 | 0.0123 | 0,0u06 | 0,00U7 
10 0,1603 | 0,1511 | 0,1366 | 0.1156 | 0,1042 | 0.0794 | 0,0481 | 0,0386 | 0.0300 | 0,008! | 0,0043 | 0.0005 , 
15 0,1265 | 0.1191 | 0,1074 | 0,0906 | 0,0815 | 0,0618 | 0.0372 | 0,0298 | 0,023! | 0,0062 | 0,0043 | 0.0004 
20 0.1051 | 0.0989 | 0,0890 | 0.0750 | 0,073 | 0,0509 | 0,0305 | 0,0244 | 0.0188 | 0.0050 | 0,0027 | 0,0003 
M= 10 
,05 } 0,3711 | 0,3536 | 0,3263 | 0.2860 | 0.2634 } 0.2125 | 0,1429 | 0,1199 | 0.0980 | 0,0338 | 0,0202 | 0.00.14 
8 0,3581 | 0,3410 | 0,3142 | 0,2748 | 0,2527 | 0,2032 | 0.1355 | 0.1133 | 0,0422 | 0.0309 | 0,018! | 0,0028 
9,5 0,3125 | 0,2970 | 0,2725 | 0,2366 | 0,2166 | 0,1720 | 0.1120 | 0,0925 | 0,0743 | 0.02352 | 0.0131 | 0.0017 
| 0, 2824 | 0,2680 | 0,2453 | 0.2121 | 0.1936 | 0,1525 | 0.0979 | 0,084 | 0,0642 | 0,0193 | 0.0108 | O,0014 
3 0,2195 | 0,2080 | 0,1894 | 0.1623 | 0.1473 | 0,1145 | 0.0717 | 0.0562 | 0,0459 | 0.0131 | 0.0072 0,.00ng 
5 0,1859 | 0,1756 | 0,1595 | 0,13L0 | 0.1232 | 0.0050 | 0,0587 | 0,0475 | 0,0373°] 0.0104 | 0,0057 0,017 
10 0.1385 | 0,1306 | 0,1181 | 0,1002 | 0,0903 | 0.0690 | 0,0420 | 0.0438 | 0.0203 | 0,0072 | 0.0049 | 0,004 
15 0.1122 | 0.1057 | 0.0954 } 0.0856 | 0.0725 | 0.0551 | 0.0333 | 0.0267 | 0,0207 | 0.0056 | 0.0010 | O,O0uys 
20 | 0.0949 | 0.0593 | 0.0005 | 0.0678 | 0.0009 | 0,0462 | 0.0278 | 0.0222 | 0.0172 | u.vdd6 | 0.0025 | O,0005 
. Me 12 
0,05 0.2766 | 0,2635 | 0,2430 | 0.2128 | 0.1959 | 0,1580 | 0.1002 | 0,082 | 0,0730 | 0.0255 10,0153 0.0027 
0,! 0.2678 | 0,2549 | 0,2547 | 0.2052 | 0.1886 | 0.1515 | O,1UIT | 0.0846 | 0,0089 70,0255 | 0.0137 0, (mie 
0.5 0.23585 | 0,u209 | 0.2882 | 0.1808 | 0,1050 7 0,1315 | 0.0859 | 0.0711 | 0.0572 | 0,018) | O.Olud 7 O,00r4 
I 0.2195 | 0.2084 | 0.1907 | 0,1050 | 0.1507 | 0.1189 | 0.0700 | 0.0030 | 0.0504 | 0.0154 | 0.0086 0,001) 
3 0.1778 | 0.1083 | 0.1533 10,1315 | O,1195 | O.0931 | 0.0585 | 0.0477 | 0.0577 | 0.0109 | 0.0000) | 0.0007 
5 0,154) | 0.1456 | 0.13245 | 0.1190 | 0.1024 | O,U792 | 0,0402 | 0,0600 | 0,091 | 0.0080 7 O,9MIs | 0.00005 
10 O,b1yu3 | 0.1125 | 0.1018 | 0,Use05 | 0.0781 | 0.0598 | 0,0566 | 0.0295 | 0.02.40 | O,0003 | 0.0044 0,0004 
15 0,09%9 | 0,0052 | 0.0842 | 0.0712 | 0.0642 | 0,UtR9 | 0,0297 | 00,0258 | O,UI85 | 0.0050 | 0,0027 0.0004 
20 0,0850 | 0,080! | 0,0722 | 0,0L09 | 0,054% | 0.0416 | 0,0251 | 0,020) | 0.0156 | 0.0042 | 0, 0022 0.0003 
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